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ABSTRACT

This thesis follows the results in the yet unpublished paper of A. Charalambidis, Ch.
Nomikos and P. Rondogiannis namely “The Expressive Power of Higher-order Datalog”.
That paper proposes a proof which shows that Higher-order Datalog is equivalent in
computational power to exponentially time bounded Turing Machines. In other words
that higher-order Datalog captures the complexity class of decision problems EXP*TIME.
This thesis will review the above result in detail while demonstrating and proposing
solutions for the flaws in the programs written in that paper. In addition a working
implementation of the programs in the XSB system will be provided which shows that
the proposed results hold.

SUBJECT AREA: Proof on expressive power equivalency in programming languages

KEYWORDS: Higher-order Datalog, Expressivity, Complexity Theory, Turing machine
simulation



NEPIAHWYH

H trTuxiokn epyacia akoAouBei Ta atroTeEAEoUATA TOU Un dnUOCIEUPéVOU akoua dpBpou
Twv, A. XapaAaurion, X. Nouikou kai I1. Povroyiavvn e TitAo “The Expressive Power of
Higher-order Datalog”. To GpBpo TTapouciddel pia atrodeIgn I00dUVaUIaG O€ EKYPACTIKA
IoxU TnG Datalog uwnAAG-TaENG, JE TIG XPOVIKA EKOETIKA TTEPIOPICPEVES UNXAVES Turing.
Me GAAa Adyia 611 n Datalog uwnAng-t1agng ekppadel TIG KAAO €I TTOAUTTAOKOTNTAG TWV
TTPoBANUATWY amogacng EXPXTIME. H trruxiakn epyacia autr], 6a TTapousidaosl pe
AETTITOPEPEIO TA TTAPATTAVW ATTOTEAETHATA, KABWC Kal Ba utrodeitel k&TTola oeaAuarta
OoTa TTPOYPAUMATA TTOU avaypd@ovTal 0To ApBpo, KaBwg Kal Ba TTPoTEivEl TPOTTOUG
eTmiAuong Toug. EmimTAéov Ba TTapatebei pia AsiIToupyikfy UAOTTOINON TWV TTPOYPAPUATWY
OTO oUOTNPAO XSB, e 0TOX0 TNV TEKUNPIWON TWV TTAPATTAVW ATTOTEAECUATWYV.

OEMATIKH MEPIOXH: ATTOd€IgN EKQPATCTIKAG IC0OUVANIAS YAWOCWYV TTPOYPAUUATIOOU

AE=EIZ KAEIAIA: Datalog uynAnig 1d¢ng, EKQpaoTIKOTNTA, Ocwpia TTOAUTTAOKOTNTAG,
E€opoiwon unxavng Turing
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The Expressive Power of Higher-order Datalog: An XSB Implementation

1. INTRODUCTION

1.1. Introduction to expressivity

Before proceeding with the developments of the paper we introduce the notion of
expressivity of a programming language. Intuitively, if every program that can be written
in a language X can also be written in a language Y using only local transformations,
while there are programs written in language Y that cannot be written in language X
without changing their entire structure (i.e. not purely through local transformations),
then we can say that language Y is more expressive than language X.One might argue
that the above definition admits the possibility that there are pairs of languages where
there are programs in X which cannot be expressed in Y and programs in Y which cannot
be expressed in X, thus neither language is more expressive than the other and we
cannot compare them. This is true in a sense and it justifies our real-world experience
where one language is better at some things that the other and vice versa.

As stated in [1], comparing the set of computable functions that a language can rep-
resent is useless because the languages in question are usually universal and no
other measures exist. Thus the need for developing a formal framework for comparing
programming languages arises.

As a result it is a common practice when studying expressivity to use complexity theory
as a means to characterize the expressive power of a programming language through
complexity classes of decision problems. In [2] complexity theory is used to determine the
expressive power of functional programming. In that paper expressivity is distinguished
in "absolute expressivity” and “relative expressivity”. An “absolute expressivity” question
on a programming language feature X is: "Do there exist problems that can be solved
by programs with feature X, and cannot be solved without feature X?”. A "relative
expressivity” question is: ”"Is there a problem that can be solved both with and without
feature X, but such that any solution without feature X is necessarily less efficient
than some solution using X?”.

It is difficult to answer a “relative expressivity” question as there exist many different
efficient simulations of one programming language feature by others. This leads to very
small complexity differences. "Relative expressivity” is a field with many conceptualized
ideas but very few proven results.

Additionally there exists an issue when studying “absolute expressivity” (which is the
expressivity we discuss in this thesis. From this point forward we will refer to "absolute
expressivity” simply as expressivity). Studying expressivity in a strong language (i.e.
Turing complete) is futile. The reason is that any Turing complete language can compute
all u-recursive functions (i.e. partial recursive) and thus in an absolute sense are all
equally expressive. A solution to this problem is to restrict a language of features until a
Turing-incomplete language is obtained. Then it is possible to use complexity theory to
study the expressivity of different language features.

In [2] a particularly interesting class of functional programs are studied. Those without
the CONS feature. This essentially means that no construction of new data is allowed.
This instance of functional programs are very similar to the logic programs that we are

E. Protopapas 7
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studying in this thesis. A Higher-order Datalog program is in reality a program of a more
powerful Higher-order Logic Programming Language without the ability to construct new
data due to the lack of function symbols. As expected this class of functional programs
is proven to solve all decision problems in EXP*TIME where k is the order of the input to
the program. Which is the same result that the paper of A. Charalambidis, Ch. Nomikos
and P. Rondogiannis demonstrates.

