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ABSTRACT

The aim of this project is to establish a “geometric idiom” for Python that could replace
and simultaneously enrich with the ability of execution, the pseudo code of the
algorithms seen within every written document for Computational Geometry, as well as
to support the development of an environment that will assist and supplement the
undergraduate courses of Computational Geometry. It regards a computational system
of boosting geometrical algorithms (Geometric algorithm aNimatiOn SYStem, GNOSYS)
in two and three dimensions. The contribution of this final thesis to the GNOSYS system
will be the development of a pure Python geometrical library that will replace the use of
Python bindings with CGAL. An important reason for this replacement is the fact that the
Python CGAL bindings project is not developing along with CGAL and the available
fixed version is quite complex to be used in current systems. Another significant reason
for the bindings to be replaced is that they carry the expressional inflexibilities of C++,
and as a result, a program that uses them cannot be classified as pseudo code.

To begin with, a new numeric type is developed in order to supplement the floating point
arithmetic. Unfortunately, most decimal fractions cannot be represented exactly as
binary fractions. For cases which require exact decimal representation, the decimal
module is used, which implements decimal arithmetic suitable for accounting
applications and high-precision applications. In order to simplify the procedure and
avoid the need to manage precision details, this new numeric type is developed with
regard to exact floating point arithmetic which contains the redefinition of all arithmetic
operations (add, sub, mul, div, neg, sqgrt etc). Within these operations, the context of
precision is defined so as to prevent any change to the floats that are being processed.

Although a pure Python geometrical library gives the capability of the physical
geometrical expression to the code, it misses the speed of execution obtained with a
C++ library such as CGAL. This price seems bearable, since the target group will use
the Python library mostly for educational purposes and not industrial ones (which is the
main target of CGAL). However, there must be proof that the pure Python geometrical
library gives at least as accurate results as CGAL. As a consequence, the available
version of bindings with CGAL, is used as a means of comparison to pure Python
geometrical library as far as correctness is concerned. Using the paper of Kettner et al.
[1] as point of reference to the possible reasons that could cause implementations to
fail, respective test cases, apart from the provided examples, have been produced so as
to certify the correctness of the results.

SUBJECT AREA: Pure python Library

KEYWORDS: Python, Floating-Point, Decimal, precision, Computational Geometry
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NEPIAHWH

2TOX0G TNG OITTAWMOTIKAG €pyaciag gival va eykabidpuoel éva “yewUETPIKO 18iwpa” yia
TNV Python 1TOoU Ba ptTOpEl va AvTIKATOOTACEI KAl TOUTOXPOVA VO E€UTTAOUTIOEI JE TN
duvatéTnTa €KTEAEONG, TOV WEUBOKWAIKA TWV OAYyopiBUwyY o€ KABE TUTTIKO CUYYPOUMNO
YTtroAoyIoTIKAG [ewueTpiag, KaBWG €Tmiong Kal n CUhBOA OTnv  avarTugn evog
TepIBGANOVTOG TToUu Ba BonBda kai Ba cuuTTAnpwvel TN dIdACKOAIQ TOU TTPOTITUXIAKOU
MaBAuaTog TNG YTToAoyIoTIKAG MewpeTpiag. MNpokeiTal yia €va uttoAoyioTIkG cuoTnua
“eMYUXwWOoNG” YEWUETPIKWY aAyopiBuwyv (Geometric algorithm aNimatiOn SYStem,
GNOSYS) otig duo kai Tpeig diaoTdocelg. H ouuBoAr} Tng SITTAWMATIKAG £pyaciag OTo
ovotnua GNOSYS Ba cival 0 TTPOYPAUMATIONOS MiIag “pure Python” yewueTpIKAG
BIBAI0BAKNG TTOoU Ba avTikATaoTACEI TN XPHon Twv «deopeuocwv» (bindings) Tng Python
pe Tn CGAL. 'Evag onuavtikdég Adyog yia Tnv avTikataotaon eivar 6t or Python CGAL
bindings /deopevoeig dev avatmrtuocoovtal TTapdAAnAa pe T CGAL kai n diab€oiun
oTabepr) Toug €kdoan eival SUOKOAO va xpnoipoTToinBei oe ouyxpova cuoTAuaTa. ‘Evag
aKOUN onuavTikdg AOYOG yia TNV AvTIKATAOTAON TwV OECPEUCEWYV Eival OTI JETAPEPOUV
EKQPAOTIKEG OuoKauwieg TNG C++ kKal oav atmroTéAeopa éva TTPOYPOUMUO TTOU TIG
XPNOIMOTTIOIEI DEV PTTOPEI VA XAPOAKTNPIOTE KAl oAV WYEUDOKWOIKAG.

MNa apxn, évag véog apiBuNTIKOG TUTTOC avaTITUCOETAI TTPOKEIJEVOU VO CUMTTANPWOEI N
apiBuntikr) dekadikoU onueiou. AuoTuxwg, Ta TTEPICCOTEPA OEKADIKA KAGOUATa Oev
MTTOPOUV va avaTrapacTaBolv pe duadika KAGouata. Mo TTEPITITWOEIC TTOU ATTaITOUV
akpIPn dekadikf avarrapdoTacor, Xpnolyotroigital n doury decimal n oTroia avatrapioTd
Oekadikr) apiBunTikh, KATAAANAN yia AOYIOTIKEG EQAPHOYEGC KA €QAPUOYEG MEYAANG
akpipelag. lMpokeiyévou va atmAotroinBei n d1adikaoia Kol va  OTTOKPUWOUUE  TIG
AETTTOPEPEIES VIO TOV KOBOPIOPO TNG OKPIBEIOG, avaTITUCOETAI AUTOG O VEOG QPIOUNTIKOG
TUTTOG, UE OKPIBA deKAdIKN apIOUNTIKN, O OTTOIOG TTEPIAAUPBAVEI TOV ETTAVATTPOCDIOPICHO
OAwv Twv apIBuNTIKWV TIPALEWY. ZTOoV OpIoHO Twv TIPAfewv TepIAauPBAveTal o
KaBopIoPOG TNG AKPIBEIOG WOTE va ATToPeUyovTal OI GAAQYEG OTOUG BEKADIKOUG apIOUOS
KATA TNV ETTECEPYQTIA TOUG.

Mia “pure Python” yewpetpikry BIBAIOONAKN, evw divel T duvaTtdTNTA  QUOIKAG
YEWWMETPIKNAG £KOPOONG OTOV KWOIKA, UTTOAEITTETAI OTNV TaXUTNTA €KTEAEONG Miag C++
BiBAI0BNKNG oav Tn CGAL. To k6aoTog auTd @aivetal Aoyikd va TTAnpwOEi agou 10 KoIvo
TTou Ba Xpnoiyotroiei Tnv Python BiIBAI0BAKN BpiokeTal oTnv ekTTaideuon kal Ox1 TN
Brounxavia (kupiog otéxog NG CGAL). Mpétrel duwg va atmmodeixdei 611 n “pure Python”
YEWWMETPIKN BIBAIOBRKN €ival TouAdxioTo T600 0pBr OTa aTTOTEAECPATA TTOU TTaPAYEl,
6co kai n CGAL. MNa 10 Adyo autd, xpnolgotroligital n OlaBEoiun €kdoon Twv
Oeopevoewv pe T CGAL ocav péTpo ouykpiong Tng opBdétnrag tng “pure Python”
YEWUETPIKAG BIBAIOBNAKNG. ZUVETTWG, KPIVETAI avayKaio va avaTiTuxBouv PEAETEG
TTEPITITWONG, OTTOU Kal o1 ®Uo uAoTtroifoelg Ba divouv TAUTOONUO ATTOTEAECUATA.
XpnolIuoTroiwvTag 1o apBpo Twv Kettner et al. [1] wg onueio ava@opds OXETIKA PE TOUG
AOGyoug TTou Ba uTTopoUCaV VA TTPOKAAECOUV TNV ATTOTUXIO TWV E£QAPHOYWY, £XOUV
AvOTITUXOEI  QVTIOTOIXEG MEAETEG TTEPITITWOEWY, TEPAV TWV TTAPADEIYHMATWY TTOU
TTapPEXOVTAI, £TO1 WOTE VA TTIOTOTTOINBEI N EyKUPOTNTA TWV OTTOTEAECUATWV.

O@EMATIKH NEPIOXH: Apiyac Python BiBAIoBrikn

AEZEIZX KAEIAIA: Python, Aekadikr) avatrapdoTtaon, Decimal, akpifeia, YTTOAOYIOTIKNA
MewpueTpia



Eicaywyn

H vyAwooa Ttpoypapuatioyou Python €xel w¢ KUPIO XAPOKTNPIOTIKO TNG TNV
AVaYVWOIUOTATA TOU KWOIKA. To OUVTOKTIKO TNG Python divel 0TOUG TTPOYPAUUATIOTEG TN
duvatéTtnTa va UAOTTOIOUV aAyopiBuoug o€ TTOAU ANIYOTEPES YPAPMES CUYKPITIKA PE AAAES
YAWOOeG TTpoypaupaTiopou. ATroTeAel pia duvauiky yAwood n oTroia uttooTnpicel
TTOAMOUG  TUTTOUG  TTPOYPOUMPATIONOU, OTTWG  AVTIKEIMEVOOTPAYPr, OuvapTnoIoKo,
OI0dIKOOTIKO Kal £TTioNg dlaxelpifeTal autopata TNV Yvhiun. O ouvduaopog OAWV auTwv
TWV OTOIXEIWV KaBioTouv TNV Python onuavtiké KouudT TnG eKTTAIBEUTIKNAG dladikaaiag
HaONUATWY OTTWG N YTToAoyIoTIK Mewpetpia. O1 pyabntég €xouv TV duvatoTnTa VA
OUYKEVTPWVOVTAI OTA AAYOPIOPIKG ONUEia TOU HadiuaTog KabBwg o TTPOYPANKATIONOG O€
Python tTrapatréuTrel 1I81AiTEPA 0€ YEUDO-KWDIKA.

Mpokeigévou va evioXuBei n €UKOAia OTnNV £€KQPACTN OKOPO Kal Of EKQUAICPEVES
TTEPITITWOEIG €vag VEOG aApIOUNTIKOG TUTTOG  €xel avarTuyBei. O  TUTTOG QuTOg
OUPTTANpWVEl TNV apiBunTikl  Twv  TTpaydaTikwy.  O1  TTpaydatikoi  apiOuoi
AVOTTAPIOTWVTAl WG dUAdIKA KAGopaTta. QoT1doo, uTTdpXEl éva JEYAAO TTOCOOTO AUTWV
TTOU OEV PTTOPOUV Va avaTTapacTaBouv akpiBwg atmd KAToIo duadikd kKAdoua. Kartd
OUVETTEID, €vag TETOIOG OpPIBUOG  avatrapioTartal  KaTd TTPooEyyion  ammd  TOug
TTPAYMATIKOUG TTOU PTTOPOUV va atmobnkeutolv oTtn unxavr). 'Eva ouvnBeg mapddeiyua
TTPAYMATIKOU TTOU Trapouciddel TpopAnua avatmapdoTtaong eivar o apiBuég 0.1, o
OTT0i0G Bev PTTOPEI va avatrapacTadei amrd duadikd KAGopa. Av n Python ekTUTTwve TOV
akpIBr apiBud TTou gival KATAXWPNUEVOG OTOV UTTOAOYIOTH yia Tov aplBuo 0.1, Ba
EMPAVICE TNV TIUA:
0.1000000000000000055511151231257827021181583404541015625".

MapoAa autd, €1T€Id OTNV TTOPOUCIACN TWV ATTOTEAECUATWY UTTAPXEI OTPOYYUAOTTOINON
OoTA TTO0 oNUAvTIKA OeKadIKG wnoia, otravia yivetal avtiAnTTé. To TTpoBAnua yiveral o
€VTOVO OTaV Ol TINEG AUTEG XPNOIMOTTOIOUVTAI O€ apIBUNTIKES TTPAEEIS. MNa TTapadelyua, n
Tpagn (0.1 + 0.2) = 0.30000000000000004 kai o€ pia oUykplon 106TNTAG WE TRV TIWN 0.3
Oivel weudr amravrnon.

EkT6¢ a1m6 TO ¢nTHPATA OTNV AVOTTOPACTOON TWV TTPAYUATIKWY, UTTAPXEI KAl TO CQAAPQ
TNG OTPOYYUAOTTOinONG Adyw TwV TTEPIOPICHWYV WG TTPOS TNV akpifeia. O1 Tapadoxég
NG IEEE 754 yia Toug apiBuoug dITTAAG akpifelag ¢ekivnoav va epapudlovtal To 1985
Kal TTAéoV XpnoigoTtrolouvtal atmd 1a TTepIoooTepa cuoThpara. H IEEE 754 opicer omi
évag ap1Buodg dITTARG akpiBelag diaBETel éva duadikd Wwn@io yia Tnv Kataxwpenon Tou
TTPOCNMoU, évrieka duadikd ywneia yia Tov ekBETN Kal 52 wneia yia 1o dekadikd PEPOG
TOU TIpaypatikou. H Trpaypatikl Ty 1ou Aappdvetar ammd 1a 64 duadikd wnoia
TTPOKUTITEI aTTd TNV aKOAouBn TTapdoTacn

nuA = (-1)"Q.b6,6,...b,,), x 2,

O duadikdg €kBETNG yIo TOUG TTPAYUATIKOUG BITTANG AKPIBEIOG XPNOIUOTIOIEI MO apXIKA
TTOOOTNTA VIO TOV UTTOAOYIOHOU TOU TTPAYMATIKOU €KOETN Kal n oTroia icouTal pe 1023. H
MOP®A TNG TINAG TOU TTPAYMATIKOU TTOU avaypd@eTal TTapatmdvw, TTEPIAAPBAvEl pia
o1aBepr) povada uTTPooTd ammd TO OEKADIKO MEPOG, EKTOG KAl AV O OTTOONKEUMPEVOG
€KOETNG eival undév. ZuveTrwg, padi pe Ta 52 duadikd wneia OTTou aATTOBNKEUETAI TO
OeKadIKO PEPOG, N OUVOAIKN aKpifela TTou TTapExeTal gival 53 duadikd wneia (TTepitrou
16 dekadika yneia, 53 logip(2) = 15.955).

EvdiGueca ot TIuéC 2°%=4,503,599,627,370,496 ka1 2°3=9,007,199,254,740,992, o
apiBpoi Tou TTapePPAAAOvVTal KAl PTTOPOUV VO avaTTapaoTabouv PeE TNV apiOunTiKA
SITTAAS aKkPiBEIag €ival POVO oI aKEPAIOL. ZTO £TTOHEVO €Upog 222 éwg 2°4 dAol o apiBoi
SirhaciadovTal kal aTo TrponyoUdevo 2%t éwg 2°? utrodimAaoidovial avrioToixa. H



dla@opd avaueoa oToug apiBuoug TToU avaTTapioTavTal OTAV AUTOI AVIKOUV OTO €UPOG
TV ommd 2" éwg 2™ eivar 22 To péyioTo OXeETIKO OQAAPa  dTav  yiveTal
OTpoyyuAoTroinon €vOog  TIPAYUOTIKOU  OTNV  QVTiOToIXN TIMA  TTOU  WUTTOPEl  va
avaTrapaoTadei ivar 272,

Na Toug AGyoug TTou €XouV TTpoava@ePBEei, OTav O TTPOYPANPATIOTAG XPEIAZETAl aKpPIBEIS
UTTOAOYIOMOUG, XWPIG €CAPTACEIG ATTO TNV AKPIBEIO TTOU TTAPEXETAI KOl OQAAPOTA OTNV
avaTTapdoTaon Twv apiBuwy, €vOEIKVUTAI va XPNOIKMOTTOINOOUV OOMPEG Ol OTTOIEG Va
uTTOoOTNPICOUV apIBUNTIKN TuXaia PEYAANG akpifelag kKal CwOoTAG avammapdoTaong Twv
apIBuwv.

21NV TpEXOUCa JITTAWMOTIKA Epyacia TTapoucialovtal OAEG Ol OXETIKEG TTPOCEYYIOEIG YIa
TNV dlaxeipion Tou TTPORAANATOC KOBWGS €TTIONG Kal €vag vEOS aplBunTikdg TUTTOG, O
MP_Float, o otroiog €xe1 uUAOTTOINBEI aPIyWws PE TNV Xpron Tng Python, Xwpig TTepeTaipw
eCapthoelg. O véog TUTTOG OedONEVWY AVTIMETWTTICEI Ta TTPOBAANOTA TTOU TTPOKUTITOUV
atTod TNV XPrNon TNG apIBuNTIKAG YIa TTPAYUATIKOUG Kal TTAPEXEI CWOTOUG KAl PE aKpiEIa
apiBuntikoug uttoAoyiopous. O MP_Float Baciletal otov apiBunTiké TUTTO «Decimal» o
otroiog TrepIAaupBaveTal atnv doun «decimaly kal Trapéxeral atréd tnv Python. EKTOG atrd
TNV aKpIB avatrapdoTaon TwWV TTPAYMUATIKWY TTOU TTapéXETal atrd Tov TUTTo Decimal, o
MP_Float aglotroiei Tnv duvarotnta Tou Decimal yia aAAayr TNG akpiBeiag Twv TTpAgewv
avaloya PE TIC avAYKES TTOU £XEI O KABE XpoTNnG. ZUYKEKPIYEVA, ETTavATTpoadlopifovTal
Ol apIBUNTIKEG TTPAEEIS £TOI WOTE va TTEPIAAPBAvouv TNV KATAAANAN akpiBeia pye v
otroia dev Ba xpeldleTal va €QAPUOOCTEI OTPOYYUAOTTOINON. ZTn OUVEXEID AKOAOUBEI n
TTEPIYPOPN] TOU VEOU aQUTOU apiBunTikoUu TUTTOU. ETTITTAEOV, YivETal YIa EKTEVIG avapopd
OTIC EMTTWOEIS TG XPNONG TNG apPIBUNTIKAG TIPAYMATIKWY OTO  KATNyopnua
KaTeubuvong Kal oTov augnTikd aAyopIBPo €UPeONG TOU KUPTOU TTEPIBAAMATOS €VOG
ouvoAlou onueiwv. O1 TTepITTTWOEIS TTou TTapouaidlovTal oTo dpBpo [1] avatTapdyovral
ME TNV XpAoNn apiywg TG Python wg¢ yAwooa TrpoypaupaTiopou. MapdAAnAa, Ta
avTioToIXa aTTOTEAEOUATA PETA TNV Xprion Tou MP_Float TUTTOU Kal TwWV KATNYOPNHATWY
TnG Python/ CGAL trapartiBevral eTTiong.

AAAegg MNMpooeyyioeig

Y1rdpxouv dIAQopEeS TTPOCEYYIOEIC 01 oTToie diaBeRaiwvouv allOTTIOTOUG YEWMETPIKOUG
UTTOAOYIOMOUG. ApXIKA, UTTAPXEl N TTPOCEYYION OTIOU XPNOIYOTIOIEITAl TO TTPOTUTTO
YEWUETPIKWY UTToOAOyIoOHWVY akpiBeiag (EGC), pe XapakTnpIoTIKA TrapadeiypaTta Tnv
CGAL [7], [8], tTnv LEDA [9], [10] kai Tnv BiBAI0Brikn Core [11]. MNMapdAo TTou auTég ol
BiIBAI0BNKEG xpnaiuoTrolouv apIBuNTIKA akpifeiag, dev uttapyel diaBéaiun dour n oTroia
va JTTopEi va xpnoiyotroin®ei dueca armod tnv Python.

Mia deuTepn TTPOCEyYYION €ival N epapuoyn KATTolag diatapaxns ota dedopéva 10000,
TTPOKEINEVOU va €€ao@aMIOTEl OTI N UAOTTIOINCN TTOU XPNOIMOTIOIED TNV apIBuNTIKN
TTPAYMATIKWY Ba TTapdyel Ta owoTd atroteAéoparta pe Baon tn diatapayuévn €icodo
[12], [13], [14]. H mpooéyyion autr atraitei d1¢odIKA avaAuon Tou TTPORAAUATOS Kal
akpIPr TTpoadiopicud TNG €106d0ou Kal NG €€6dou. Ooov apopd oTa dedouéva €I00d0U,
000 TMOo TTOAUTTAOKA €ival Ta avTikeEiyeva 1600 TTIo OUOKOAO €ival va KaBopioTei n
dlatapaxr atnv €icodo. AvTioTolxa, O TTPOCBIOPICHOC TNG ££6O0U eival €TTIONG EEQIPETIKA
OUOKOAOG, agou tival arapaitnto va An@Bouv uttéywn OAeg o1 mOaveég ekBAoelg akdua
KOl yIa EKQUANIOPEVEG TTEPITTITWOEIG. EmmpdoBeTa, étav TTPOKEITal va XPNOoIUOTToINOEi
apIOuNTIK TTPAYMATIKWY, MOVO OPIOUEVOI YEWMETPIKOI aAyopIOuol gival yvwoToi ol
OTTOIOI CUMTTEPIPEPOVTAI QPAIVOPEVIKA owaoTa [15], [16], [17], [18].



O 10106 MP_Float

2TV TTapouca OITTAWMATIKA epyaoia €xel avaTrtuxbei o vEog aplOuNTIKOG TUTTOG
MP_Float pe atmokAsioTikf) Xprion ¢ Python. O TUTTOG QUTOG TTAPEXEI OTOV XPrOTN TN
duvatéTNTa VA XPENOIUOTTIOIEI apIBUNTIKA TTPAYUATIKWY PE aTTPOodIOPIOTO €UPOG YIa ThV
aKpipela, n otroia UTTOKEITAl HOVO OTOUG TTEPIOPICPOUG XWPENTIKOTNTAG TOU UTTOAOYIOTH
OTOV OTIOIO TTPAYUATOTIOIEITAI N €PYACia KAl OXl O€ TTEPIOPIOUOUG yia OeDOUEVN TIUN
akpipelag. Me Ta TpExovra dedopéva, n Python xpnoigoTrolei api@untikr dITTAR akpiBeiag
OTTwG auTr} opiletal ammd Tnv IEEE 754. O1rwg €xel TTpoava@epBei, o apiBuoi dITTANg
akpipelag cupewva pe TV IEEE 754 diaB8€Touv 53 duadika ynoia yia 1o deKadIKO PEPOG
TOU apIBuou. Katd mTpocoéyyion, n dekadikr avamapdoTaon Tou apiBuou €xel péxpl 16
(53log,{ 2)=15.955) dekadika wneia akpiBeia. Ta yneia autd mepiAauBavouv 1600
TO OEKADIKO HEPOG OO0 KAl TO AKEPAIO HEPOG TOU TTPAYMATIKOU apIiOuoU.

H Python Adn mpoo@épel oToug xprRoTeg Tn doun «decimal» yia TRV UTTOOTAPIEN TNG
apIBunTIKAG TTPayHaTikKwy. O1 TTPAYHATIKOI UTTOPOUV VA avattapaoTabouv akpIfwg HEoa
atrd Tov ap1BunTiké TUTTO «Decimal» TTou TTapéxeTal Kal, avtiBeTa atrd TNV KaBiepwuévn
apIBunTik TTPAYMATIKWY TOU OUoTAuaTog, Oivel oTov XPpAoTn Tn Ouvarotnta va
METABAAEl TNV akpiBeia cUPQwva PE TIC ATTAITACEIC TOU €KAOTOTE TTPORAANATOC.
EvTouToIg, OTNV TTPOKEIPEVN TTEPITITWOT, TO TTPORBANUA TTOU KAAEiTal 0 XpAOTNG VO AUCEI
gival n oTtpoyyuhotroinon Twv apiBuwv n otoiad Ba JUTTOPOUCE VA TTPOKAAECE!
UTTOAOYIOTIKA Oo@AAuaTa. TéTola O@AAPOTA UTTOPOUV Va TTPOKUWOUV KATA T OIdpKEIQ
OTTOIOUBATTOTE  UTTOAOYIOWOU  €§autiag TnG TTpokabopiouévng  akpifelag. MNa  va
OIEUKOAUVOEI 0 0WOTOG UTTOAOYIOCHOG TWV OPIBUNTIKWY TTPACEWY, XWPIG va aoXoAnBei o
XPAOoTNG pe BEuata akpifeiag, kpibnke atrapaitnTog 0 OPICKOG TOU VEOU apIBUNTIKOU
TUTTOU KOl TWV QVTIOTOIXWV apIBuNTIKWV TTpdagewy. H eméktaon autr) Ba ptropouce va
evioyxuoel Tnv Python €101 woTe n uAoTToinon va TTpooeyyidel eTTITTEdO WEUDO- KWAIKA.

Na 10 6voya MP_Float (Multi-Precision Float) yivetal etmmiong avagopd otnv CGAL.
QoT1600, 0 TPEXOV TUTTOC, TTEPAV TOU OVOUATOG, OEv OXETICETAI O€ KATI HE KWAIKOTTOINON
oe CGAL. To ¢nToupevo €dw €ival va TovioTEl OTI Ol TTIPAYUATIKOI apIOUOoi e Ol10dATTOTE
akpipela PITOPOUV Vo  avatrapacTtaBouv akpiBwg. Tautdxpova, KABe apIOuNTIKN
Oladikaoia divel Ta CWOTA KAl AVOUEVOUEVA ATTOTEAECUATAL.

Mepropiopoi Tou «Duck typing»

O apBunTtikég TUTTOG MP_Float éxel éva pévo épioua, Tov apiBud. O dekadikdg apiBudg
TTou Oivetar otov MP_Float katd 1n &nuioupyia Tou, uetatpétretal o€ «Decimal»
TTPOKEINEVOU va aglotroinBouv Ta TTAeovekTAPATA TNG doung decimal. Mapd Tauta, n
Python xpnoigoTrolEl €UPEWG TOV TTPOYPAMMATIOTIKO TPOTTO Tou «Duck typing».
2Uppwva pe 10 YAwoodpl Tng Python o o6pog «Duck typing» opietal wg n
TTPOYPOAUMATIOTIKA  TexvOTpoTria TnG Python n omoia kaBopilel Tov TUTIO €VOG
QVTIKEIMEVOU €AEyXovTOG TNV MEBODO 1) TNV uTTOypa®r TOU OPICPOTOG avTi yia Tnv
QTTOKAEIOTIKA oX€0n ME KATTOI0 TUTTO OedOMEVWY («Av POIGdEl e TTATTIO KAl KPpW(El oav
TTATA, TOTE TPETTEI va gival TTAtay). Aivoviag éueacn otnv SIETTAQPR avTi yia TOoug
OUYKEKPIMEVOUG TUTTOUG, £vag KAAOOXeOIOOUEVOS KWwOIKaG BeATiwvel TNV  gueNiCia
EMTPETTOVTAG TTOAUMOPQIKN avTiIKaTdoTaon. To «duck typing» atro@elyel Tnv XpAon Twv
ouvapTAoewy type() 1 isinstance(). AvTIBETWG, atTAd €Qappodel TRV TTPOYPAUUATIOTIKN
TAKTIKA « EUKOAOTEPO va {NTAG cuyXwpeon TTapd AdeIa».

MNa Tov Adyo auTtd, o TUTTOG TNG TIWAG TTou Ba d0B€i w¢ dpiIopa o€ Pia ouvapTtnaon, dev
pTTOpEl va é€xel TrpokaBopiotei. Ocov agopd otov MP_Float TUTTO, OTOV €vag
TTPAYMATIKOC apIBUOC PE PEYAAN Oekadikr avattapdoTacn TTEPVIETAlI WG TTAPAUETPOS
XWPIG €lI0aywyIikKa onueia, o KWOIKAG TToU eTTECEPYAdeTal TNV TTAPAUETPO Ba KAvEl
OUYKEKPIPEVES UTTOBECEIC yia TOV TUTTO TNG. KaT’ €TTEKTACN, O TTPAYUATIKOG BewpeiTal OTI



gival T0TTOU float autépaTa. E@doov, OuwWG, N TpEXoUoa akpiBeia cival JIKPOTEPN aTTd TIG
ATTAITACEIS  TOU  TIPAYMATIKOU  UTTG  OUCATNON, YiveETal OTpoyyuAotroinon oOTov
TTAnci€oTepo float apiBud. MNa va amropuyoupe autd To yeyovog, ol apiBuoi Trou divovral
w¢g Opiopya otov MP_Float mpétrel va eOwkAgiovTal O €1I0aQyWYIKA oOnueia. 2Tnv
TTEPITITWON TTOU 0 ApIBUOS dev d0Bei WG cuuBoAoCEIpd, O TUTTOG TO OEXETAI KAl TUTTWVEI
Mia TTpo€IdoTToIiNON YIa TI8avr) oTpoyyuAoTtroinon.

AvarrTugn ouvapTRoewy Kal Tpagewyv Tou MP_Float

MNa TNV d1eukOAUVON TNG AEITOUPYIKOTNTOG TOU KWOIKA, £XOUV QAVATITUXBOEI OPIoHEVES
BonBnTikéG ouvapTAoElg. TETOIEG ATTOTEAOUV TO PAKOG, OE APIOPO SEKABIKWY Wn@iwy,
TOU apIBUoU, TOU OKEPAIOU MEPOUG Kal TOU OEeKAdIKOU HEPOUG, KABWG £TTioNG Kal N
eupeEon TWV idIWV TUNHATWV.

2TNV TTPOCTTABEIa va atToPeuxBouV OTTOIAdNTTIOTE CQAAPOTA OTPOYYUAOTTOINONG KOl
avaTTapdoTaong yia KABe TTpagn METAtU duo apIBuwy, TTPETTEI va TTPOKABOPIOTEN N
armapaitnTn akpiBeia. Ztnv YTToAoyIoTIKA [ewpETpia, o1 Mo ouxvda XPNOIKNOTTOIOUUEVEG
TTPAEEIC €ival auTéG TNG TTPOOoBeaNG, TNG agaipeong Kal Tou TToAAatTAaciacuou. MNa Tig
OUYKEKPIPEVEG TTPAEEIG, OTNV aKpiBela PTTopEi va atmodobei pia eAAXIoTn Kal aoQaAig
TIMA N oTToia Ba eyyudTal TNV ATTOUCIa OTPOYYUAOTTOINCEWY KATA TN SIAPKEIQ KOl PJETA TO
TTEPAG TWV APIOPNTIKWY TTPACEWV. ZUVETTWG, TO ATTOTEAECUA Ba gival TO AVAPEVOUEVO.

Ooov agopd oTnv TTPOCOeCN, 0 TPOTTOG E TOV OTTOIO eKTEAEITAI N TTPAEN PETAEU duo
TTPAYMATIKWY Jag Bondd va kabopicoupe KATAANAa Tnv akpifeia. AQou TotroBsTnBouv
ol apIBuoi o évag KATw atrd Tov AAAov, £€TOI WOTE Ol UTTODIOOTOAEG va BpiokovTal O€
ouaTolxia, akoAouBei n TTpdoBeon TWV ETTIPEPOUG WNPIWV. TO OEKABIKO UEPOG TOU VEOU
apiBuou éxel T6oa OekadIKA wneia 6ca Kal To PEYOAUTEPO OEKADIKO PEPOG TWV UTTO
emegepyacia apiBuwy. AvTioToIXa TO AKEPAIO PEPOG TOU aTTOTEAEOMATOG Ba €xel TOOQ
Wnoia 600 Kal To JEYAAUTEPO QKEPQIO PMEPOG OTNV TTPOCBECN Kal TOavov Kal €va akoun
Wnoio, To Kpatouuevo. MNa va atro@euxBei N avaldrnTnon Twy aTTapaiTnTwy PEYIoTWY, N
TIMA TNG akpiBeiag éxel kaBopioTei va 10o0Tal JE TO GBPOICHA TWV PNKWV Twv Ouo
TTPAYMATIKWY TTOU TTPoOoTiBevTal. M'vwpidovrag 611 To EAAXIOTO PIAKOG TTPAYHOTIKOU TTOU
pTTOPEl Vva 800¢i gival duo wneia (yia TTapddeiyua: 0.0), o aTTaITAOEI O aKpiBeia UTTEP-
KAAUTTTOVTAI.

H akpifeia yia Tnv a@aipeon utroAoyileTal YE avTiOTOIXO TPOTTO Kal Aaupavel Tnv idia
TIUR OTTWG Kal oTnv TTPOoBeon. ECGANoU av n agaipeon agopd ot TTPAYUATIKOUG
avTIBETOU TTPOCNMOU, TOTE N TTPAEN METATPETTETAI OE TTPOCOEON.

H diadikacia Tou TTOANATTAQCIOOPOU 0TOUG deKadIKOUG apliBuoug cival n idla 61Twg Kal
ME TOUG OKEPAIOUG, PE MOVN dIa@oPd OTI OTO ATTOTEAEOUA TTPETTEI N UTTODIAOTOAN VO
TOTTOBETNOEl otV owoTl  Béon. 2tov  TTOAAQTTAQCIAOMO,  yiveTal  apPXIKA
TTOAOTTAQCIAONOG Tou KABe wnoiou Tou OeUTEPOU apiBuoU pe OAa Ta wneia TOU
TTpwTou. lNa kK&dBe wneio Tou deUTEPOU UTTAPXEI MIA PETAKIVAON APIOTEPA TOU EKACTOTE
armoTeAéopatog. Ta Keva TTOU PEVOUV OTO TEAOG YeEMICOUV PE PNOEVIKA Kal ETTEITA
TTPAYMOATOTTOIEITAI TTPOCBEC TWV ETMIMEPOUG YIVOUEVWY. To MPeEYOAUTEPO O MAKOG
yIvopevo Ba gival To TeAeuTaio oTn o€Ipd, TO OTT0I0 AOYW TWV PETATOTTIOEWYV Ba £xel TOOQ
MNOEVIKA 60€EG oI peTaKIVAOEIG (dNAadH TO URKOG Tou BEUTEPOU apPIBPOU pEiov éva, apou
Oev EyIve PETATOTTION TOU TTPWTOU YIVOUEVOU), Kal €TITTAéOV OEKAdIKA wn@ia TO TTOAU
000 Ta Yn@ia Tou TTPWTOU apIBPoU ouv éva. H TTpooBrkn Tou emITTAéOV VoG Wwn@iou
MTTOPEI Va TTpoKUWEl AOyw Kpatouuevou. ETTeIdr) Ta 1o onuavTiKa yneia apioTepd TTou
MTTOpPEl va TTpooTeBOUV €ival To TTOAU U0, AOyw Kal TwV YETATOTTICEWY, TO KPATOUUEVO
Ogv utTopEi va gival TTavw atrd éva OeKadIKo ynoio.