Complexity theory focuses on classifying computational problems in complexity classes
according to their solution’s difficulty. To be able to capture this inherent difficulty to solve
a problem, the need for a model of computation arises to study these problems and
quantify their complexity. The most commonly used model of computation in complexity
theory is the Turing machine. There exists a belief in the field of theoretical computer
science which states that every physically realizable computational device can be
simulated by a Turing machine. This belief is known as the Church-Turing (CT) thesis.
Though it is not proven, the CT thesis is a belief about the nature of the world as we
currently understand it and no realized computational system available today has been
able to falsify this belief.

The most common type of problems studied in complexity theory are decision problems.
A decision problem is informally defined as a problem whose answer is either yes or no
(i.e. either 1 or 0). A decision problem can also be viewed as a formal language where
instances of inputs whose output is yes are members of the language. As expected the
complexity classes of these problems are defined using Turing machines. Complexity
classes can be defined in terms of a resource of computation consumed such as time
or space. In the following chapter we will be discussing Turing machines and complexity
classes in detail.

At this point it may have become obvious that in order to prove that some Turing-
incomplete programming language captures some complexity class defined in terms of
some Turing machine it may suffice to show that the language can simulate the Turing
machine. In reality this is only part of the proof. The other part requires that any program
in the language can be simulated by an algorithm that meets the resource requirements
of the complexity class.

For example in [3] Papadimitriou demonstrated that the class of languages decided
by (first-order) Datalog is the class computable by polynomial-time bounded Turing
machines, or in other words equivalent to the well-known class P. The proof consists of
the following:

« Showing that there exists an algorithm that runs in O((n + ¢)*)
(which is clearly a polynomial of n) which simulates a Datalog program.
« Designing a Datalog program that simulates a Turing machine that runs in time n¢.
The proof in A. Charalambidis, Ch. Nomikos and P. Rondogiannis proceeds in a similar

way. In this thesis we will be particularly interested in studying the Higher-order Datalog
program that simulates an exponentially-time bounded Turing machine.

E. Protopapas 8
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1.2. Structure of thesis

This thesis consists of six chapters. The Introduction, Background, A Higher-order
Datalog language, Simulating in Higher-order Datalog, Corrections and Conclusion
chapters.

Introduction introduces some basic ideas regarding complexity theory that will be needed
in the rest of this thesis. A brief explanation of the structure of this thesis is also included.

Background introduces the reader to knowledge necessary to the understanding of the
paper. Complexity classes and Turing machines are among the topics discussed in this
chapter.

A Higher-order Datalog language defines a basic language suited for the needs of the
proof.

Simulating in Higher-order Datalog discusses what we need and how we can represent
that in Higher-order Datalog in order to simulate a Turing machine. Then the program
will be presented.

Corrections discusses minor faults that appear in the program of the original paper and
proposes some possible solutions.

Conclusion sums up the topics discussed in this thesis and explains intuitively why the
proof is valid.

In the Appendix instructions on where to find the program implemented in the XSB
system will be given.

E. Protopapas 9
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2. BACKGROUND

This chapter introduces some basic concepts and definitions that are necessary to follow
the proof that is reviewed in chapter 4.

2.1. Languages

The definitions in this section are from [4].

A word over an alphabet can be any finite sequence of letters. The set of all words over
an alphabet ¥ is usually denoted by >*.

Definition 2.1. Suppose an alphabet ¥ and a function f : ¥* — {0, 1}. We shall identify
such a function f with the set L; = {z | f(z) =1} and call such sets languages or
decision problems.

The problem of deciding the language L; (i.e., given x decide whether = € Ly) is
equivalent to computing the function f (i.e., given x compute f(x)).

2.2. Turing machines

The definitions in this section are mostly from [5].

The Turing machine, first proposed by Alan Turing in 1936, is a powerful model of
computation with an unlimited and unrestricted memory. A Turing machine is an accurate
formalization of a general purpose computer, in the sense that it can do everything a
real computer can do. Of course even a Turing machine cannot solve some problems.
These are the problems that are beyond the theoretical limits of computation.

The machine uses an infinite tape as its memory. It has a tape head that can move
around the tape, read or write symbols. Initially the tape contains the input string followed
my empty symbols. The machine continues computing until certain conditions are met
and the machine enters an accept or reject state. In every other case the machine never
halts.

A formal definition of a Turing machine follows.

Definition 2.2. A Turing machine is a 7-tuple, (Q, X, 1,9, o, Gaccept: Greject), Where Q, 3,
I', are all finite sets and

* (@ is the set of states,

+ Y is the input alphabet not containing the blank symbol L,
» ['is the tape alphabet, where LI e "and X C T,

*§:Q xT'— @Q xT x {L,S,R} is the transition function,
* qo € @ is the start state,

E. Protopapas 10
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* Qaccept € @ I8 the accept state, and

* Greject € @ IS the reject state, where gcject # Gaccept-

in [5] the transition function is definedas 6 : Q@ x I' — @ x I x {L,R}. S means the
head stays in place, L means the head moves to the left, R means the head moves to
the right. The original definition allows for two types of transitions:

» The rule “if the head is in symbol o and in state ¢ then write symbol o', go to state
¢’ and move the head left” translates to 6(q,0) = (¢, o', L).

* The rule “if the head is in symbol ¢ and in state ¢ then write symbol ¢’, go to state
¢’ and move the head right” translates to (¢, o) = (¢, 0/, R)

The altered definition allows the additional transition rule “if the head is in symbol o and
in state ¢ then write symbol ¢’ and go to state ¢’” which translates to §(¢, o) = (¢, 0', S).
It is easy to see that adding S to the set of possible moves does not alter the functionality
of the machine. If the additional transition rule is used the original transition rules can be
simulated as follows. The two rules §(¢, o) = (¢”,0',S), d(¢q,0’) = (¢, o', L) are equivalent
to §(q,0) = (¢/,0’,L). Symmetrically for R. Even though one rule is now defined using
two rules the computational complexity of the machine is not affected as there are only
finitely many rules used.

Now let’s see how a Turing machine M computes. Suppose w is the input string with
length n. M is initialized with the leftmost n tape squares containing w and the rest blank.
The head starts on the leftmost symbol on the tape (i.e the first symbol of s). M proceeds
computing in steps according to the transition function 6. As M computes changes occur
in the current state, the current tape contents and the current head location. These three
items compose a configuration of M defined as follows.

Definition 2.3. A configuration of a Turing machine is a tuple, (¢, w), where ¢ € ) and
w € I'*. ¢ denotes the current state. w denotes the current tape contents (finite string). A
dotted ¢ € w denotes the symbol pointed to by the head.

The intuitive understanding of a step of computation is captured through configurations.
Suppose two configurations

Cl = <Qi70102 ... Ok ..O'n> and Cg = <Qj,010'2 .. .O'k-o'k‘Jrl .. .0'n>.

We say that
if 6(qi, o) = (g5, 0%, R) then C; yields Cs.

The configuration (qo, d102 . . . 0,,) is a Start configuration, (qaccept, - - - 7i - - . ) IS an accepting
configuration and (g,cject, - .. 0; . . . ) is @ rejecting configuration.

Definition 2.4. A Turing machine M accepts input w if a sequence of configurations
C1,C,, ..., C) exists, where

» (' is the start configuration of M on input w,

E. Protopapas 1
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» each C; yields C;,; and

» (', is an accepting configuration.

The set of strings that M accepts is the language of M, or the language recognized by
M and is denoted L(M).

In order to better comprehend the aforementioned definitions we continue with a Turing
machine example.

Example. In this example we define a Turing machine M that decides L = {0?" | n > 0}
(i.e. the language consisting of all strings of 0’s whose length is a power of 2). In other
words L(M) = {0?" | n > 0}.

Informally the Turing machine sweeps across the tape keeping track of whether the
number of 0’s is even or odd. If that number is odd and greater than 1, the input cannot
be a power of 2. Therefore, the machine rejects. Otherwise if the number is exactly 1,
the machine accepts.

Forma"y we deﬁne M = (Qu 27 F7 57 q1, Qaccepta QTeject) Where
Q = {q17QQ7Q37Q47Q5aqaccept7Q7’eject}a X = {O}s I' = {ny, I—'} and ¢ is described in the
following state diagram.

Figure 1: State diagram for 1/.

Running the machine with input 0000 gives the following sequence of configurations.
(read column wise)

(q1,0000)  — (g5, Ud02L)) — (g5, UrZ2)) — (Guccept; Uz U L)
(q2,1U000) = (g5, Lx0zL)) — (g5, Uizzll) —
(g3,U200) = (go, U0z1) — (g5, Uzzall) —
(qs,U200) = (g2, Ux0zl)) — {(go, Uizall) —
(g5, Uz0zl) — (g3, Uzzdl)) — (qo, Uzdzll) —
(g5, Uz0z) — (g3, Uzzall) — (g, Uzzzll) —
(g5, U202y — (g5, Uzadll) — (g, Uzzzll) —

E. Protopapas 12
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2.3. Complexity Classes

The definitions in this section are mostly from [5].

As already stated, a complexity class is a set of functions that can be computed with
respect to a given resource. Throughout this thesis we restrict our attention to the type
of functions defined in Section 2.1 which represent decision problems.

We first define the notion of a time bounded deterministic Turing machine.

Definition 2.5. Let M be a deterministic Turing machine that halts on all inputs. The
running time or time complexity of M is the function f : N — N, where f(n) is the
maximum number of steps that M uses on any input of length n. If f(n) is the running
time of M, we say that M runs in time f(n) and that M is an f(n) time Turing machine.

The first complexity class that we define is the following.

Definition 2.6. Let ¢t : N — R* be a function. TIME(¢(n)) = {L | L is alanguage
decided by an O(t¢(n)) time deterministic Turing machine}

Now we can define the classes needed to follow the proof that will be demonstrated
later in this thesis.

Definition 2.7. Suppose Tj(n)(d) = n? and Ty(n)(d) = 271 for k, d > 0. We define
the complexity classes EXP*TIME as

EXPTIME = | J TIME(Ti(n)(d)) for k> 0.

deN

Additionally

EXP°TIME ¢ EXP'TIME C EXP?TIME C --- C EXP*TIME.. ..

proven from the classical time hierarchy theorem.

In simple words EXP°TIME is the set of all decision problems that are solvable by
a deterministic Turing machine in time O(n?) where d > 0, EXP'TIME in time O(2""),

EXP2TIME in time 0(22”d) and so on and so forth. The class EXP°TIME is the well-known
class P.