EkT6¢ ammd autég TIG TTPAgEIg, €xouv OpIoTEl KATTOIEG €TITTAEOV PEBODOI. ApPXIKA N
MEBODOC TNG oUyKpIong AauPBdvel wg akpifela 1o PEyeBOC TOu MPEYIOTOU aATTO TOUG



apiBuoug TTou cuykpivovTal. INa 11 uTTéAoITTEG, OTTWG oI sqrt, div, pow, mod, divmod Kai
floordiv, To ammotéAecua Ba PITOpPOUCE va atraiTei ATelpa OeKAdIKA Wwneia, oTToTE N
akpipela €xel KABoOPIOTEN TUXaia OTO PEYIOTO PAKOG TWV TTPAYUATIKWY TTOU EUTTAEKOVTAL.
Mépav  autwv Twv apIBUNTIKWV TIPACEWY €XOUV  OPIOTEI  ETTITTAEOV  QVTIOTOIXEG
ouvapTtioeig (div, power, mod, divmodule, floordiv) o1 otroie¢ divouv Tnv duvaroTnta
oTOV XPRoTN va Kabopioel o idlog Tnv akpifeia. TEAOG BewpriOnke XpAOIKNO va OpIoTOUV
Kal Ol avTIOTOIXEG «reverse» Kal «in-place» Tpdagelg.

MpoBARpara EupwoTiag o€ MewpeTpikoug YroAoyiououg
Katnyépnua TpooavaTtoAIoHoU OTO ETTITTES0

MoAAéG  e@apuoyéG TNG  YTTOAOYIOTIKNAG [E€WMPETPIOG  XPNOIKMOTTOIOUV  apIOUNTIKOUG
eAéyxoug ol oTtroiol gival yvwoToi wg €Aeyxol TTpooavatoAiopou. O éAeyxol auToi
KaBopifouv TToTE €va onueio Bpioketal apioTepd, degid ) eTdvw OTnv €uBgia TTOU
opiCetal amrd duo GAAa onueia. ‘Eotw o611 Ta onueia Tou opidouv Tnv €uBeia eival Ta
p=(Px, Py), O0=(dx, Qy) KaI OTI TO UTG OulnTNONn onueio eival 10 r=(ry, ry). O
TTPOCAVATONIOHOG TNG TPITTAETAG (P, g, ) ICOBUVAEI hJE TO ONUa TNG £ENG OpiCoucag:

1 py Py
orientation( p, q,r)=sign( det|1 q, Ay )
L ry

=sign( (aq, -, ) (r =P )Lq,-p, ) (r,=-P,)).

2UYKEKPIPEVA, APIOTEPOOTPOPOG TTPOCAVATOANIONOG uTTodnAWwvETAl OTAV TO Orientation
givar BeTikG (+1), de€i6oTpOoPOG OTav eival apvnmikd (-1) kai OTI Ta onueia eivai
ouveuBelakd Otav To orientation 1couTal pe pndév. H opidouca ekppaleTal wg TTPOG TIG
OUVTETAYUEVEG TWV ONUEiIWV. AV Ol OUVTETAYMEVEG QUTEG eK@PAloVTAl WG TTPAYUATIKOI
apiBuoi pe ocuoTnua povAg A OITTANG aKPiBEIag, TOTE KATTOI0 OPAAUA avaTTapdoTaong N
OTPOYYuAOTTIOiNONG MUTTOPEI va TIPOKUWEl OTAV N TTPAYMATIKA TIUA TNG opifoucag
TTpooeyyidel To undév. ‘EoTw 611 ovoudloupe auto Tov TrpocavatoAiopo float _orient(p, q,
I yia va 10 dlaxwpicoupde atrd To 18aviKO Katnyopnua. YTTédpxouv TpEIG TTBavoi TpoTTol
ME TOUG OTToIOUG Va dIaPEPOUV Ta dUO KATNYOPHHATA.

2TpoyyuAotroinon oto undév: Afwn Tou + 1} Tou — wg 0,
Alatapayr oTo PndEv: AMynTtou 0O wg + 1 -,
AvTioTpOo®n TTPOCNOU: AN Tou + WG — KAl avTioTPpoYa.
MewpeTpia TOu BEKASIKOU TTPOCAVATOAICHOU

2UhQwva he Toug Kettner et al. [1], To ak6AouBo Treipaua utropei va kabopioel Tnv
vewueTpia Tou float_orient. Tpia onueia p, q Kal r €mMAEyovTal Kal OTh OUVEXEIQ
uttoAoyieTal 0 akOAouBog TTPocavaTOANIGHOG:

float_ orient( ( p, +xu,p, +yu) ,q,r)

yia 0 < x, y < 255, 610U U €ival n dla@opd PETALU OUO CUVEXOUEVWYV TTPAYUATIKWV
apiBuwyv O6TTwG autoi avatrapiotavral wg float, avdAoya pe 10 €0POC TINWYV OTO OTTOIO
avkouv. ATO TO TrEipaPa AUTO TTPOKUTITEl €vag TTivakag TTPOCHPwWY dI00TACEWYV
256x256, TO OTTOI0 OTITIKOTTOIEITAI O €va TTAEYUO PE XPWMOTIOTA €IKOVOOToIXEia. ‘Eva
KiITPIVO (KOKKIVO, UTTAE) EIKOVOOTOIXEIO QVTITIPOOWTTEUEI OUVEUBEIQKO (apvnTIKO, BETIKO
QVTIOTOIXQ) TTPOCAVATOAIGUO.



O 1poTIOG pE TOV oTroio ol Kettner et al. [1] utTtoAoyioouv To onueio (px + Xu, py + yu)
Méoa OTOV TTNyaio KWwOIKA TTOU TTapEXouv, xpnoigotrolei Tnv C++ kal Pooiletal o€
AOVIKEG TTPAEEIC. ZUYKEKPIPEVA, AapBdvovTtal uttown Kal Ta 64 duadikd wneia Tou
dekadikoU Kal O TPOTTOG WE TOV OTI0I0  €XOUV  KOTaveUnOei TTPOKEIYEVOU  va
TTPAYHATOTTOINOOUV Ol CWOTEG AOYIKEG TTPOCBECEIC KAl JeTaToTTioElS. Me auTd Tov TPOTTO
uttoAoyiCouv Tnv €AAXIOTN TIMA TOU U N OTroia TTPETTEl va TTPOOTEBEI OTNV TIPA Twv
OUVTETAYMEVWY Oonueiou woTe va aglotroinBei n dila@opd YeTAU SIadoXIKWV dEKABIKWV
TIMWV.

2710 TTaPOV KEeievVo, TO idIo Treipaua £xel die€axBei xpnoipotrolwvtag Python wg yAwooa
TTpoypauuaTiopyou. O1 CUVAPTAOEIG TTOU £XOUV AVATITUXBOEI TTApAyouV TNV YEWUETPIA TOU
TTPOCAVATOAICUOU Kal yIa TNV TUTTIKA QpIBUNTIKA TTPAYUATIKWY KAl yia Xpron Tou
MP_Float. Autég ol ouvapTtriocig Bacifovral T6oo oTIG 0dnyieg Twv Kettner et al. 6c0o kai
oTn d1a@opd Twv ApPIBUWY TTOU TTPOKUTITEl aTTd TIG TTpodiaypaés Tou IEEE 754. O
KUPIOG aAyOpIBUOG TTPAYUATOTIOIEI TO TIEipaua TTPooBETOVTag pia dlatapaxrn OTIG
OUVTETAYUEVEG TOU TTPWTOU ONUEIOU, KAl OTR OUVEXEIQ UTToAoyifovTag Tov (NTOUUEVO
TpooavatoNiopd. H dlatapaxf U, gival oTnv TTPaydaTikoThTa n dlagopd 22, étav n
TIUA TNG CUVTETAYPEVNG TToU £TTe€epyddeTal 0 aAyOpIBUOG aviKel aTO £UPOG TINWY aTro 2"
éwg 2™ Ta dedopéva TTOU OTTOPPEOUV OTIO TIC OUVOPTACEIC QUTEG, TEPVOUV yid
TTeEpETaipw emeEepyacia Kal TTPOPROAR o€ e€lkdva atrd Trpoypapua tng OpenGl. O
KWOIKAG autdg ouptrepIAauBaveTal oto TTapdptnua B (Appendix B).

Ymdpxouv TTOANG Trapadeiyuata Omou n yewuerpia tou float orient  dev €ival n
avapevopevn. ‘Eva xapakTnpIoTIKO TTAPAdEIYUA ATTOTEAEI N TPITTAETA ONUEIWV:

p = (0.50000000000002531, 0.5000000000000171)
g = (17.300000000000001, 17.300000000000001)
r = (24.00000000000005, 24.0000000000000517765)

Eikova 1

H mpwTn €ikdva Tou TTapoucialeTal ival To atroTéAeopa TTou divouv ol Kettner et al.kai
givalr n idla 1mmou AauPdavoupe pe xpron Python. H &ecutepn eikdva trapouaidlel 1o
atmmoTéAEopa Tou idlou TTeIpdpaTog KAvovTag OuwS Xpron Tou TutTou MP_Float oTov idia
uAotroinon Python. Ztnv TeAeuTaia €ikdva TO KATNyOPNUA TTPOCAVATOAIOHOU TTOU
XPNOIJoTIoIEiITAI €ival TO KAaTnyopnua TTpooavaTtoAiopou 1Tou TTapéxel n CGAL. OAeg ol
€IKOVEG AVaPEPOVTAI OTIG IBIEG TIUEG OUVTETAYMEVWY. Ta XPWHATA KITPIVO (KOKKIVO, UTTAE)
QAVTIOTOIXOUV O€ OUVEUBEIAKO (apvnTIKO, BETIKO avTioToIXA) TTPOCAVATOANICUO.

O1 ouvteTayhéveG Twv OnUEiwv p Kal q avatrapiotavial akpIBwS atrd OAEC TIG
uAoTroioelg. To TpiTo onueio (r), €Xel TETHNUEVN PE 19 wnoia oTo dEKABIKO TNG MEPOG.
ZUVETTWG, O ouvnBng oekadikdg TUtroC (float) dev ptTopei va dwoel TN OCWOTH
AvVOTTaPACTACN TNG CUVTETAYHUEVNG KAl TO YEYOVOG QUTO QEPEI QVTIOTOIXEG ETTITITWOEIG
OTO ATTOTEAECHA TOU KATNyoprpaTog TTpoaavatoAicpou. O MP_Float TUTTOG avatrapiotd



QKPIBWG KAl TN OUYKEKPIPEVN CUVTETAYMEVN KAl N YEWMETPiIa TTou AapBdverar divel Tn
owoTh eikova. Ooov agopd otnv CGAL, egaitiag Tou @aivouévou «duck-typing», ol
ouvTeTayhéveg TTou divovtal wg opiopa ot CGAL yia va dnuioupynBei To avtioToixo
onueio, OBewpouvrtar atrAoi  dekadikoi  (float) amd v Python kai  wg
CGAL::Simple_cartesian Tipég amd 1 CGAL. O 0OeUtepog TUTTOG  XPENOIMOTIOIED
apIBunTikn TTpayuaTiKwy OTTwg Kal N KAaoolkry Python. Katd cuvéteia, n CGAL BAETTel
TNV AGBOG avatmapdoTaon Tng r.y ouvietayuévng. Qotdéoo, katd 1n OIAPKEIA TOU
UTTOAOYIOMOU TOU KATNyoprpaTog, ol apiBuoi petarpémmovral oe CGAL::Lazy exact_nt, o
OTT0i0G €ival évag €I0IKOG TUTTOG yIa UTTOOTAPIEN UTTOAOYIOHWY aKpIBEiag. AuTog gival Kal
0 Adyog TTOU n eIkOva TTou AauPavetar amd Tnv CGAL @aivetal owoTOG. 2TV
TTPayMaTIKOTNTA, €ival akpIBnG yia Ta avakpiBr dedopéva TTou £xel Adpel wg eicodo.

MpéBAnpa KupTOU TTEPIBARMATOG OTO ETTITTESO

‘Eva ouvoAo kaAeital kupTd otav yia KaBe duo onueia p Kal g, OAGKANPO TO EUBUYPAUMO
TUAMa pq TrepIAauBaveTal yéoa oto ouvolo. To kupTd TepiBAnua CH evdg ouvoAou
onueiwv S eivalr T0 PIKPOTEPO (600V aPopd OTO CUVOAO auTO) KUPTO OUVOAO TTOU
TTEPIKAEIEI TO S.

AugnTIK6G aAyopIBog KupToU TTEPIBARMATOG OTO £TTITTESO

O augnTikég aAyopiBuog diatnpei 10 TpExov KUpTO TrEPiIBANUa CH Twv onueiwy TTou £XEl
eAEyCel. Apxika To KUpTO TTEPiBANUa atrapTifeTal atrd Tpia PN ouveuBelakd onueia Kai
Emeita eAéyxel éva-éva ta uttoAoita onueia. Otav emregepyadetal Eva onueio, TpwTa
eAEyxel av auTd BpiokeTal eKTOG Tou TpEXovTog CH, kal €dv 10xUEl, evnuepwveTal To CH
aAAIOG aaipeital Kal 0 aAyopIBuog ouveyilel oTo €TTOPEVO onueio. To TpEXov KupTo
TTEPIBANUA atToBnKevUeTal 0€ PIa KUKAIKA AioTa L=(vo, V1, ..., Vk-1) ME QOPG avTtiOeTn Ao
auTh TwV BEIKTWYV ToUu poAoyioU. Ta euBUYypauPa TUAPATA (Vi, Vis) QTTOTEAOUV TIG AKUEG
TOU KUpTOU TTepIBAAuaTog. Av orientation(V;,Vi+1,I) < 0, TOTE TO r BAETTEl TNV AKUA. Av
orientation(v;,vi+1,r) < 0, 10T€ N akun (vi, Vis1) €ival aoBevwg oparry amd 10 r. Ol
aKOAOUBEG 1816TNTEG atToTEAOUV TNV BAon yia TNV AsIToupyia Tou aAyopiBuou.

IB1I6TNTa A: £va onpeio r gival ekTO¢ Tou CH avv 1o r ytropei va d¢l pia TTAeupd Tou CH.

I816TnTa B: Av 1O r €ival €kT16g Tou CH, o1 aKhEG TToU €ival aoBevwg opaTeEG aTTO TO ¢
oxnuati¢ouv uia un Kev d1adoxIKA aAuaida, Kal Ouoiwg I0XUEl yIa TIG AKUEG TTOU OEV
gival aoBevwg opaTEg.

YT1rdpxouv Tpeig duvaToi TPATToI yia va avaipeBouv ol 1810TnTeg A Kai B.

o Atrotuxia A1: ‘Eva onueio €k16¢ Tou TpéXovTog CH dev BAETTEl Kapia akur Tou
CH.

. ATtroTtuxia A2: ‘Eva onpueio eviog Tou Tpéxovtog CH BAETTel kATTOIO aKWr Tou CH.

o Atrotuyxia B1: ‘Eva onpueio ektdg Tou TpéXovTog CH BAETTEI OAEC TIG aKkpEG Tou CH.
o Atrotuxia B2: 'Eva onueio €ktd¢ Tou Tpéxoviog CH BAETTel éva pn O1000XIKO

OUVOAO OKUWV.
Eukpivi] apvnNTIKA ATTOTEAEOHATA TWV ATTOTUXIWV

H avdAuon Twv TTapatrdvw atroTuxiwy TTapouciadel Tnv emidpaon evog Aavbaouévou
eAEyxOU TTPOCAVATOAIOHOU GTOV auénTIKO aAyopiBuo. YTTapyouv TTapadeiyuara OTTou 1o
oQAApa Oev gival aueAnTéo, aAAd avtiBeTa 1ID1aiTEPa EP@PAVES. Ta QTTOTEAECUATA TTOU
Aaupavovtal TrepiAapBavouv d1agopes ekdoxES. O aAyopIBuog utropei va utroloyilel Eva
KUPTO TTOAUYOVO OAAG va pnv cUpPTTEPIAAPBAVEl KATTOI0 aKPaio onueio, OTTWG cupPaivel
e Tnv atmoTtuxia A1. EmTAéov, 0 aAyOpIOUOG UTTOPEI va unv Tepuartifel TTOTE OTnV
TTEPITITWON TNG aTToTUXiag A2 | va TEPUATICEI ATTOTOPA XWPIG VA TTOPEXEI ATTOTEAETHA.