This concludes the background knowledge required regarding computability and com-
plexity theory, to sufficiently comprehend the proof that follows in chapter 4.

E. Protopapas 13



The Expressive Power of Higher-order Datalog: An XSB Implementation

3. A HIGHER-ORDER DATALOG LANGUAGE

Unlike functional programming which is a programming paradigm that heavily promotes
Higher-order programming, logic programming is traditionally restricted to first-order
logic theories. This convention is largely based on the fact that even second-order logic
theories are in general undecidable and extensional semantics (i.e. semantics in which
predicates are represented as sets of arguments for which they hold) for a language
implementation cannot be established. In an extensional language, two predicates that
succeed for the same instances are considered equal.

The first attempts at defining Higher-order logic systems where made by [6] with HiLog
and [7] with A\-Prolog. While very useful, the issue with these systems is that they are
intensional. In general an intensional system classifies its objects based on their name
without regard for their representation as a set. Thus in an intentional system equality
between predicates may only be based on the names of the predicates. This leads to
context sensitive systems which essentially means that a given program that is written
for a specific task may not behave in the expected way when present in a different
context.

One of the first works (to my knowledge) to propose an extensional higher order Horn
logic was Wadge in [8]. Wadge identified a subset of Higher-order Horn logic that
accepts extensional semantics that in a way extend the classical first-order semantics.
The first work to propose a purely extensional theoretical framework for higher-order
logic programming was [9]. That paper extended the work in [8] and proposed minimum
model semantics for the higher-order case in a way that naturally extend the classical
first-order minimum model semantics.

Informally, by higher-order, logicians mean a language in which variables are allowed
to appear in places where normally predicates or function symbols do. In a higher-
order Logic Programming languages we can define atoms like R(X, Y), where R will
be instantiated with a predicate. Additionally we can pass predicates as arguments to
higher-order predicates. For example p(R, X) where R is a predicate.

Classical Datalog is extended to the higher-order case in the same manner. A Higher-
order Datalog language can be defined as the subset of some Higher-order Logic
Programming language in which function symbols do not exist.

3.1. Syntax

We begin by defining the alphabet of HD.

Definition 3.1. The alphabet of the Higher-order Datalog language HD consists of the
disjoint sets, PV of predicate variables, PC of predicate constants, N'V of non-predicate
variables, C of non-predicate constants, the symbols “«”, “=", “(*, “)”, “” and the unique
predicate not/1. Additionally we define V = PV U NV and call it the set of argument
variables.

Usually we denote predicate variables with P, ), R . . ., predicate constants with p, ¢, r . . .,

E. Protopapas 14
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non-predicate variables with X, Y, Z ... and non-predicate constants with a,b,c. ...

Definition 3.2. Suppose a program Program of HD. The syntax of Program is given
by the following grammar:

(Program) == (Clause) | (Clause) (Program)
(Clause) = (Head) < ( (Atom) ), ..., ((Atom) ). | (Head).
(Atom) = (PoSaiom) | (N€Gatom)
(Head) == {PC} (Argumentpeqq) - .. (Argumentpeaq)
(Posatom) = (Name) (Argument,os) ... (Argument,os)

{
| (Argumentys,) = (Argumentg,)
(Negatom) = not ({PC} (Argumentys,) ... (Argumenty,))
| (Argument;,) = (Argumenty,)

(Argumentyos) = ( (Posaom) ) | {V} | {PC} | {C}
(Argumentyeqq) == {V} | {C}
(Argumenty,) == {NV} | {C}

(Name) == {PC} | {PV}

The notation { X'} means an item from any set X'. In the rule for “(Clause)” the amount of
atoms may vary. The same holds for “(Head)”, “(PoSaiom)” @and “(Neg asom)”. Additionally
only first-order predicates can be negated.

The syntax proposed in definition 3.2 imposes the following restrictions to our clauses.
Arguments in the head of a clause are only allowed to contain predicate variables and not
predicate constants. We will additionally restrict our clauses to contain distinct predicate
variables in the head and that these variables are the only predicate variables present
in the body. Then as proposed in [8] our clauses are definitional.

Definition 3.3. A higher-order Horn clause is definitional iff
* in the head of the clause each argument that is a predicate is a predicate variable
local to the clause,
« the predicate variables are all distinct,

* they are the only predicate variables local to the clause.

3.2. Semantics

By restricting our language to contain only definitional clauses, we could devise exten-
sional higher-order semantics for our language similarly to [9] or [10]. Since this is not
the subject of this thesis, we avoid the implications of defining extensional semantics
and choose to define intensional semantics based on [6].

In [6] it is shown that there exists an encoding of Hilog programs into classical first-order
Prolog programs. This encoding allows Hilog to be a powerful Higher-order language
while having simple First-order semantics.

E. Protopapas 15
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For our language we shall define a translation of HD to Hilog and the use Hilog’s
encoding to Prolog.

Definition 3.4. A clause in HD can be translated to HiLog with the following set of rules:

Tup(H <+ Ay, ..., A) = Tup(H) + Tup(Ay), ..., Typ(Ay)
THD(Upred Oarg +-- Uarg) = THD(UpTed)(THD(Uarg>> e (THD(Umg))
THD((Upred Oarg -+ - - Uarg)) = THD(Upred)(THD(Uarg)) e (THD(Uarg))
THD((Uarg = Uarg)) = THD(Uarg) = THD(UaT’g)

Tup({X}) = {X}

Again {X'} means an item from any set X

Using Hilog’s encoding to Prolog, our language can be interpreted using the classical
first-order semantics, such as the well-founded semantics. Additionally the system XSB
implements HiLog using an encoding to Prolog, combined with SLG resolution which is
equivalent to the well-founded semantics. This means that our language has the same
semantics as the programs we practically implement using XSB. For detailed information
on HiLog’s encoding, the well-founded semantics and SLG resolution the interested
reader is redirected to [6], [11], [12].

For example a valid program in our language

closure RXY «— (@RIXY).
closure RXY « (R X Z), (closure R Z Y).

Translates to

closure(R) (X) (Y) <+ REX ).
closure(R) (X) (Y) <+ RX)(Z), closure(R)(Z)(Y).

Which is a valid HiLog program using general predicates. Notice that we chose to
translate to general predicates like closure (R) (X) (Y) instead of the common closure (R,
X, Y).General predicates can be used for partial application which is a desirable property
for our language to possess.

Intuitively partial application allows us to represent objects through relations, meaning
that closure(R) (X) (Y) is not interpreted as a 3-ary predicate. Instead closure(R)
represents the transitive closure of the relation R, closure(R) (X) represents the the
transitive closure of the relation R on item X and only when closure (R) (X) (Y) is called,
which represents the the transitive closure of the relation R on items X,Y, the code
executes.

E. Protopapas 16
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4. SIMULATING IN HIGHER-ORDER DATALOG

This chapter reviews the simulation present in A. Charalambidis, Ch. Nomikos and P.
Rondogiannis.

The logic programming paradigm differs drastically from the computational model of
Turing machines. On one hand, Turing machines represent more of an imperative style of
execution. An input stream is represented through the tape, while the transition function
defines a clear set of instructions that can be followed imperatively to execute the
machine.

On the other hand, logic programming represents a declarative style of programming.
Logic programs express facts and rules to prove truth or falsity of objects in some domain.
The resolution used in logic programming systems incorporates backward reasoning
constructing trees that constitute the search space for solving a goal.

4.1. Representation

Therefore is it clear that in order to simulate a Turing machine using Higher-order Datalog
we first need to develop a way to bridge the gaps between these two styles of execution.

4.1.1. Input / Acceptance

The most straightforward way to encode a string of length » in Higher-order Datalog is by
using a relation. Suppose an input string w = 0,03 ... 0, € X*. The firstidea that comes to
mind is a relation of the form {oy, 09, ..., 0,}. However this format would not allow us to
pick out an arbitrary symbol based on its position (recall that sets are unordered). A more
suitable representation would be the relation {(0,01,1), (1,02,2), ..., (n — 1,0,,n)}.
Notice that each symbol is paired with its position along with the position of the next
symbol on the tape. We call this relation the input relation.

Acceptance can be simply represented as a 0-ary predicate. Proving truth or falsity for
the predicate is equivalent to accepting or rejecting the input on a Turing machine. We
call this predicate accept.

We shall say that the program decides a language L C >* if forany w € ¥*: w € L iff
the program, when given w encoded through the input relation, has accept as a logical
consequence.

4.1.2. Transition Rules

The transition rules of § can be expressed very naturally as logical rules. Recall that
an instance of ¢ is of the form ¢(¢, o) = (¢, 0/, 8) which means “if the head is in symbol
o and in state ¢ then write symbol ¢’ and go to state ¢’”. Therefore the left side of the
equation states facts that are true at the current step of computation, while the right side
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states facts that should be true at the next step of computation if the facts stated on the
left hold at the current step.

As a result we can describe the above transition with the following informal logical
clauses

(at step T)(symbol ¢ is in position X A
head is in position X A
in stateq) — (at step T + 1)(symbol ¢’ is in position X).

(at step T)(symbol ¢ is in position X A
head is in position X A
in stateq) — (at step T + 1)(in state ¢').

(at step T)(symbol ¢ is in position X A
head is in position X A

in stateq) — (at step 7'+ 1)(head is in position X).

A set of clauses in the above form can represent the § function of any deterministic
Turing machine. Since logic programming systems use backward reasoning the logical
consequence of accept will be proven by simulating the Turing machine backwards.
The following example demonstrates this idea.

Example. Consider a Turing machine that only accepts the string ab. The transition
function ¢ is defined as follows:

5(Q07 CL) = (CI1> a, R)
5((]17 b) = (q27 ba R)
5(Q27 l—l) = (Qacceptu |—|7 S)

A forward execution of the Turing machine would be:

step 0: read a in state ¢y, go to state ¢;, move head right.
step 1: read b in state ¢, go to state g2, move head right.
step 2: read LI in state ¢z, go to state Guccept-

step 3: in state uecept SO accept.

A backward reasoning proof of accept:

step 3: To prove accept, prove in step 2 that state is ¢,
head does not move from gz tO Guccepts
reading L.

step 2: Prove in step 1 that state is ¢,
head comes by moving right from ¢; to ¢,

reading b.
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step 1: Prove in step O that state is g,
head comes by moving right from ¢y to ¢,
reading a.

step 0: Since machine is ingp in step 0, accept.

This simplified explanation captures the way that the simulating program executes the
Turing machine.