TéNOG, OoTnV TrEPITITWON TTOU CUPPBEl N atrotuxia B2, yia mmapddeiypa, 10 amoTéEAEouA
TTOU TTPOKUTITEI TTIBAVOV Va gival éva pn KUPTO TTOAUYWVO.

Mpétrel va onuelwBei 0TI KaTd TNV avaTrapaywyr Twy mTapadelyudtwy Tou [1] amd Tov
TTNyaia KwOIKA TIOU  TTAPEXETAI, KPIONKE amTapaitn™) N EYKATAOTAON KATTOIWV
eCwtepikwv BiBAIoBnkwyv TTéPav TnG CGAL, 61w eival n LEDA(Library of Efficient Data
types and Algorithms) kai n GMP (Gnu Multiple Precision). H diadikacia atmmodeixTnke
eCaIPETIKA BUOKOAN. N autd 1o Adyo, avaTITUXBNKE MIa EIKOVIKI UNXavr, TNV OTToia Kal
ouuTtrepINaUBAvouPE  OTnV  TTapouca  gpyacia  yia  OTTolovonTToTE  €mMOUPEl  va
TTEIPAUATIOTEI.

MeAAovTikég ETrekTaOEIG

To TTEPIEXOUEVO AUTHG TNG DITTAWUATIKAG PTTOPEI va XpNOIYOTTOINGEI yIa TRV UTTOOTAPIEN
TNG avaTITUgNG €vog TTEPIBAAAOVTOC TO OTTOI0 Ba evioXUOEl T TTPOTITUXIAKA Hadnuara
NG YTTOAOYIOTIKNG [MeWPETPiag. AQopd o€ £va UTTOAOYIOTIKO OUOTNUA EVioXuong Twv
YEWUETPIKWY aAyopiBuwy (Geometric algorithm aNimatiOn SYStem, GNOSYS) o¢ dU0o
Kal TpEIG dlaoTdoels. O KUpIog oTOXOG €ival N avatmTuén evog epyaciAgiou 1o otToio Ba
BonBroel Toug nadnTéS va TTapakoAouBoUV OTITIKA TO AVTIKEIMEVO TOU JABANATOS KABWG
autd egedicoetal. To ouoTnua TTAPEXEl YEWUETPIKEG PBIBAIOBNAKES kal BIBAIOBRKeS
OTITIKOTTOINONG Ol OTroieg  €guTTnpeTOUV TNV  ypriyopn Onuioupyia d1adpacTIKWV
OTITIKOTTOINCEWV TWV aAyopiOuwyv oTtnv YToAoyioTikr lewueTpia. H oupBoAl Tng
TpEXOUOoOG BITTAWMATIKAG epyaciag oto ouotnua GNOSYS €ival n avaTTuén piag «pure
Python» yewpueTpIknG BIBAIOBRKNG n oTroia Ba avTikaTaoThoel TV xprion Twv Python
deopevoewy Pe T CGAL, TO oTT0i0 €ival éva €pyo TTPOG OAOKARpwOnN.

EmmpdoBeta, Ba Arav evdlagépov av Oivétav n duvarotnta amd Ttnv  Pyhton,
TOUAAXIOTOV OTav TTPOKEITal yia Béparta YTToAoyioTiKAG MewpeTpiag, n pEBOSOG Tou
«duck-typing» va avayvwpilel TOUug TTPAYMATIKOUG apIBUOUG KOl VO  €QAPHUOCE
apiBuntikr) okpiBeiag avTti yia TNV oupBartik apiBunTIKA OITTANG  aKpiBElag  TTou
XPNOIUOTIOIEI TNV TPEXOUO A OTIVU.

2UMTTEPACHATA

Ev katakAgidl, uttdpyxouv SIAQOPES TTEPITITWOEIS OTTOU N APIBUNTIKY TWV TTPAYUATIKWYV
ATTOTUYXAVEI KOl O QVTIOTOIXOG OAyOpIBUOG Trapdyel ammPOBAETITA  aTTOTEAéOPATA.
AvTIBETWG, O UAOTTOINCEIG TTOU XpnoldoTrololv Tov MP_Float avti yia Tov KAaoiké
OeKABIKO TUTTO, TTAPOUCIAouV ToV CWwOTO Kal akpIBA TPOTTO PE TOV OTTOI0 TTPETTEI va
eCeNiooovtal o1 uttoAoyiouoi. H akpifeia 1mou xapakTtnpiel v apiBunTikd TUTTO TOU
MP_Float, éxel kKAnpovounBei atrd Tn dour «decimal» n oTroia eCWKAEIETAl oTOV TUTTO
Tou MP_Float. Emmpdobeta, 0 véog autdg TUTTOC aglotrolei Tnv duvatdtnTa TTou
TTapéxeTal atrd TNV «decimal» pe TNV oTT0id O XPAHOTNG UTTOPEI va TTpoKaBopiocel TV
aKpipela oUPPWVA JE TIG EKACTOTE ATTAITAOCEIG, £TOI WWOTE VA ATTOPEUXBOUV OQAAUATa
OTPOYYUAOTTOINONG. ZUYKEKPIUEVA, O XPNOTnNG dev XPEIAZeTal va aoxoAnBei ue Béuara
akpiBeiag emeidry] o MP_Float emavampoodiopifel TIG apiOunTiKEG TTPAEEIC KAl TOUG
ammodidel TNV KATAAANAN akpifeia. MeTd Tnv avatrapaywyr] Twv TTAPAdEIYHNATWY TwWV
Kettner et al.[1] ye Tnv xprion tTng Python, Ta amoTteAéopata gival evOEIKTIKA yia KABE
mOavr) armoTuxia TToU PTTOPEI va TTPOKUWEI AOyw TNG apiBuNTIKAG TWV TTPAYUATIKWY,
600V apopd oTO KATNyOPNUa TOU TTPOCAVATOAICHOU KAl Ta OTTOTEAETUATA TOU auénTIKOU
aAyopiBuou yia Tnv gupeon KuptoU TTEPIBARUATOC £vOg ouvoAou onueiwv. H apiBunTikn
TTPAYUATIKWY TTAPOUCIAZEl PN avauevoueva atroTeAéopara Otav 1A onueia TTou
eCetafovrtal givar oxedov ouveubelokd. O MP_Float TUTTOG, QvTiBeTa, TTapdyel Tnv
avauevopevn  €€0do, KaBwg o1  uttoAoyiopoi  gival  akpIBEig, xwpic o@dAuarta
avatrapdoTacng  oTpoyyuAoTroinong €CaiTiog  TTEPIOPICPWY  OTnVv  akpipela. To
AVTIOTOIXO KATAyOpNua TTPOCAVATOAIOPOU TTou Trapéxetal ammd 1n CGAL, eTtmiong



amodidel Ta owoTd atroteAéouara. apdAa autd, Adyw Tou «duck-typing», TTOU
atroTeAei XapakTnpEIoTIKG TNG Python, o1 ouvTeTayuéveg avayvwpifovTal autépaTta armo
Tnv Python w¢ Oekadikoi Kal OUVETTWG MJTTOPEI va  UTTOOTOUV KATTOI0  OQAAPQ
avatmrapdoTaong.

O apiBunTIkdg TUTTOG MP_Float dev €xel TTEPAITEPW ATTAITHOEIG ATTO TO OUCTNUA, EKTOG
armmo TNV OIETTaPry ME TNV python. ZUVETTWG, MUTTOPEI EUKOAQ VA QVTIKOTACTHOElI TOV
apiBuntikd TUTTO float 6tav TTpéTrel va die¢axBouv UTTOAOYIOUOI JE TTETTEPACHEVA TUXAIO
péyeBog akpifBelag. QoTdoo, €meIdf oI UTTOAOYIOMOI UTTOAEiTTOVTAI O€ TaXUTNTA, O
OUYKEKPIPEVOG TUTTOG EVOEIKVUTAI TTEPICOOTEPO YIA XPNAON KATA TNV EKTTAIOEUTIKN
dladikaoia. EidIka, Ba ptropouce va utrooTtnpifel Ta padruata TG YTTOAOYIOTIKAG
MewpeTpiog Pe TNV duvatdtnTa TNG ETTAYWYAG OTTOIOUBATIOTE  aAyopiBuou Tng
YTToAoyIOTIKAG [EWMETPIAG OE €va EKTEAECINO TTPOYPAPUA, OKOMUN KAl VIO EKQUAICPEVEG
TepITTwoelg. H uhotmoinon tou MP_Float €ivar ammAfp aAAd aTTaitei TETPAYWVIKA
TTOAUTTAOKOTNTA yia Tov TTOAAATTAaCIaopd. To yeEYOovOG QUTO MTTOPEI VA ATTOTEAEI
TTPORANPA yia heydAoug TTOANATTAACIAoTEG. [Na TaXUTEPES UAOTTOINCOEIG OAAG PE TNV idla
OUWG A&IToupyIKOTNTA OTIG MEYAAEG TIMEG OEKAdIKWY, O XPNAOTNG ioCWG TIPETTEl va
eTTaveeTaoel TN Xprnon katoiag atro Ti¢ BIPAIoBAkec GMP rj LEDA avrioToixa.
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PROLOGUE

This project is conducted in the terms of MSc thesis of the postgraduate program of the
department of Informatics and Telecommunications of the National and Kapodistrian
University of Athens. The main reason for signing this project was the need for a tool
that would help the students visualize the teaching subject during the courses, since it
could make possible the reduction of every computational geometry algorithm to an
executable multimedia program with graphical input and output. This need was even
more obvious after attending lectures of Computational Geometry during the
postgraduate studies. Such previous knowledge in using CGAL has shown that
programming in C++ could often discourage students from working on the development
of algorithms. This concerns especially students with theoretical background, as well as
for instructors that have time restrictions, which do not allow them to develop the
algorithms that they teach. Thus, there is the need for a system that will provide the
formulation of algorithms in ways of an enhanced pseudo code.

For the completion of this MSc thesis, | would like to thank my supervisors, Mr. |. Emiris
and Mr. Ch. Fragoudakis who gave prominence to the necessity of this project and
shared with me valuable knowledge and support.



Exact Geometrical Predicates in Python

1 INTRODUCTION

Experience in teaching Computational Geometry courses at the University of Athens [2]
has proved that C++ programming using CGAL indicates a steep learning curve which
most of the times frustrates learners. Using Python, a lot of C++'s cryptic syntax is
avoided and the final program gains a lot in terms of readability and self
expressiveness. Regarded from a pedagogical point of view, a computational geometry
course should focus on the geometrical algorithmic aspects and somehow abstract the
low level details. Python is the chosen programming language that fulfills exactly that
kind of functionality; it has a remarkable expressiveness that permits learners to write
programs that look like pseudo code, while advanced low level details are available but
easily made transparent. The Python version that has been used in the current thesis is
2.6.6.

In order to ensure the simplicity of the code even for extreme cases where input and
output data require arbitrary level of precision, a new arithmetic type is developed. This
type handles, with “pure” Python, the limitations and issues occurring from the use of
the floating-point arithmetic.

Floating-point numbers are represented in computer hardware as base 2 (binary)
fractions. Unfortunately, most decimal fractions cannot be represented exactly as binary
fractions. As a consequence, in general, the decimal floating-point numbers entered are
only approximated by the binary floating-point numbers actually stored in the machine.
This is in the very nature of the binary floating-point and is an issue arising not only in
Python but also in all languages that support hardware’s floating-point arithmetic
(although some languages may not display the difference by default or in all output
modes).

A common example for such a representation error is the decimal value 0.1 which
cannot be represented exactly as a base 2 fraction. If Python were to print the true
decimal value of the binary approximation stored for 0.1, it would have to display:

“0.1000000000000000055511151231257827021181583404541015625".

This problem becomes apparent when these values are used for arithmetic
computations. For instance the sum (0.1 + 0.2) = 0.30000000000000004 could lead to
unexpected results when it is further used. It is indicative that in a comparison between
this result and number 0.3, the answer obtained would be negative. This sum also
signifies the importance of dealing with the problems arising from the use of the
standard floating point arithmetic, since they can affect even the sum of two such
common decimals as (0.1+0.2).

Apart from the representation issues that arise in floating-point arithmetic, the rounding
error due to precision limitations should also be mentioned. To get a clearer view of the
problem, the IEEE 754 standard® should be presented. The IEEE Standard for Floating-
Point Arithmetic (IEEE 754) is a technical standard for floating-point computation
established in 1985 by the Institute of Electrical and Electronics Engineers (IEEE). Many
hardware floating point units use the IEEE 754 standard. In particular, the IEEE 754
standard specifies a double precision number as having one sign bit, an exponent width
of 11 bits and a mantissa precision of 53 bits (52 explicitly stored).This gives from 15 -
17 digits precision in mantissa. If a decimal string with a maximum of 15 mantissa digits
is converted to IEEE 754 double precision format and then converted back to the same
number, then the final string should match the original; and if an IEEE 754 double

' ISO/IEC/IEEE 60559:2011
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precision formatted decimal is converted to a decimal string with at least 17 mantissa
digits and then converted back to double, then the final number must match the original.

The format is written with the mantissa having an implicit integer bit of value 1, unless
the written exponent is all zeros. With the 52 bits of the fraction mantissa appearing in
the memory format, the total precision is therefore 53 bits (approximately 16 decimal
digits, 53 log10(2) = 15.955).

The real value assumed by a given 64-bit double-precision data with a given biased
exponent e and a 52-bit fraction is

(-1)"Qb,b,...b,,), x 2

or more precisely:
. 52 ]
value { —1)"( 1+ > b 27 )x 27
/=1

The double-precision binary floating-point exponent is encoded using an offset-binary
representation, with the zero offset being 1023; also known as exponent bias in the
IEEE 754 standard. The entire double-precision number is described by:

(_ 1)5i9” x 2exponent —exponent_ b iasy 1 mantissa

Between 2°°=4,503,599,627,370,496 and 2°°=9,007,199,254,740,992 the representable
numbers are exactly the integers. For the next range, from 2% to 2>*, everything is
multiplied by 2, so the representable numbers are the even ones. Conversely, for the
previous range from 2°* to 2°?, the spacing is 0.5.

The spacing as a fraction of the numbers in the range from 2" to 2™ is 2"°2. The
maximum relative rounding error when rounding a number to the nearest representable
one (the machine epsilon) is therefore 272,

For the previously mentioned reasons, when the user needs exact computations,
without precision dependencies and representation issues, they should use modules
that support arbitrary precision arithmetic and exact representation of the numbers.

In the current diploma thesis, the related work on handling these problems is presented
as well as a new arithmetic type, the MP_Float, which is coded in pure Python, with no
further dependencies. This new type deals with the issues that arise from the use of the
floating-point arithmetic and provides accurate and exact computations. Mp_Float is a
wrapper for the “Decimal” type included in the decimal module of python. Apart from the
exactness in representation that the “Decimal” type guarantees, MP_Float utilizes the
ability of “Decimal” to change the precision according to the needs of the user.
Specifically, it redefines the arithmetic operations so as to include the proper precision
adjustment, which is needed in order to prevent any rounding error. In the next pages a
presentation of the MP_Float follows. Moreover, an extensive analysis of the effects of
the floating-point arithmetic on the orientation predicate and the incremental
computation of convex hull is developed. In particular, the cases illustrated in [1] are
reproduced with the use of Python as programming language. Concurrently, the
respective results obtained by using Mp_Float, and Python/CGAL predicates instead of
standard float are also described.

M.Sotiropoulou 20
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2 RELATED WORK

There are several approaches to assure reliable geometric computations. Firstly, there
is the approach using the multi- institution European Community project CGAL [7], [8],
Max-Planck Institute of Computer Science project LEDA [9], [10] and Core Library [11],
which have adopted the exact geometric computation (EGC) paradigm. Although these
libraries support exact arithmetic, currently there is no binding available that can be
used directly in Python.

A second approach is to perturb the input so that the floating-point implementation is
guaranteed to produce the correct result on the perturbed input [12], [13], [14], [15]. This
approach requires a thorough problem analysis and a precise specification of input and
output. When treating input data, the more complicated the objects are the more difficult
is to specify the perturbed input. Output specification is not a trivial matter either, since
the user must take into consideration every possibility especially for degenerate cases.
In addition, if floating-point arithmetic is to be used, only few geometric algorithms are
known which behave provably correct [16], [17], [18], [19].

There is also the decimal module provided by Python, which gives accurately
represented decimal numbers and provides the user with capability to alter the precision
according to their needs. This module is used in the current project in order to develop a
more robust arithmetic type.

M.Sotiropoulou 21
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3  THE MP_Float()

Through this project a new arithmetic type (MP_Float) is developed with the use of pure
Python. This type provides the user with the capability of using floating point arithmetic
with arbitrary range of precision, which undertakes only the capacity limitations of the
machine, and suffers no rounding due to fixed precision limitations. At the current state,
floating-point in python uses double precision to store values. IEEE 754 double
precision numbers have 53 bits of significant precision (52 explicitly used). This gives
approximately 16 (53log,{ 2)~15.955) mantissa digits precision, which is used to

present both the integer part of the decimal and the mantissa.