4.1.3. Numbering

First note that our Higher-order Datalog language does not have any built-in numerical
system. Using such a system defeats the purpose of the proof as it is possible to encode
data using numbers and in a sense it is the same as including function symbols in our
language. Thus our language would not be a Datalog language and more than likely
we would obtain a Turing complete language that studying its expressivity would be
pointless.

Finally in order to simulate an exponentially time bounded Turing machine we need to
be able to count the steps of computation. In other words we need to devise a way to
represent numbers and count using Higher-order Datalog relations.

Papadimitriou in [3] already demonstrated that we can use first-order relations to repre-
sent any number up to n¢ where n is the length of the input. In the proof we are reviewing
this is achieved by using the positions of each fact in the input relation. The way input
is defined allows us to count from 0 up to n — 1. We extend the range of numbers we
can represent up to n? — 1 by considering tuples of d elements. A number in this range
is represented as d individual numbers in the range {0...n — 1}.

Recall that we want to prove that k + 1-order Datalog captures EXP*TIME. This means
that we have to extend the range of represented numbers to 7}.(n)(d) using the notation
in definition 2.7.

We start with second-order Datalog. The range we have to represent is 2"*. Obviously,
we must utilize the ability of our language to define second-order predicates. The idea
is that a function f,: {0,...,n? — 1} — {low,high} can be used to represent a number
in this range. Such a function is equivalent to a string of n? bits, and such a string can
represent any number in the required range.

Suppose for example that we have an input of length 2 and we are only using tuples of 1
element. Then the base numbers that we can represent are {0, 1}. Observe that under
these assumptions the numbers we can represent with f; as sets are

0: {(0,1ow),(1,1ow)}
1: {(0,1ow), (1,high)}
2 : {(0,high), (1,1low)}
3 : {(0,high),(1,high)}
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To generalize for k + 1-order Datalog assume the following set of functions:

{fi : fit — {low, high}}forall 2 <i <k
where f1: {0,...,n? — 1} — {low, high}

Then any number in the range Ty(n)(d) can be represented by f;.

4.2. Simulation
4.2.1. d-tuple and order; number representations

We now present the program. The input relation as already stated represents an input
tape over a fixed alphabet ¥. Suppose ¥ = {a, b}. An input of length n can be encoded
with n facts of the input predicate as follows:

input O al.
input 1 b 2.

input n-2bn-1.

input n-1an.

We proceed by defining predicates base_zero, base_last, base_succ, base_pred to
simulate the numbers in the range {0,...,n — 1}. base_zero is true of 0 (i.e. of the left
index of the first tuple in the input relation), base_last is true of n — 1 (i.e. of the left
index of the /ast tuple in the input relation), base_succ given a number k returns & + 1
and base_pred given a number £ + 1 returns k.

base_zero 0.

base last I < (input IXJ), (not (input JX1K)).
base_succ I J < (input IXJ).

base pred I J < (input JXI).

We proceed by defining tuple_zero, tuple_last, tuple_succ, tuple_pred to extend
the range of numbers to {0,...,n% — 1}. As stated before these predicates act on
collections of d arguments to represent a number in tuple notation. We use the notation
X to abbreviate d arguments X; ... Xj.

tuple_zero X < (base _zeroX;) ,..., (base_zeroXy).
tuple_last X <+ (base_lastX;) ,..., (base_last Xy).

tuple_zero is true of the d-tuple which represents “0” and tuple_last is true of “n? — 1"
To define tuple_succ we need d clauses that act on two d-tuples to simulate the way
we find the successor of a number that consists of d digits of base n. tuple_pred
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can be easily defined using tuple_succ. As expected tuple_succ given the d-tuple
representation of “k” returns the d-tuple representation of “k + 1” while tuple_pred given
“k + 17 returns “k”.

tuple_succ XY « (Xl = Yl) s ey (Xd—l = Ydfl) s
(base_succ Xy Yg) .
tuple_succ XY <« (X; = Y1) , ..., Xyoo = Yg2),

(base_succ Xg_1 Yq_1) ,

(base_last X;), (base_zero Yy).

tuple_succ XY < (base_succ X; Y;),
(base_last X,) ,..., (base_last X,),

(base_zero Y,) ,..., (base_zero Y,).

tuple_pred XY < (tuple_succYX).

Additionally we define the predicates less_than, tuple_non_zero working on d-tuples.
less_than defines the “<” relation on d-tuples and tuple non_zero succeeds if its
argument is not equal to the d-tuple representing “0”.

less than XY < (tuple_succXY).
less_than XY <+ (tuple_succXZ), (less_thanZY).

tuple_non_zero X < (tuple_zeroZ), (less_thanZX).

We now proceed to define the predicates necessary to extend the range of numbers to
{0,... ,Z"d} using the technique we described in subsection 4.1.3. As in the case of f;
we will subscript all predicates related to this range by 1. We shall call these numbers
order; numbers.

We first define the predicates zero; and last, that represent the first and last numbers
in the range (i.e. 0 and 2" — 1). zero, is equivalent to a string of n? bits where all bits
are low, while 1ast; is equivalent to a string of n? bits where all bits are high. As sets
these numbers are equivalent to:

zero; : {(0,1low), (1,1ow),...,(n% —1,1ow)}

last; : {(0,high), (1,high),...,(n% — 1,high)}
We now define the predicates, where the first argument which determines the bit position
is a d-tuple and the second argument which determines the bit value is {low,high}.