Python already provides its users with the module “decimal’ to support decimal floating
point arithmetic. Decimal numbers can be represented exactly through the “Decimal”
type provided and unlike hardware based floating-point, this module gives the user the
ability to alter the precision according to the needs of the problem. However, the
problem that the user is called to solve is the rounding of the numbers that could cause
computational errors. Such errors can occur through any computation due to the
specified precision. In order to help the user compute an arithmetic function correctly,
without worrying about precision issues, it was considered important to define this new
arithmetic type and its arithmetic operators. This could boost python in a way that could
make pseudo coding more feasible.

The name MP_Float (Multi-Precision Float) is also referred in CGAL, but the current
type is not related to CGAL coding. The point here is to highlight that the floating point
numbers with arbitrary precision are represented exactly, without undergoing any
representation or rounding error. In parallel, any numeric process should give the
expected and exact results.

3.1 The “Duck typing” restrictions

The arithmetic type of the MP_Float has one attribute, the number. The decimal that is
passed as an argument, when the MP_Float is created, is converted to a “Decimal” so
as to exploit the advantages of the decimal module. However, Duck typing is heavily
used in Python. The Python's Glossary? defines duck typing as follows:

“Pythonic programming style that determines an object's type by inspection of its
method or attribute signature rather than by explicit relationship to some type object ("If
it looks like a duck and quacks like a duck, it must be a duck.") By emphasizing
interfaces rather than specific types, well-designed code improves its flexibility by
allowing polymorphic substitution. Duck-typing avoids tests using type() or isinstance().
Instead, it typically employs the EAFP (Easier to Ask Forgiveness than Permission)
style of programming.”

Therefore the type of the arguments passed in the definition of a function cannot be
specified in advance. As far as MP_Float is concerned, when a decimal with a long
mantissa (bignum) is passed as a parameter without quotation marks, the code that
processes the parameter will make certain assumptions about it. As a result, the bignum
is considered as a float. Since the current precision is smaller than that of the bignum, it
is rounded to the nearest float. In order to prevent this from happening, the numbers
passed as parameters in the MP_Float should be included in quotation marks. In case
the bignum is not passed as a string, it will cause a warning to pop up, indicating some
probable rounding on the number.

2 http://docs.python.org/2/glossary.html#term-duck-typing

M.Sotiropoulou 22



Exact Geometrical Predicates in Python

3.2 Development of functions and operators

To facilitate the further function of the code, some auxiliary methods have been defined.
Such are the computation of the length of digits of the bignum, the length of the integer
part and that of the mantissa, as well as the integer part and the mantissa themselves.

In an effort to avoid any kind of rounding and representation error as far as possible for
every operation between two numbers, the precision that is needed, must also be
predefined. In Computational Geometry the most commonly used operations are
addition, subtraction and multiplication. For these operations, the precision can be
predefined to a specific minimum and safe length which will guarantee that there will be
no rounding during and after the completion of the operation. This means that the result
will be the expected one.

As far as addition is concerned, analyzing the process of adding two decimal numbers
helps in acquiring a proper precision. The steps followed are writing the numbers one
under the other with the decimal points lined up, padding in zeros so the numbers have
the same length and then adding normally. The minimum precision needed for an
addition to be correctly computed, is the sum of the maximum length of the integer part
and the maximum length of the mantissa of the two numbers concerned, plus one.
When adding the two mantissas the number of digits that occur is the same as the
maximum length of the two mantissas. When adding the integer parts, the number of
digits may be increased with one digit farther from the maximum number of digits of the
integer part. However, in order to reduce the complexity of defining the precision, the
sum of the length of the two numbers is being used. This sum contains both the
maximum length of the integer parts and the maximum length of the mantissa, as well
as the minimum ones. Since the numbers should have at least one integer digit and one
digit in mantissa, the excessive digits of the sum of the lengths are at least two and at
most the same as the sum of the maximum integer part and the maximum mantissa.
Despite wasting some digits in precision, there is a gain in computational time.

The precision for subtraction is respectively computed. Since subtraction equals with
the addition of the first number with the negation of the second, the maximum length of
the resulting number is the sum of the maximum integer part and mantissa plus one.
This increment of one more digit happens only when the numbers subtracted are of a
different sign. In the case where the two numbers considered have the same sign, the
length in digits of their difference belongs in the range from 2 digits (e.g 0.0) to
(maximum integer part + maximum mantissa). Thus, the precision needed is covered
profoundly with the sum of the lengths of the two numbers.

The process of multiplication with decimals is the same as with integers, apart from the
fact that the decimal point should be correctly placed within the resulting number. In the
multiplication of each digit of the second decimal with the first one, there is a left shift to
the corresponding product. The number of shifts equals the number of the digits of the
second decimal minus one, since the first product is not shifted. When multiplying two
integer numbers with only one digit each, the resulting product has at most two digits.
As a result, each product will have at most so many digits as the first decimal of the
multiplication plus one. Finally, there is the addition of the products just as they are
lined, after the shifted products have been padded with zeros. The longest number (as
far as digits are concerned) is the last one, that has so many zeros (from the padding)
as the number of shifts and at most so many digits as the first decimal plus one. The
total number of digits is given by the sum of the length of the two decimals which are
multiplied. When adding the products, reaching the most significant digit on the left,
there will be at most two digits to be added together. This addition could give at most a
two digit result. Therefore, the maximum length of the result of the multiplication is the

M.Sotiropoulou 23



Exact Geometrical Predicates in Python

sum of the length of the first decimal and the length of the second decimal plus one.
This is also the precision that has been predefined in the code for the operation of the
multiplication. Aiming to further clarify the case in question, the next figure shows a
simple example of decimal multiplication.

999.0 (a) — len(a) =4
X  9.99(b) — > len(b) =3

39991
899910 g = -
+ 2000100 —— #shifts = len(b) - 1
9989.001  ——> len(result) = len(a) + 1 + (#shifts)
= len(a) + len(b)
Figure 1:

Typical execution of the multiplication (999.9 * 9.99), giving the maximum length of the result that can be
obtained from a four-digit decimal multiplied by another three-digit decimal.

Except for these operations, some additional methods for this new type have been
defined. At first, there is the method of comparison, with the precision being equal to the
maximum of the decimals concerned. For the rest, such as sqrt, div, pow, mod, divmod
and floordiv, the resulting decimals could require an infinite number of digits, and thus
the precision has arbitrarily been defined as the value of the maximum number of digits
between the decimals involved and the previous precision. Apart from these operators,
corresponding functions (div, power, mod, divmodule, floordiv), which take the precision
as an argument, have also been defined. It has also been considered useful to define
the corresponding reverse and in-place operators in order to complete the arithmetic
type of MP_Float. The whole implementation is provided in the APPENDIX A.
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4 ROBUSTNESS PROBLEMS IN GEOMETRIC COMPUTATIONS
4.1 Planar Orientation Predicate

Many computational geometry applications use numerical tests known as orientation
tests. These tests determine whether a point lies to the left of, to the right of or on the
line defined by two other points. Let the points that form the line be p=(pyx, py), 9=(0x, dy)
and the point of question be r=(ry, ry). The orientation of the triple (p, g, r) is tantamount
to the sign of the determinant:

1 py Py
orientation( p, q,r)=sign( det|1 q, Ay )
1 1y fy

=sign( (a, -, ) (r =P )Lq, -p, ) (r,=pP,)).

In particular, a left turn is implied when orientation is positive (+1), a right turn when
negative (-1) and colinearity when orientation equals to zero. The determinant is
expressed in terms of the coordinates of the points. If these coordinates are expressed
as single or double precision floating-point numbers, an error of rounding may lead to
an incorrect result when the true determinant is near zero. Let’s call this orientation
float_orient(p, g, r) to distinguish it from the ideal predicate. There are potentially three
ways in which the result of float_orient could differ from the correct orientation.

Rounding to zero: misclassify a + or —as a 0;
Perturbed zero: misclassify 0 as a + or -;

Sign inversion: misclassify a + as — or vice versa.
4.1.1 Geometry of Float-Orientation

According to Kettner et al. [1], the following experiment can define the geometry of
float_orient. Three points p, g and r are chosen and then the following float_orient is
computed: float_orient( (px+xu, py+yu), g, r) for 0 < x, y < 255, where u is the increment
between adjacent floating-point numbers in the considered range; for example, u = 23
if py = 1/2 and u = 42> if p, = 2 = 4-1/2. The resulting 256x256 array of signs is
visualized as a 256x256 grid of colored pixels. A yellow (red, blue) pixel represents
collinear (negative, positive, respectively) orientation.

The way Kettner et al. [1] computes the point (px+xu, py+yu) in their source code using
C++ is depending on bitwise operations. Specifically, they are taking into consideration
all 64 bits of the double and how they are distributed in order to make the proper bitwise
additions and shifts. This way they compute the minimum value of u that should be
added to the value of a point coordinate so as to exploit the spacing between
contiguous double values.

In the current project, the same experiment has been conducted in Python. The
functions that have been developed here provide the geometry of orientation both for
standard float and MP_Float numbers. The instructions given by the paper’s writers and
the spacing range, which emerges from the IEEE 754 standard, are used as a guide for
the development of these functions. The main algorithm conducts the experiment of
slightly adding a disturbance to the coordinates of the first of the three points, and then
computes the respective orientation predicate. The disturbance u, is in fact the spacing
252 when the value of the coordinate processed is in the range 2" to 2™, The data
given by these functions are processed with OpenGl code which provides the
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visualization of the geometry of the orientation predicate, and is included in the
Appendix B.

4.1.2 Examples

There are many examples where the geometry of float_orientation is not the expected
one. Primarily, the examples shown in the paper of Kettner et al.[1] in Figure2® are
considered, and a couple more that are provided here as well. The figures show the
weird geometry of the float-orientation predicate. Specifically, the first two figures show
the results of float_orient( (px+xu, py+yu), g, r) for 0 < x, y < 255, where u=2">is the
increment between adjacent floating-point numbers in the considered range. The first
figure is the product of the Kettner et al. [1] source code and it is the same image as the
one which was obtained by the respective python code. The second figure shows the
result of the same experiment while using the MP_Float type in the same python code.
The third one illustrates the resulting floating point orientation geometry when it is
computed with the use of CGAL. In the final case, the orientation predicate used is the
one provided by CGAL. Every figure is referring to the same values of point coordinates.
The result is color coded: Yellow (red, blue, resp.) pixels represent collinear (negative,
positive, resp.) orientation.

Figure 2:
p=(0.5,0.5), g =(12, 12), r = (24, 24)

The points p, g, r from Figure 2 give an orientation(p, g, r)=0 with every implementation.
However, a small disturbance to one of the points by a factor of 2 can cause many
miscalculations on the orientation predicate when floating point arithmetic is used.
When computing the orientation using the MP_Float or the orientation predicate
provided by CGAL, the result is the correct one for every point forming the orientation
geometry.

Figure 3:

p = (0.50000000000002531, 0.5000000000000171)
g = (17.300000000000001, 17.300000000000001)

r = (24.00000000000005, 24.0000000000000517765)

3See [1], page 5

M.Sotiropoulou 26



Exact Geometrical Predicates in Python

Points read using float :
p0=0.50000000000002531,
0.5000000000000171
p1=17.300000000000001,
17.300000000000001
p2=24.00000000000005,
24.000000000000053
for points:pO=p, pl=q, p2=r
A=q.X - p.x = 16.799999999999976
B=r.y - p.y = 23.500000000000036
C=q.y - p.y= 16.799999999999983
D=r.x - p.x = 23.500000000000025
A*B=394.80000000000001
C*D=394.80000000000001
float_orient(p,q,r) = 0

for points:pl=p, p2=q, pO=r

A=g.x - p.x = 6.700000000000049
B=r.y - p.y = -16.799999999999983
C=q.y - p.y= 6.7000000000000526
D=r.x - p.x = -16.799999999999976
A*B=-112.56000000000071
C*D=-112.56000000000073
float_orient(p, q,r) >0

for points:p2=p p0=q, pl=r
A=qg.x-p.x = -23.500000000000025
B=r.y - p.y = -6.7000000000000526
C=q.y - p.y= -23.500000000000036
D=r.x - p.x = -6.700000000000049
A*B=157.45000000000141
C*D=157.45000000000138
float_orient(p, q,r) >0

Points read using MP_Float :
p0=0.50000000000002531,
0.5000000000000171

p1=17.300000000000001,

17.300000000000001,
p2=24.00000000000005,

24.0000000000000517765
for points:pO=p, pl=q, p2=r
A=qg.X - p.x = 16.79999999999997569
B=r.y - p.y = 23.5000000000000346765
C=q.y - p.y= 16.7999999999999839
D=r.x - p.x = 23.50000000000002469
A*B=394.800000000000011280199999999157014285
C*D=394.800000000000036441999999999602491

exact_orient(p, q,r) <0

for points:pl=p, p2=q, pO=r

A=g.x - p.x = 6.700000000000049

B=r.y - p.y = -16.7999999999999839

C=q.y - p.y= 6.7000000000000507765

D=r.x - p.x = -16.79999999999997569
A*B=-112.5600000000007153299999999992111
C*D=-112.560000000000690168199999998765623285

exact_orient(p, g, r) <0

for points:p2=p, p0=q, pl=r

A=0g.x - p.x = -23.50000000000002469

B=r.y - p.y =-6.7000000000000507765

C=q.y - p.y= -23.5000000000000346765

D=r.x - p.x = -6.700000000000049
A*B=157.450000000001358670750000001253671785
C*D=157.4500000000013838325500000016991485

exact_orient(p, q,r) <0

Points read using CGAL:

p0=0.50000000000002531 , 0.5000000000000171
p1=17.300000000000001 , 17.300000000000001
p2=24.00000000000005 , 24.000000000000053

CGAL.orientation(p0, p1, p2) = LARGER
CGAL.orientation(pl, p2, p0) = LARGER
CGAL.orientation(p2, p0, p1) = LARGER
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In the example of Figure 3, the coordinates of the points p and g are exactly
represented in all three implementations. The third point (r), has an abscissa with 19
digits of mantissa. Therefore, the regular float cannot represent the coordinate exactly
and this affects the result of the orientation predicate with or without the addition of a
disturbance to the coordinates. The MP_Float type represents exactly the certain
coordinate and the orientation presents the correct geometry. As far as CGAL is
concerned, due to duck — typing, the coordinates that are passed to CGAL in order to
create the respective point, are considered as simple floats by python and as
CGAL::Simple_cartesian values by CGAL. The latter type uses double-precision
arithmetic, just like the “double” arithmetic type. This led CGAL to see the wrong
representation of the r.y coordinate. However, during the process of computing the
orientation predicate, the numbers are converted to CGAL::Lazy exact_nt, which is a
type that assures exact computations. This is the reason why the orientation geometry
provided by CGAL seems correct. In fact, it is accurate for the inexact values of point
coordinates that it is processing.

Figure 4:

p = (0.5, 0.5),

g = (8.8000000000000007, 8.8000000000000007)
r=(12.1, 12.1)

The points presented in Figure 4 are also correctly represented. Every implementation
gives orientation(p, g, r) = 0 for these points. Once again, the geometry obtained by
floating point arithmetic significantly deviates from the expected one. Instead, the
orientation that is using the MP_Float, as well as the CGAL orientation predicate,
produces the expected geometry.

A few interesting examples also provided by Kettner et al. [1] give the following results:

Figure 5:

p=(7.3,7.3),

g = (24.000000000000068, 24.000000000000071)
r = (24.00000000000005, 24.000000000000053)
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Points read using float :
p0=7.2999999999999998,7.2999999999999998
p1=24.000000000000068,24.000000000000071
p2=24.00000000000005,24.000000000000053

for points: pO=p, pl=q, p2=r

A=g.x - p.x = 16.700000000000067
B=r.y - p.y = 16.700000000000053
C=q.y - p.y= 16.70000000000007
D=r.x - p.x = 16.700000000000049
A*B=278.89000000000198
C*D=278.89000000000198
float_orient(p, q,r) = 0

for points: p1=p, p2=q, pO=r

A=0g.x - p.x = -1.7763568394002505e-14
B=r.y - p.y = -16.70000000000007
C=q.y - p.y= -1.7763568394002505e-14
D=r.x - p.x =-16.700000000000067
A*B=2.9665159217984309e-13
C*D=2.9665159217984304e-13
float_orient(p, g, r) >0

for points: p2=p, p0=q, p1=r

A=g.x - p.x = -16.700000000000049
B=r.y - p.y = 1.7763568394002505e-14
C=q.y - p.y= -16.700000000000053
D=r.x - p.x = 1.7763568394002505e-14
A*B=-2.9665159217984269e-13
C*D=-2.9665159217984274e-13
float_orient(p, q, r) >0

Points read using MP_Float:

p0=7.3, 7.3

p1=24.000000000000068, 24.000000000000071,
p2=24.00000000000005, 24.000000000000053

for points: pO=p, pl=q, p2=r

A=g.x - p.x = 16.700000000000068

B=r.y - p.y = 16.700000000000053

C=q.y - p.y= 16.700000000000071

D=r.x - p.x = 16.70000000000005
A*B=278.890000000002020700000000003604
C*D=278.89000000000202070000000000355

exact_orient(p, g, r) >0

for points: p1=p, p2=q, pO=r

A=g.x - p.x = -1.8E-14

B=r.y - p.y = -16.700000000000071
C=q.y - p.y= -1.8E-14

D=r.x - p.x =-16.700000000000068
A*B=3.00600000000001278E-13
C*D=3.00600000000001224E-13

exact_orient(p, g, r) >0

for points: pl=p, p2=q, pO=r

A=q.x - p.x = -16.70000000000005
B=r.y - p.y = 1.8E-14

C=q.y - p.y=-16.700000000000053
D=r.x - p.x = 1.8E-14
A*B=-3.0060000000000090E-13
C*D=-3.00600000000000954E-13

exact_orient(p, g, r) >0

Points read using CGAL.:

p0=7.2999999999999998 , 7.2999999999999998
p1=24.000000000000068 , 24.000000000000071
p2=24.00000000000005 , 24.000000000000053

CGAL.orientation(p0, p1, p2) = LARGER
CGAL.orientation(pl, p2, p0) = LARGER
CGAL.orientation(p2, p0, p1) = LARGER
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The example in Figure 5 is showing a representation error in the values of the point
coordinates. As a result, the orientation geometry obtained by floating point orientation
and CGAL orientation predicate is bound to be inaccurate.