Note that we consider the least significant bit position to be that of tuple_zero, while
the most significant bit position to be that of tuple last.

zero; X low.
last; X high.
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The predicate is_zero; follows, that checks if its argument is equal to zero;. A number
in our current representation is “0” iff every d-tuple bit position has the value low. So
we define an additional predicate, namely all,, to determine if every bit is 1ow. The
syntactically higher-order literal (N X V), applies X and V to the relation passed to the
variable N. Essentially we are asking if the number represented by N at the bit position
denoted by the d-tuple X has value V.

is_zero,; N < (tuple_last X), (all; lowNX).

all; VNX < (tuple zeroX), (NXV).
all; VNX < (tuple_non_zeroX), (NXV),
(tuple pred XY), (all; VNY).

In a similar manner we define the predicate non_zero; that succeeds if its argument is
not equal to zero;. In this case a number in our representation is # “0” if at least one
d-tuple bit position has the value high. The predicate exists; checks whether the above
holds.

non_zero; N < (tuple_last X), (exists; highNX).

exists; VNX « (NXV).
exists; VNX < (tuple non_zero X),
(tuple_pred XY), (exists; VNY).

Symmetrically, we define the predicates is_last;, by using all, to determine whether
all d-tuple bit positions are high, and non_last;, by using exists; to determine whether
at least one d-tuple bit position has the value 1ow, by reversing the value passed to v.

is_last; N < (tuple_lastX), (all; highNX).

non_last,; N < (tuple_last X), (exists; lowNX).

After sufficiently having defined the way to represent the bounds of {0, ..., 2""}, namely
zero; and last;, we can represent any number in the required range based on these
bounds. We shall define the predicates pred; and succ; to respectively capture the
notion of the predecessor and successor of a number.

The approach taken to define pred; and succ; differs drastically to that of tuple_pred
and tuple_succ. Intuitively the reason for this is that tuple_pred is able to check whether
a d-tuple number is the predecessor of another d-tuple number, and even generate
the predecessor, because a number in d-tuple notation has a specific form that can be
manipulated to produce another number from it. Recall that a d-tuple is a sequence of d
individual variables that take values from the constants used by the input relation. Since
in order; notation, numbers are relations and the only relations defined are zero, and
last; we must find a way to build any other number using zero; or 1ast;. To achieve this
the predicates pred; and succ; have to be defined in a way that their partial application
on a given number N (i.e. (pred; N) and (succ; N)) represents the predecessor or
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successor of N respectively. Recall than in section 3.2 of chapter 3 we discussed briefly
that partial application can be used to represent objects. For example the number (succ,
(succy (succy zero;))) can be defined in terms of (succ; (succ; zero;)) which will
recursively lead to zero; which is fully defined.

We start of with pred; and then symmetrically define succ;. Suppose a number in the
form of a binary string. The predecessor of the number can be obtained by inverting all
bits to the right of the last 1 including the last 1. We shall define three auxiliary predicates
namely bits;, exists_to_right; and all_to_right,. bits; returns the value of the
bit in position X which is inverted if all bits to the right of X are low. exists_to_right;
checks whether there is at least one bit to the right of the given position X with value V.
all_to_right; checks if all bits to the right of X have value V.

pred, NXV + (is_zero; N), (NXV).

pred, NXV <+ (non_zero, N), (bits; NXV).

bits; NXV + (exists_to_right, highNX), (NXV).
bits; NXV + (all_to_right, low N X),

(NXV1), (invertV1iV).

exists_to_right, VNX <« (tuple_non_zero X),
(tuple_predXY), (NYV).
exists_to_right, VNX < (tuple_non_zero X), (tuple_predXY),
(exists_to_right, VNY).

all_to_right, VN X <+ (tuple_zero X).
all_to_right, VNX <+ (tuple_non_zero X), (tuple predXY),
(NYV), (all_to_right, VNY).

Symmetrically the successor of a number can be obtained by inverting all bits to the
right of the last 0 including the last 0. We define succ; as follows.

succ; NXV « (is_last; N), (NXV).
succ; NXV < (non_last; N),

(exists_to_right, low NX), (NXV).
succ; NXV « (non_last, N),

(all_to_right, high N X),

(NXV1), (invert V1iV).

Invert is easily defined as

invert low high.

invert high low.

Notice that the predicates pred; and succy, only give us information about the value v
of a bit at the given position X based on a given number N. As we already pointed out

E. Protopapas 23



The Expressive Power of Higher-order Datalog: An XSB Implementation

we cannot construct a concrete representation of an order; number, but instead we
can use the representation of another order; number to determine each bit individually.
Thus we can say that the partial applications of pred; and succ; are indeed the numbers
we wish to construct.

We will also need the equality between two numbers. We can easily define the predicate
equal; with an additional predicate equal_test; that checks if every d-tuple bit position
has the same value V.

equal, N M + (tuple_last X), (equal_test, NMX).

equal_test, NMX « (tuple_zeroX), (NXV), (MXV).
equal_test, NMX « (tuple_non_zeroX), (NXV), (MXV),
(tuple_pred XY), (equal_test, NMY).

4.2.2. Arbitrary order; ;; number representation

Now we can easily define any arbitrary order;,; number based on order, numbers.
Using the notation of definition 2.7 the range of numbers that order;,; numbers need
to represent is defined recursively as T,1(n)(d) = 27+, The technique we use is
the same as for order; numbers, the only difference being that now each bit position
is represented by an order, number instead of the d-tuples we used only for order;
numbers.