Figure 6:

p = (7.8, 10.49),

g = (24.000000000000068, 24.000000000000071)
r = (24.00000000000005, 24.000000000000053)

Points read using float : Points read using MP_Float :
p0=7.7999999999999998,10.49 pO= 7.8, 10.49
p1=24.000000000000068,24.000000000000071 p1=24.000000000000068, 24.000000000000071
p2=24.00000000000005,24.000000000000053 p2= 24.00000000000005, 24.000000000000053

Points read using CGAL.:
p0=7.7999999999999998,10.49
p1=24.000000000000068,24.000000000000071
p2=24.00000000000005,24.000000000000053

The point coordinates from Figure 6 are not exactly represented by floating point
arithmetic, causing a completely unexpected geometry for float orientation. Even though
the points are clearly non-collinear, float_orient presents a geometry where many points
are thought to be collinear, when a few others seem to give the opposite sign after the
computation of the orientation. Although, the representation of the points is inexact, the
CGAL orientation provides the correct geometry.

In order to make more test cases, there has been an attempt to create a generator of
floating point coordinates. These points indicate the problem while computing the
predicate of orientation with the use of floating point arithmetic. The resulting figures
show the abnormalities that occur with the orientation predicate, some at a narrower
range of values and other at a wider one. The geometry obtained when the values are
processed with the MP_Float type, is the expected one, for every three points. A couple
more examples are presented below.
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Figure 7:

0.9776094757002022, 13.843266329901409
563.15368022071505, 3949.0757615450054
6.1752503355833230, 50.226752349083261

Points read using float :
p0=0.97760947570020218, 13.843266329901409
p1=563.15368022071505, 3949.0757615450052
p2=6.175250335583323, 50.226752349083263

Points read using MP_Float :

p0= 0.9776094757002022, 13.843266329901409
p1=563.15368022071505, 3949.0757615450054
p2= 6.1752503355833230, 50.226752349083261

Points read using CGAL.:
p0=0.97760947570020218, 13.843266329901409
p1=563.15368022071505, 3949.0757615450052
p2=6.175250335583323, 50.226752349083263

Figure 8:

0.1927460515658708, 25.734714464092815
8.8733976801358919, 103.86057912122302
8.1260616400516564, 97.134554760464907

Points read using float :

p0=0.1927460515658708, 25.734714464092814
p1=8.8733976801358914, 103.86057912122303
p2=8.1260616400516561, 97.134554760464908

Points read using MP_Float :

p0= 0.1927460515658708, 25.734714464092815
pl=8.8733976801358919, 103.86057912122302
p2=8.1260616400516564, 97.134554760464907

Points read using CGAL:

p0=0.1927460515658708, 25.734714464092814
p1=8.8733976801358914, 103.86057912122303
p2=8.1260616400516561, 97.134554760464908
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All diagrams exhibit block structure. According to Kettner et al. [1], this fact can be
explained when focusing on one dimension. At first, y is kept fixed, and then,
float_ orient( ( p, +xu,p, +yu) ,q,r) is evaluated, for 0 < x <255, where u is the

increment between adjacent floating-point numbers in the considered range. Since the
orientation predicate is:

orientation( p,q,r)=sign( ( 9, -p, ) (ry—pyH qy—py) (r,=P,) )

round-off errors can occur in the additions/subtractions and also in the multiplications.
The differences that are varying in this predicate, are (gx- px) and (rx - px). Figure 2 can
be used as an example when considering each of these differences. In this example

0,=12 and px~0.5 (due to its increment with xu). Since 27 <0.5< 2°, the increment u
equals 23, which means that the representable numbers greater than 0.5 differ by a

factor 23, Additionally, 23 <12 <2*. Since the spacing between the representable
numbers within the range [2°, 2%) is equal to 2%°?=2%° addition or subtraction with any
number between 2°* and 2* has no effect on the numbers in this range. As a result,
the last four bits of x are lost in the subtraction. In other words, the result of the
subtraction (gqx—px) is constant for 2* consecutive values of x. Because of rounding to
nearest, the intervals of constant value are [8, 23], [24, 39], [40, 55],... .Similarly, the
floating-point result of rx— px is constant for 2° consecutive values of x. Because of
rounding to nearest, the intervals of constant value are [16, 47], [48, 69],... .Overlaying
the two progressions gives intervals [16, 23], [24, 39], [40, 47], [48, 55],... and this
explains the structure illustrated in the rows of Figure 2. The image shows short blocks
of length 8, 16, 24,... . In figures 3 and 4, the situation is more complicated. It is again
true that there are intervals for x, where the results of the subtractions are constant.
However, since g and r have more complex coordinates, the relative shifts of these
intervals are different and hence the features are more narrow and broad.

The results which are obtained by the source code given by Kettner et al. [1] and the
python code presented here, are the same for the respective test cases of float
orientation. This reassures that the values that are used for the orientation geometry are
the same. For these values, the resulting geometry which is acquired from the
“MP_Float” orientation predicate indicates that the computation of the orientation is
exact and the expected one. The values for the later orientation predicate are using
explicitly the MP_Float arithmetic. This way the orientation geometry can be used as a
verification of the exactness of the computations when using the MP_Float instead of
the standard floating point arithmetic.

4.2 Planar Convex Hull Problem

A set is called convex if, for any two points p and g in the set, the entire line segment pq
is contained in the set. The convex hull CH of a set S of points is the smallest (with
respect to the set inclusion) convex set containing S. A point peS is called an extreme
point of S if there is closed halfspace containing S such that p is the only point in S that
lies in the boundary of the halfspace.

4.2.1 Incremental Convex Hull Algorithm

The incremental algorithm maintains the current convex hull CH of the points seen so
far. Initially, CH is formed by choosing three non-collinear points in S. It then considers
the remaining points one by one. When considering a point r, it first determines whether
r is outside the current convex hull polygon. If not, r is discarded. Otherwise, the hull is
updated by forming the tangents from r to CH and updating CH appropriately. The
incremental paradigm is used in Andrew’s (Andrew, 1979) and other variants of
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Graham’s scan (Graham, 1972) and also in the randomized incremental algorithm
(Clarkson and Shor, 1989).

The algorithm maintains the current hull as a circular list L=(vo,Vv1,...,Vk-1) Of its extreme
points in counter-clockwise order. The line segments (v;,vi1), 0 <i<k—1 (indices are
modulo k > 3) are the edges of the current hull. If orientation(v;,vi+1,r) < 0, r sees the
edge (vi,vi+1) and the edge (v;,vi+1) is visible from r. If orientation(v;,vi+1,r) <0, the edge
(vi,vi+1) is weakly visible from r. The following properties are the basis of the operation of
the algorithm.

Property A. A point r is outside CH iff r can see an edge of CH.

Property B. If r is outside CH, the edges weakly visible from r form a non-empty
consecutive subchain; so do the edges that are not weakly visible from r.

If (Vi,Vis1),..., (Vi-1,V)) is the subsequence of weakly visible edges, the updated hull is
obtained by replacing the subsequence (Vii1,...,vj-1) by r. The subsequence (vi,...,vj) is
taken in the circular sense. For instance, if i > j then the subsequence is
(Vi...,Vk-1,Vo,...,V)). Depending on these properties, the following algorithm has been
derived:

INCREMENTAL CONVEX HULL ALGORITHM

Initialize L to the counter-clockwise triangle (a,b,c). Remove a,b,c from S.
forallr € Sdo
iterate over the edges in L, checking each edge using the orientation predicate. If no
visible edge is found, discard r. Otherwise, take any one of the visible edges as the
starting edge for the next item.
if there is an edge e visible from r then
- compute the sequence (v;,...,v)) of edges that are weakly visible from r.
Starting from a visible edge e, move counter-clockwise along the boundary until a
non-weakly-visible edge is encountered. Similarly, move clockwise from e until a
non-weakly-visible edge is encountered.
- Replace the subsequence (Vi:1,...,Vj-1) by r:
Delete the vertices in (vi.1,...,Vj-1) after all visible edges are found, as suggested
in the above sketch (“the off-line strategy”) or we can delete them concurrently
with the search for weakly visible edges (“the on-line strategy”).
end if
end for

The detailed implementation is presented in Appendix C and has been used in every
experimental process described in this thesis.

There are four logical ways to negate properties A and B.

. Failure A;: A point outside the current hull sees no edge of the current hull.

. Failure A,: A point inside the current hull sees an edge of the current hull.

. Failure B;: A point outside the current hull sees all edges of the convex hull.

. Failure B,: A point outside the current hull sees a non-contiguous set of edges.

Failures A; and A, are equivalent to the negation of Property A. Similarly, Failures B;
and B; contradict to Property B and are feasible if failure A; is also taken into account.

4.2.2 Instance presentation and failure analysis

In this section, some instances are presented, which indicate the violation of the
correctness properties in the algorithm. Specifically, these instances are represented by
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sequences of points pi1, p2, Ps, ..- such that the first three points form a counter-
clockwise triangle (and float_orient correctly discovers this) and such that the insertion
of some later point leads to a violation of a correctness property (in the computations
with float_orient). All the examples contain nearly or truly collinear points; in the view of
a standard rounding-error analysis sufficiently non-collinear points would not cause any
problems. This fact may seem unrealistic. However, many point sets contain nearly
collinear points or truly collinear points, which become nearly collinear by conversion to
floating-point representation.

Failure A;: A point outside the current hull sees no edge of the current hull:

In order to comprehend the way that such a failure can affect the result of the algorithm,
let us consider the following set of points.

p2= ( 7.3000000000000194, 7.3000000000000167 ),

p2 = (24.000000000000068, 24.000000000000071 ),
ps = (24.00000000000005, 24.000000000000053 ),

ps = (10.50000000000001621, 0.50000000000001243 ),
Ps = (8, 4), ps = (4, 9), pr = (15,27),

ps = (26,25), pe = (19,11)

The four first points are those that are affected the most by the floating point
representation issues and thus those that cause miscalculations within the algorithm.
These points lie almost on the line y = x, and float_orient gives the following results:

exact_orient = float orient(py, p2, ps) >0
exact_orient = float orient(py, po, ps) > 0
exact_orient = float orient(p,, ps, ps) >0
exact_orient # float orient(ps, p1, ps) > 0
hull = <p5, p9, p8, p7, p6>

i)
Ps Pa@ P2
p /,‘ .
Ps P Sp1
P4 t,oP 4
(a) (b)
Figure 9:

(a) The convex hull illustrating Failure A;: The point p, in the lower left corner is left out of the hull.

(b) Schematic view indicating the position where float_orient thinks of p,to be: it lies to the left of all sides
of the triangle (p;, p2,p3) (indicated by a circle o). In fact, it lies on the right of the line defined by the edge
(ps, p1) (as indicated by the x symbol in the figure).

Figure 9(a) shows the computed convex hull, where a point that is clearly extreme was
left out of the hull. The first three points are correctly considered to form a counter-
clockwise triangle. Nevertheless, when the algorithm processes the point ps by
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computing float_orient, the last evaluation gives wrong result. Geometrically, these four
evaluations of float_orient, in order to update the current hull, say that p, sees no edge
of the triangle (p1, p2, ps3), and leaves it out of the hull. The points from ps to pg are then
correctly identified as extreme points and are added to the hull. However, the algorithm
never recovers from the error made when considering ps and the result of the
computation differs drastically from the correct hull.

So as to understand how floating point arithmetic affects the orientation predicate and
as a result, the outcome of the algorithm, the contentious evaluation should be
considered step by step. Specifically, let's see how numbers are processed with the use
of floating point arithmetic.

float_orient(ps, p1, P4):

p = pz =( 24.00000000000005, 24.000000000000053 )
g=p.=( 7.3000000000000194, 7.3000000000000167)
r=p,=( 0.50000000000001621, 0.50000000000001243 )
A =(Q.X - p.x =-16.700000000000031

B =r.y - p.y =-23.500000000000043

C=q.y-p.y =-16.700000000000038

D =r.x - p.x = -23.500000000000032

A*B = 392.45000000000147,

C*D = 392.45000000000141

float_orient (p,q,r) = sign( (A*B) — (C*D) ) >0

The points of interest here are p, g, r shown above. As it can be noticed, the
representation of the coordinates of the points is not affected in the first place. However,
the fact that these numbers belong to a different range of numbers (2" < k < 2™%* while
requiring every bit available for the presentation of the mantissa, leads to miscalculation
when they are combined in a computation. This is also obvious from the subtractions A,
B, C and D which do not give the expected results. The problem progresses even
further after the multiplications among them.

The same orientation predicate has been computed using the MP_Float type:
exact_orient(ps, p1, pa):

p = p3 =( 24.00000000000005, 24.000000000000053 )
g=pl=( 7.3000000000000194, 7.3000000000000167 )
r=p4=( 0.50000000000001621, 0.50000000000001243 )
A =qg.x-p.x= -16.7000000000000306

B =r.y - p.y = -23.50000000000004057

C = q.y - p.y= -16.7000000000000363

D =r.x - p.x =-23.50000000000003379

A*B = 392.450000000001396619000000001241442

C*D= 392.450000000001417343000000001226577
exact_orient(p,q,r) = sign( (A*B) — (C*D) ) <0

* Refered to in section 3.1.1, page 11
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The respective results obtained are correct and exact. The correctness can also be
checked within a few minutes on the paper.

Such examples, where the point is miscalculated but it obviously belongs to the hull, are
defined by certain characteristics. They start with a triangle with two almost parallel
sides (<p1,p2> and <ps,p:>) and with a query point (ps) near the wedge defined by the
two nearly parallel edges. This query point lies almost on the extension of the two
parallel sides. There can also be another set of points, where the initial triangle does not
need to be almost parallel. In this case, after getting three random points that form a
counter-clockwise triangle, the fourth point is almost collinear with two of the three
points and near to the edge of the triangle formed by those two points. The notion of
these examples is shown in Figure 10 below.

Figure 10:

(a) A zooming of the example in figure 9. The green spot shows where p, really lies and the red one
where orientation concerning ps, p: thinks of it. (b) A random example where p, is outside of the triangle
(green spot) but orientation concerning the edge <ps, p;> moves r, to the red spot.

Failure A,: A point inside the current hull sees an edge of the current hull:

Finding such an example is easy. Starting with any counter-clockwise triangle, the
fourth point should be chosen inside the triangle but close to one of the edges. The
distance of the fourth point to the edge should be such that a small disturbance due to
computations would falsely make the algorithm believe that it lies outside the current
hull.

P
A
By
Py
Figure 11:

A random counter-clockwise triangle p;, p2, ps and a point p, next to the edge <ps, p:>. The point p, lies
inside the triangle (green spot) but orientation sees it outside (red spot).

A concrete example follows:

P, = (27.643564356435643, -21.881188118811881 )
P> = (83.366336633663366, 15.544554455445542 )
ps = ( 4.0, 4.0)

ps = (73.415841584158414, 8.8613861386138595)

M.Sotiropoulou 36



Exact Geometrical Predicates in Python

The convex hull is correctly initialized to (p1, p2, p3). Then the float_orient algorithm
gives the following results when considering p4 regarding each edge of the current hull.

exact_float = float orient(p,, p2, p3) >0
exact_float # float orient(py, p2, ps) <0
exact_float = float orient(p,, ps, ps) >0
exact_float = float orient(ps, p1, ps) >0

The point p4 is inside the current convex hull, but the algorithm incorrectly believes that
p4 can see the edge (p1, p2) and hence changes the hull to (pi1, ps, P2, P3), a slightly non-
convex polygon.

By watching the outcome of the computations for both the float orient and the
exact_orient, again, it can be noticed that even though the points are represented intact
at the beginning, during the process many miscalculations occur.

float_orient(py, p2, Pa): exact_orient(py, p2, P4):

p = (27.643564356435643, -21.881188118811881)
g = (83.366336633663366, 15.544554455445542)
r =(73.415841584158414, 8.8613861386138595)

p = (27.643564356435643, 21.881188118811881)
g = (83.366336633663366, 15.544554455445542)
r =(73.415841584158414, 8.8613861386138595)

A=0.Xx-px= 55.722772277227719
B=ry-p.y= 30.742574257425741

C =q.y - p.y= 37.425742574257427
D=rXx-px=45.772277227722768

A*B = 1713.0614645622975

C*D =1713.0614645622977

float_orient (p,q,r) = sign( (A*B) — (C*D) ) <0

A =0.X-p.x=55.722772277227723

B =r.y - p.y = 30.7425742574257405

C =q.y - p.y= 37.425742574257423

D =rx-p.Xx=45.772277227722771

A*B = 1713.0614645622977053572198804038815
C*D =1713.061464562297640604744632879133
exact_orient(p,q,r) = sign( (A*B) - (C*D) ) >0

Failure B;: A point outside the current hull sees all edges of the convex hull:

To construct such an example, one should start with a counter- clockwise triangle with
one angle close to ™ and hence, three almost parallel sides. The query point should be
placed near one of the sides so that it could see two of the sides and “float- see” the
third. An example as such follows:

p: = (200.0, 49.200000000000003)
p2. = (100.0, 49.600000000000001)
ps = (—233.33333333333334, 50.93333333333333 )
ps = (166.66666666666669, 49.333333333333336)

Let us check each orientation predicate separately, both with the regular float and the
MP_Float type.

float orient(py, p2, p3) >0 exact orient(py, p2, p3) <0

float orient(py, p2, ps) <O exact orient(py, p2, p4) <0

float orient(p,, ps3, ps) <O exact orient(p,, ps, p4) <0

float orient(ps, p1, ps) <O exact orient(ps, p1, ps) >0

The first three points form a “pseudo” counter-clockwise triangle and, apart from that,
the algorithm believes that point ps can see all edges of the triangle, while it can see
only the two of them. The result of the algorithm depends on the implementation details.
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If the algorithm first searches for an invisible edge, it will search forever and never
terminate. If it deletes points on-line from the set of points, it will crash or compute
nonsense depending on the details of the implementation.

Failure B2: A point outside the current hull sees a non-contiguous set of edges:
Consider the following points:

p. = ( 0.50000000000001243, 0.50000000000000189)
p. = (0.50000000000001243, 0.50000000000000333)
ps = (24.00000000000005, 24.000000000000053 )
p4 = (24.000000000000068, 24.000000000000071 )
ps = (17.300000000000001, 17.300000000000001 )

Inserting the first four points results in the convex quadrilateral (p1, ps, P3, P2); this is
correct, as the exact orientation predicate produces the same result.

When processing the point ps, the orientation takes the following values:

float orient(py, P4, pPs) <0 exact orient(py, P4, Ps) >0
float orient(ps, ps3, ps) > 0 exact orient(pas, ps, ps) > 0
float orient(ps, p2, ps) <0 exact orient(ps, p2, ps) <0
float orient(p,, p1, ps) > 0 exact orient(p,, p1, ps) > 0

The last point ps sees only the edge (ps, p2) and none of the other three. However, float
orient makes ps see the edge (p1, ps4) as well. The subsequences of visible and invisible
edges are not contiguous. Since the falsely classified edge (pi1, ps) comes first, the
algorithm, used for this project, inserts ps at this edge, removes no other vertex, and
returns a polygon that has self-intersections and is not simple.

Such an example consists of a quadrilateral with two nearly parallel sides and the two
other sides being very short. These four points should provide a convex hull by the
algorithm used. Then, a query point sitting above the middle of one of the long sides
might be able to “float-see” the opposite side of the quadrilateral, while continue seeing
the edge next to it. This point should not see the two short sides as figure 12 is showing
beneath.

F. )

Figure 12:

Presentation of the quadrilateral (p1, p4, p3, p2), which forms the convex hull of these points, and point
p5 which sees only the edge (p3, p2) (green spot). However, even though orientation is correctly
computed as far as edge (p3, p2) is concerned, it is miscalculated for the edge (p1, p4), which makes p5
see this edge as well (p5 is thought to lie on the red spot).

4.2.3 Distinct Effects of Failures

All the examples seen by now, cover the negation of the correctness properties on the
incremental algorithm. The analysis of failures that has proceeded shows the effect of
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an incorrect orientation test for a single update step. Nonetheless, since most of the
convex hulls that occur could be considered as an approximation to the correct one, one
shall regard the problem as insignificant. In the means of clarifying the situation, there

are yet some examples were the error is not negligible, but instead pretty obvious.

The algorithm computes a convex polygon, but misses some of the extreme

points:

This case is the same as in the example in Failure A;. This example can be modified so
that the ratio of the area of the true hull and the computed hull becomes arbitrarily large.
To take this as a result, the fourth point of failure A; is chosen towards infinity. The true
convex hull has four extreme points, but the algorithm misses pa.

p; = (0.10000000000000001,0.10000000000000001)
p, = (0.20000000000000001,0.20000000000000004)
ps = (0.79999999999999993,0.80000000000000004)
P = (1.267650600228229*10%°,1.2676506002282291*10%)

float orient(py,p,,p3) <0
float orient(py,ps,ps) =0
float orient(p,,p1,ps) =0
float orient(ps,p.,ps) > 0
hull=<p, ps, p2>

exact orient(py,p2,p3) <0
exact orient(py,pz,p4) <0
exact orient(p,,p1,p4) > 0
exact orient(ps,p2,p4) > 0

hull=<p1, p4, p3, p2>

The algorithm crashes or does not terminate:

Failure B1 is a correspondent example.

The algorithm computes a non-convex polygon:

The example that follows illustrates a case where the hull is obviously non-convex.

p1 = (24.00000000000005, 24.000000000000053)

p. = (24.0,
P3s = (5485,

ps = (54.850000000000357, 61.000000000000121)
ps = (24.000000000000068, 24.000000000000071)

Ps = ( 60,

Let’s check how the algorithm processes this set of points.

float orient(py, p2, P3)>0
Hull=<py, p,, pz>

float orient(py, p2, P4)>0
float orient(p,, ps, P4)>0
float orient(ps, p1, P4)<0
Hull=<pa, p2, p3, P4>
float orient(p, p2, ps)>0
float orient(p,, ps, ps)>0
float orient(ps, ps4, ps)>0
float orient(ps, p1, Ps)<O

exact orient(py, p2, p3)>0
Hull=<p4, p,, ps>

exact orient(py, p2, p4)>0
exact orient(p,, ps, p4)>0
exact orient(ps, p1, P4)<0
Hull=<p1, p2, p3, ps>
exact orient(p1, p2, ps)>0
exact orient(p,, ps, ps)>0
exact orient(ps, p4, Ps)>0

exact orient(ps, p1, ps)>0
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Hull=<py, p2, ps, P4, P5>
float orient(p1, p2, Ps)<0
float orient(p, ps, Ps)=0
float orient(ps, ps, Ps)>0
float orient(ps, p1, Ps)>0

Hull= <p1, Ps, Pa: P4, P>

Hull= <py, p2, p3, P>

exact orient(p1, p2, Pe)<0
exact orient(p,, ps, Ps)=0
exact orient(ps, P4, Pe)>0
exact orient(ps, p1, Ps)<0

Hull= <ps, pa, pe>

The development of the convex hull is illustrated with the use of graphics in Figure 13.

After the insertion of p; to p4, the algorithm gets the convex hull (p1, p2, pPs, pP4). This is
correct. Point ps lies inside the convex hull of the first four points; but float orient(pa, p1,
ps) < 0. Thus ps is inserted between ps and p; and the hull is updated to (p1, p2, P3, P4,
ps). However, this error is not visible yet to the eye, as it is shown in Figure 13(a).

Continuing to the next point, p6 sees the edges (p4, ps) and (pi1, p2), but does not see
the edge (ps, p1). All of this is correctly determined by float orient. Then the insertion
process for point p6 is considered. Depending on where the algorithm starts the search
for a visible edge, it will either find the edge (ps, ps) or the edge (p1, p2). In the former
case, ps Is inserted between p4 and ps and the polygon shown in (b) occurs. It is visibly
non-convex and has a self-intersection. In the latter case, p6 is inserted between p; and
p2 and the polygon shown in (c) occurs. It is also visibly non-convex.

1P4 1P4 1P4
) D
A /
\ \
."I - . I':i" + & IIl."l - " 'l.l + + i
p: Ps Ps ,f: p2 Ps ps3
/ \ / \

(b)

Figure 13:

The hull constructed after processing points p; to ps. Points p; and ps lie close to each other and are
indistinguishable in the upper figure. The magnified schematic view below shows that there is a concave
corner at ps. The point pg sees the edges (p1, po) and (p4, ps), but does not see the edge (ps, p1). One of
the former edges will be chosen by the algorithm as the chain of edges visible from ps. Depending on the
choice, the hulls shown in (b) or (c) are obtained. In (b), (p4, ps) is found as the visible edge, and in (c),
(p1, p2) is found. The figures show the coordinate axes to give the reader a frame of reference.

It should be mentioned that during the reproduction of the examples which were
presented previously in this thesis, the execution of the code that is provided by [1] has
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been of great importance. However, the fact that there are some dependences on
external libraries, apart from python and CGAL, such as the LEDA (Library of Efficient
Data types and Algorithms) and the GMP (Gnu Multiple Precision), gave us some hard
time to proceed to the next step. As a result, the need to develop a virtual machine
arose. The certain environment contains all the dependences required by the code and
is also provided here for anyone who wants to experiment.
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S FURTHER RESEARCH

The content of this project can be used to support the development of an environment
that will assist and supplement the undergraduate courses of Computational Geometry.
It concerns a computational system of boosting geometrical algorithms (Geometric
algorithm aNimatiOn SYStem, GNOSYYS) in two and three dimensions. The utilization of
this environment will make possible the reduction of every computational geometry
algorithm to an executable multimedia program with graphical input and output. The
main target is the development of a tool that will help the students visualize the teaching
subject during the courses. For instance, the instructor will have the capability to insert
non trivial input data and present a complicated execution designed with accuracy on
the screen (instead of a manual design on the board). The students shall watch, instead
of imagining, the correct progress of the algorithm executed, even for extreme or
degenerate cases. Visualization is highly effective in two and three dimensions, and
these are the dimensions where computational geometry occurs in practice. GNOSYS
IS an ongoing effort for the creation of a system which creates e-content for
computational geometry teaching. The system provides geometric and visualization
libraries that facilitate the quick creation of interactive visualizations of computational
geometry algorithms. Inquiry-based learning is promoted as the learners have the
opportunity to observe, interact and experiment with the produced animations [3]. The
contribution of this final thesis to the GNOSYS system is the development of a pure
Python geometrical library that will replace the use of Python bindings with CGAL, which
is yet a project to be completed.

Furthermore, it would be of great interest if this thesis was used in order to boost Python
with the MP_Float or another multi precision arithmetic type in a way where the duck-
typing would recognize input objects as this type instead of the standard floating point
type. The certain capacity should be available for environments which are used as
support to the courses of Computational Geometry, and to anyone who needs exact
and accurate computations without great requirements for computational speed.
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6 CONCLUSION

As a conclusion, many different cases have been presented, where the floating-point
arithmetic fails and the corresponding algorithm produces some unexpected results. On
the contrary, the implementations using the MP_Float instead of regular float have
presented the accurate and exact way in which the computations should proceed. The
exactness that characterizes the arithmetic type of MP_Float, is inherited by the module
decimal since it is encapsulated in the MP_Float. Moreover, this new type, utilizes the
ability that “decimal” provides the user with, which is the predefinition of the precision
needed, in order to prevent any rounding errors. Specifically, the user does not need to
bother themselves with whether the precision suffices or not, since the MP_Float has
redefined all the arithmetic operations so as to acquire the proper precision. The
examples that have been reproduced in reference to [1] using pure python are indicative
of every possible failure which can arise due to floating point arithmetic, as far as the
orientation predicate and the incremental convex hull algorithm are concerned. The
floating point implementation presents unexpected results when the points are almost
collinear. The MP_Float implementation, instead, produces the expected results since
the computations are exact both because it provides representation accuracy and since
no rounding due to precision limitations is required. The respective CGAL orientation
predicate also performs exact computations. However, due to duck-typing, which is a
basic feature of python, the representation of the coordinates may be affected right after
the assignment of the values and before the execution of the computations.

The MP_Float type has no further dependencies apart from a python interface. As a
result, it can be used to replace standard float when computations with arbitrary
precision are desired. Nevertheless, since there is a lack of speed in the computations,
this type is more suitable to be used through the teaching process. Specifically, it can
supplement the courses of Computational Geometry with the capability of the reduction
of every computational geometry algorithm to an executable multimedia program, even
for degenerate cases. The implementation of MP_Float is simple but provides a
quadratic complexity for multiplications. This can be a problem for large operands. For
faster implementations of the same functionality with large integral values, the user may
want to consider using GMP or LEDA instead.
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ABBREVIATIONS:
CGAL Computational Geometry Algorithms Library
GNOSYS Geometric algorithm aNimatiOn SYStem
IEEE Institute of Electrical and Electronics Engineers
EAFP Easier to Ask Forgiveness than Permission
OpenGl Open Graphics Library
LEDA Library of Efficient Data types and Algorithms
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APPENDIX A

Implementation of the Mp_Float arithmetic type, the methods needed and the arithmetic
operations.

from math import sqrt
from decimal import Decimal, localcontext, getcontext, DivisionByZero

class MP_Float(object):

__slots__ = 'number'

def __init__ (self, number):
if isinstance(number, MP_Float): # keep the number as it is
self.number = number.number
elif isinstance(number, Decimal): # an MP_Float is a Decimal number
self.number = number
elif isinstance(number, float):
self.number = Decimal(  number)
# .from_float(number) (Python 2.7 onwards )
print "Warning: the number", self.number, " has been passed as a
float. There could be a representation error!”
elif isinstance(number, str):
if '.' not in number:
number = number + '.0'
self.number = Decimal(number)
else:
if '.' not in " number’:
number = "“number® + '.0'
self.number = Decimal(number)

def string(self, i=None): # O<=i<=strlen
tmpstr=str(self.number)
if 1 != None:
if o<=i<=len(tmpstr):
return tmpstr[i]
return tmpstr[:]

def length(self): #string length - don't include the decimal point
s = str(self.number)
l=len(s)-1
return int(1l)

def decimal_part(self):i#tkeep the significant part at the left of the decimal point
tmp = []
i=self.find('.")
for k in range(i):
tmp.append(self.string(k))
t=""'.join(tmp)
return t #self.string[:i] #add the '' to significants repr

def decimal_partLen(self):
for i in range(self.length()):
if self.string(i)==".":
return int(i)
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def mantissa(self): #keep the mantissa's digits at the right of the decimal point
mant = []
for i in range(self.length()):
if self.string(i)==".":
j=i+1
strLen = self.length()
while j < strLen:
mant.append(self.string(j))
j+=1
m = "'.join(mant)
return m

def mantissalen(self):
a=self.length()
for i in range(a):
if self.string(i)==".
return int(a-i)

def __repr__(self):
return 'MP_Float(%s)' % self.number.__str_ ()

def __str__ (self):
return self.number.__str_ ()

def __neg_ (self): #copy_negate uses no context and is quiet
return MP_Float(self.number.copy_negate())

def sqrt(self, precision=None):
with localcontext() as ctx:
if precision == None:
ctx.prec = max(self.length(),getcontext().prec)
else:
ctx.prec = precision
return MP_Float(self.number.sqrt())

# other must be MP_Float or string
#->by using float the initial precision can be messed up
def __cmp__(self, other):
other=MP_Float(other)
with localcontext() as ctx:
ctx.prec = max(self.length(), other.length())
return self.number.compare(other.number)

def __add__(self, other):
other=MP_Float(other)
with localcontext() as ctx:
ctx.prec = self.length()+other.length()
# ctx.prec = max(self.mantissalen(), other.mantissalen())+1
return MP_Float(self.number + other.number)

def __sub__(self, other):
other=MP_Float(other)
with localcontext() as ctx:
ctx.prec = self.length()+other.length()
# ctx.prec = max(self.mantissalen(), other.mantissalLen())
return MP_Float(self.number - other.number)
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def __mul__(self, other):
other=MP_Float(other)
with localcontext() as ctx:
ctx.prec = self.length() + other.length() + 1
return MP_Float(self.number * other.number)

def __div__ (self, other):
other=MP_Float(other)
if other.number.is_zero():
print "Error: Division by zero"
DivisionByZero()
else:
with localcontext() as ctx:
ctx.prec =
max(self.length(),other.length(),getcontext().prec)
return MP_Float(self.number / other.number)

def div(self,other, precision=None):
other=MP_Float(other)
if other.number.is_zero():
print "Error: Division by zero"

DivisionByZero()
else:
with localcontext() as ctx:
if precision==None:
ctx.prec =
max(self.length(),other.length(),getcontext().prec)

else:
ctx.prec = precision
return MP_Float(self.number / other.number)

def __pow__ (self, other):
other = MP_Float(other)
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
temp = self.number**other.number
return MP_Float(temp)

def power(self, other, prec=None):
other = MP_Float(other)
with localcontext() as ctx:
if prec==None:
ctx.prec =
max(self.length(),other.length(),getcontext().prec)
else:
ctx.prec=prec
temp = pow(self.number,other.number)
return MP_Float(temp)

def __mod__( self , other ):
other = MP_Float(other)
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
return MP_Float(self.number % other.number)

def mod(self, other, precision=None):
other = MP_Float(other)
with localcontext() as ctx:
if precision==None:
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ctx.prec =
max(self.length(),other.length(),getcontext().prec)
else:
ctx.prec=precision
return MP_Float(self.number % other.number)

def __divmod__( self , other ):
other=MP_Float(other)
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
try:
value = MP_Float(self.number / other.number),
MP_Float(self.number % other.number)
except ZeroDivisionError:
print "Error: Division by zero"
raise
else:
return value

def divmodulo( self , other, precision=None ):
other=MP_Float(other)
with localcontext() as ctx:
if precision==None:

ctx.prec =
max(self.length(),other.length(),getcontext().prec)
else:
ctx.prec=precision
try:

value=MP_Float(self.number / other.number),
MP_Float(self.number % other.number)
except ZeroDivisionError:
print "Error: Division by zero"
raise
else:
return value

def _ floordiv__(self, other):
other=MP_Float(other)
if other.number.is_zero():
print "Error: Division by zero"
DivisionByZero()
else:
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
try:
value=MP_Float(self.number // other.number)
except ZeroDivisionError:
print "Error: Division by zero"
raise
else:
return value

def floordiv(self, other, precision=None):
other=MP_Float(other)
if other.number.is_zero():
print "Error: Division by zero"
DivisionByZero()
else:
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with localcontext() as ctx:
if precision==None:

ctx.prec =
max(self.length(),other.length(),getcontext().prec)
else:
ctx.prec=precision
try:

value=MP_Float(self.number // other.number)
except ZeroDivisionError:
print "Error: Division by zero"

raise
else:
return value
_radd__ = __add__
_rmul__ = _mul

def _ _rsub__ ( self, other ):
other=MP_Float(other)
with localcontext() as ctx:
ctx.prec = self.length()+other.length()
# ctx.prec = max(self.mantissalLen(), other.mantissalLen())
return MP_Float(other.number - self.number)

def __ rdiv__(self, other):
other=MP_Float(other)
if self.number.is_zero():
print "Error: Division by zero"
DivisionByZero()
else:
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
try:
value=MP_Float(other.number / self.number)
except ZeroDivisionError:
print "Error: Division by zero"
raise
else:
return value

def __rmod__( self , other ):
other = MP_Float(other)
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
return MP_Float(other.number % self.number)

def __rdivmod__( self , other ):
other=MP_Float(other)
if self.number.is_zero():
print "Error: Division by zero"
DivisionByZero()
else:
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
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try:
value=MP_Float(other.number / self.number),
MP_Float(other.number % self.number)
except ZeroDivisionError:
print "Error: Division by zero"
raise
else:
return value

def _ rfloordiv__(self, other):
other=MP_Float(other)
if self.number.is_zero():
print "Error: Division by zero"
DivisionByZero()
else:
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
try:
value=MP_Float(other.number // self.number)
except ZeroDivisionError:
print "Error: Division by zero"
raise
else:
return value

def __rpow__(self, other ):
other = MP_Float(other)
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
temp = other.number**self.number
return MP_Float(temp)

def rpower(self, other, modulo=None ):
other = MP_Float(other)
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
tmp = other.number**self.number
temp = MP_Float(tmp)
return MP_Float(temp.number % modulo)

def __pos__ ( self ):
with localcontext() as ctx:
ctx.prec = self.length()
return MP_Float(self.number)

def __abs__ ( self ):
with localcontext() as ctx:
ctx.prec = self.length()
return MP_Float(abs(self.number))

def __iadd__(self,other):
with localcontext() as ctx:
ctx.prec = self.length()+other.length()
self.number+=other.number
return self

def __isub__ (self,other):

with localcontext() as ctx:
ctx.prec = self.length()+other.length()
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self.number-=other.number
return self

def __imul__ (self,other):
with localcontext() as ctx:
ctx.prec = self.length() + other.length() + 1
self.number*=other.number
return self

def __idiv__(self,other):
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
self.number/=other.number
return self

def __imod__(self,other):
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
self.number%=other.number
return self

def __ipow__(self,other):
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
self.number**=other.number
return self

def __ifloordiv__(self,other):
with localcontext() as ctx:
ctx.prec = max(self.length(),other.length(),getcontext().prec)
self.number//=other.number
return self

def myfloat(self): #tgetfloat
return float(self.number)
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APPENDIX B

In this section, the code that follows shows the implementation of data processing and
the graphical presentation of the Orientation Geometry with the use of OpenGl and C
programming.

#include <stdio.h>  // - Just for some ASCII messages
#include <GL/glut.h> // - An interface and windows

/[ management library
#include "visuals.h" // Header file for our OpenGL functions

T Main Program /TN

int main(int argc, char* argv[])
{
[/l initialize GLUT library state
glutinit(&argc, argv);

/I Set up the display using the GLUT functions to

Il get rid of the window setup details:

/I - Use true RGB colour mode ( and transparency )

/I - Enable double buffering for faster window update

/I - Allocate a Depth-Buffer in the system memory or

/I in the video memory if 3D acceleration available
//IRGBA//DEPTH BUFFER//DOUBLE BUFFER//

glutinitDisplayMode(GLUT_RGBA|GLUT_DEPTH|GLUT_DOUBLE);

/I Define the main window size and initial position
/I ( upper left corner, boundaries included )
glutinitWindowSize(660,660);
glutinitWindowPosition(50,50);

/I Create and label the main window
glutCreateWindow("Orientation Geometry");

/I Configure various properties of the OpenGL rendering context
Setup();

/I Callbacks for the GL and GLUT events:

/I The rendering function
glutDisplayFunc(Render);
glutReshapeFunc(Resize);
glutidleFunc(ldle);

/[Enter main event handling loop
glutMainLoop();
return O;

#include <stdio.h> // - Just for some ASCII messages
#include <string.h>
#include <Windows.h>
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#include <GL/glut.h> // - An interface and windows management library

#include "visuals.h" // Header file for our OpenGL functions

char *fileName="../../workfile2";

void Render()

/ICLEARS FRAME BUFFER ie COLOR BUFFER& DEPTH BUFFER (1.0)

glClear(GL_COLOR_BUFFER_BIT | GL_DEPTH_BUFFER_BIT); //Clean up the colour of the

window

/[ and the depth buffer
gIMatrixMode(GL_MODELVIEW);
glLoadldentity();
DisplayModel();
glutSwapBuffers(); /I All drawing commands applied to the
/l hidden buffer, so now, bring forward
// the hidden buffer and hide the visible one

void Resize(int w, int h)

{
/I define the visible area of the window ( in pixels )
if (h==0) h=1,
glViewport(0,0,w,h);

/I Setup viewing volume
gIMatrixMode(GL_PROJECTION);
glLoadldentity();

glOrtho(-(float)w/4,w, -(float)h/4,h, -3, 3);

void ldle()
{ glutPostRedisplay();}

void Setup() // TOUCH IT Il
{

/[Parameter handling
glShadeModel (GL_SMOOTH);

glEnable(GL_DEPTH_TEST);

glDepthFunc(GL_LEQUAL); //renders a fragment if its z value is less
/lor equal of the stored value

glClearDepth(1);

// polygon rendering mode
glEnable(GL_COLOR_MATERIAL);
glColorMaterial( GL_FRONT, GL_AMBIENT_AND_DIFFUSE );

//Set up light source
GLfloat ambientLight[] = { 0.3, 0.3, 0.3, 1.0 };
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glLightfv( GL_LIGHTO, GL_AMBIENT, ambientLight );

glEnable(GL_LIGHTING);
glEnable(GL_LIGHTO);

/l Black background
glClearColor(0.0f,0.0f,0.0f,1.0f);

void DisplayModel() // Main function for processing data and displaying the image
{

int a=0,b=0, count=0, flag=0;

char* buf;

FILE *fp;

fp = fopen(fileName, "r");

if(fp == NULL)

{
printf("Error opening file: %s\n", fileName);
exit(-1);

buf=(char*)malloc(256*sizeof(char));
glTranslatef(-140.0, -140.0, 0.0);
for(b=0;b<256;b++)
{
for(a=0;a<256;a++)
{
buf[a]=fgetc(fp);
if(buf[a]==EOF)
{ printf("reached EOF for line=%d, row=%d\n", b,a);
flag=1;
break;

}
if(buf[a]=="+)
{

glPushMatrix();

glColor3f(0.0, 0.0, 1.0);

glTranslatef(b*3, a*3, 0.0); //Translate to the correct point
glutSolidCube(3.0); // each point is represented by a cube
glPopMatrix();

else if(buf[a]=="-'

glPushMatrix();
glColor3f(1.0, 0.0, 0.0);
glTranslatef(b*3, a*3, 0.0);
glutSolidCube(3.0);
glPopMatrix();

else if(buf[a]=="="'

{
glPushMatrix();
glColor3f(1.0, 1.0, 0.0);
glTranslatef(b*3, a*3, 0.0);
glutSolidCube(3.0);
glPopMatrix();
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}

else
printf("buf_a=%d , a=%d\n",buf[a], a);

}
if(flag==1)
break;

}
fclose(fp);

free(buf);
}
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APPENDIX C

Implementation of the orientation geometry algorithm:

def get_power_of2(px, fltype):
if isinstance(px,MP_Float):
px=px.myfloat()
hexpx=px.hex()
pi = hexpx.index('p’)
power=hexpx[pi+1:]
return fltype(2)**(int(power)-52)

def orientation_geometry(p, g, r, fltype, pivotPoint=1):
signs=[-','=",'"+1
ux=get_power_of2(p.x, fitype)
uy=get_power_of2(p.y, fltype)
# line_coefficients(p, q, r, u)
f=open(“workfile", 'w')
for x in range(256):
for y in range(256):
m=fltype(x)*ux
n=fltype(y)*uy
j=p.x+m
k=p.y+n
if fltype == float:
orient = orientation(Point2(j,k), q, r, pivotPoint)
elif fltype== MP_Float:
orient = orientation(Vector2(j,k),q,r,pivotPoint)
else:
print "Error: float or MP_Float needed!"
sign=signs[1+orient] #orient ={-1,0,+1}
f.write(sign)
f.close()

Implementation of the generator of a triplet of point coordinates which present weird
orientation geometry.

def write_point_in_file(fl, px, py):
fl.write(str(px))
fl.write(" ")
fl.write(str(py))
fl.write("\n")
print str(px), str(py)

def get_disturbance(px,py, x=None, y=None):
epowerx = get_power_of2(px, MP_Float)
epowery = get_power_of2(py, MP_Float)

if x==None:
x = random.choice(range(11,246))
if y==None:

y = random. choice(range(x-10,x+10))
em=MP_Float(x)*epowerx
en=MP_Float(y)*epowery
ex=px+em #p.x+x*u
ey=py+en #p.y+y*u
tmpx=str(ex)
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tmpy=str(ey)
return tmpx, tmpy
def genPoint( alfa=1, beta=0, point=None):

try:
seed=time.time()
rl=random.Random(seed)
while 1:
print "searching for proper points..."
if point==None:
a=random.choice(range(1,2000))
b=random.choice(range(1,20000))
c=random.choice(range(1,100))
dx=MP_Float(a)/MP_Float(b)*c
dy=dx*alfatbeta
tmpx=str(dx)
tmpy=str(dy)
tmpx=tmpx[:18]
tmpy=tmpy[:18]
dx=MP_Float(tmpx)
dy=MP_Float(tmpy)
else:
dx=MP_Float(point[0][0])
dy=MP_Float(point[0][1])
point=[]
tmpx, tmpy = get_disturbance(dx,dy)
point.append((tmpx,tmpy))
yield point
finally:

pass

def gen_for_orientation(inputfile, numPoints=None):
E=MP_Float
F=float
if numPoints==None:
numPoints=3 #random.choice(range(3,10))
print numPoints, "points generated"
alfa=random.choice(range(1,5))
beta=random.choice(range(0,30))
done=0
while not done:
point=[]
for i in range(numPoints):
generator=genPoint(alfa,beta)
value = generator.next()
generator.close()
point.append((E(value[0][0]), E(value[O][1])))
for i in range(20):
tmpx, tmpy = get_disturbance(point[0][0],point[0][1])
px=E(tmpx)
py=E(tmpy)
exacto=orientation(Vector2(px,py),
Vector2(point[1][0],point[1][1]),Vector2(point[2][0],point[2][1]))
floato=orientation(Point2(E.myfloat(px),E.myfloat(py)),
Point2(E.myfloat(point[1][0]),E.myfloat(point[1][1])),
Point2(E.myfloat(point[2][0]),E.myfloat(point[2][1])))
if exacto!=floato:
done =1
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break
fl=open(inputfile, 'w')
for i in range(numPoints):
write_point_in_file(fl,point[i][0], point[i][1])
fl.close()
return numPoints
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APPENDIX D

Implemenation of the incremental convex hull algorithm:

def find_first_triangle(Set, CGALflag):

p_min,

if CGALflag==1.:
orient=CGAL.orientation
else:
orient=orientation
i=0
n=len(Set)
hull=[]
if i==n:
return hull #// empty hull
p_min = Set[i] #*first; intex of first point
p_max =p_min

i+=1
while i = n and Set[i] == p_min: # search 2nd distinct point
i+=1
if i==n: #( first == last) // hull has one point only
hull.append(p_min)  ##hull.push_back( p_min);
return hull
if Set[i] < p_min: #( *first < p_min)
p_min = Set][i] #*first;
else:
p_max = Set][i] #*first;
#// search 3rd non-collinear point
i+=1
while i '= n and orient(p_min, p_max, Set[i])==0: #( ++first 1= last && orientation(
p_mayx, *first) == 0) {
if Set[i] < p_min: #( *first < p_min) // update left and right extreme points
p_min = Set][i] #*first; // while we are still collinear
elif p_max < Set]i]: #( p_max < *first)
p_max = Set[i]  #*first;
i+=1
ifi ==n: #( first == last) { // hull has two points only

hull.append(p_min)
hull.append(p_max)
print "hull=[p0, p1]"
return hull
#// found proper triangle, create hull with correct orientation
#// extreme points in counterclockwise (ccw) orientation
hull.append(p_min)
if orient(p_min, p_max, Set[i]) > 0:  #( orientation( p_min, p_max, *first) > 0) {

hull.append(p_max) #push_back( p_max)
hull.append(Set][i]) #push_back( *first)
else:
hull.append(Set[i]) #push_back( *first);
hull.append(p_max) #push_back( p_max);
for index in range(i+1):
Set.pop(0)
return hull

def incr_convex_hull():

inputfile="inputfl
flag=0
print "\n*** O: float, 1: vector2, 2: Point_2 (CGAL) ***\n"
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print "FOR PLAIN FLOAT:"

for repeat in range(3): #3 different cases-> plain float, exact, CGAL float
X, num=readPoints(inputfile,repeat)
pointSet=[]

for tmppoint in X:
pointSet.append(tmppoint)
if repeat==2:
orient=CGAL.orientation
flag=1
print "CGAL's convex_hull_2 results:"
H=CGAL.convex_hull_2(X)
print "CGAL HLast ="H
print \nFOR CGAL FLOAT:"
else:
orient=orientation
H=find_first_triangle(X, flag)

while len(X)!=0: # for each point in set X
#print "current hull=",H
Hlen=len(H)

point=X.pop(0)
# start, end intex of edge
start=0
end=1
for j in range(Hlen): #for each edge in H(#edges=#verts)
if orient(H[start], H[end], point)<0:
#check previous edges as weakly visible
for rpt in range(Hlen):
if orient(H[(start-1)%HIen], H[start], point)<=0:
start=(start-1)%Hlen
else:
break
for rpt in range(Hlen):
if orient(H[end], H[(end+1)%HlIen], point)<=0:
end=(end+1)%HlIen
else:
break
if start < end:
n=end-1 #pop from end and back
for m in range(start+1,end): # m>start && m<end:
H.pop(n)
n=n-1
elif start > end: # but not the last item of the list
n=Hlen-1
if start<Hlen-1:
for m in range(start+1, Hlen):
H.pop(n)
n=n-1 #due to pop
n=end-1
for m in range(0, end):
H.pop(n)
n=n-1
H.insert(start+1, point)
break
else:
start=(start+1)%HlIen
end=(end+1)%Hlen
print \nHull="H
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if repeat==0:

print "FOR EXACT FLOAT:"
return O
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