First we define zero,; and last; ;.

zZerog,1 X low.
lastyg4; X high.

Next we define is_zero,,; that succeeds if its argument is zero, ;.
is_zero;, | N < (allp;; low N lasty).

allyy; VNX < (is_zero, X), (NXV).
ally VNX < (non_zero, X), (NXV), (ally,; VN (pred, X)).

Next we define non_zero,; that succeeds if its argument is not zero;, ;.

non_zero, ; N < (existsy;; high N lasty) .

existsp VNX < (NXV).

existsyy) VNX < (non_zero, X), (existsyyq VN (pred;, X)).

Symmetrically we define is_last;,; and non_last;;.
is_last, ;N < (allpy; high N lasty).

non_last, ; N < (existsj;; low N lasty).
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Next we define pred, . ; using the above definitions.

pred,  NXV < (is_zero,  N), (NXV).

pred,  NXV < (non_zero, ; N), (bitsy  NXV).
bitsi 1 NXV < (exists_to_right, , highNX), (NXV).
bitsyp NXV < (all_to_right, , low N X),

(NXV1), (invertViVv).

exists_to_right, , VN X < (non_zero, X), (N (pred, X) V).
exists_to_right, ; VN X < (non_zero; X),

(exists_to_right, ; VN (pred, X)).

all_to_right, , VN X +— (is_zero, X).
all_to_right,  VNX < (non_zero;, X), (N (pred, X) V),
(all_to_right, , VN (pred, X)) .

Symmetrically we define succy;.

succyr1 NXV « (is_last, ; N), (NXV).
sucCry1 NXV < (non_last,  N),

(exists_to_right, , lowNX), (NXV).
succyr; NXV <« (non_last,  N),

(all_to_right, , high NX),

(NXV1), (invert V1V).

They equality predicates is defined as follows.
equal;, ; NM < (equal_test; ; NMlasty).

equal_test, | NMI « (is_zero, I), (NIV), (MIV).
equal_test, ; NMI <« (non_zero, I), (NIV), (MIV),
(equal_test, ; NM (pred, I)).

Finally we will additionally define the predicate less_than;; which defines the “<”
relation on order;,; numbers. This predicate also applies to order; numbers. The
predicate recursively passes to itself the predecessors of the given numbers. If the
leftmost number reaches zeroy, first then the predicate succeeds.

less_than, ; NM <« (is_zero, ; N), (non_zero,  M).
less_than, ; NM < (non_zero, , N), (non_zero, M),

(less_than,,; (pred, , N) (pred, , M)).
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4.2.3. Turing machine simulation

Recall that in subsection 4.1.2, we introduced the idea that logical rules can express
any transition rule of the ¢ function of a Turing machine. The simulation will follow along
those observations. For every transition rule of § we will define a set of clauses that
utilize the notion of a step of computation. As already discussed these sets of clauses
will express what is true in the current time-step, based on a transition rule and what is
true in the previous time-step.

For this purpose we introduce the predicates symbol,, state, and cursor. symbol,
acts on two arguments T (i.e. the time-step) and X (i.e. the position on the tape). If
the predicate succeeds for given T, X, we interpret the result as symbol o appears on
position X of the tape at time-step T. state, acts on argument T (i.e. the time-step) and is
interpreted as the machine is in state s at time-step T. Finally cursor acts on argument T
and represents an order; humber which indicates the position of the head at time-step
T.

All predicates that follow are defined using order, numbers, the value of k£ depends
on the Turing machine that we want to simulate (i.e. the number of steps needed for
termination). We first define the predicate base_to_higher, that succeeds if the two
arguments represent the same number, where the first argument is in base notation (i.e.
constants of input) whereas the second argument is in order; notation.

base_to_higher, O N < (equal, N zeroy) .

base_to_higher, MN < (input Jo M),

(base_to_higher, J (pred, N)).

Intuitively the above predicate recursively reduces the base notation number by 1 through
input, and the order; notation number through pred; and succeeds if both numbers
reach zero simultaneously.

We proceed with the initialization rules of the Turing machine. The initialization rules
state that at time-step zero,, the machine starts at the starting state denoted by s, the
first n tape squares hold the input followed by the empty character U and the head starts
at the first tape square (i.e. at position zero,). We define one predicate for each symbol
<
symbol T X < (is_zero, T), (input Yo W),
(base_to_higher YX).

symbol T X — (is_zero, T), (base_lastY),
(base_to_higher YX).

state,, T — (is_zero, T).
cursor T X low <« (is_zero, T).

Note that cursor returns for every bit position the value low. For T = zeroy, (cursor
T) represents the number zeroy, (i.e. “0”). The set of symbol, succeed if the position (i.e.
Y) of o on tape matches with the position given in X.
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Now we can proceed to define the transition rules. In section 4.1.2 we translated a
transition rule into a set of informal logical clauses. Since a transition rules affects the
symbol that is written on the tape, the state and the position of the head in the next
time-step we define clauses for symbol,, state, and cursor.

We start with the rule “if the head is in symbol o and in state s then write symbol ¢’ and
go to state s”

symbol_, T X < (non_zero, T),
(equal, X (cursor (pred, T))),
(state, (pred, T)),
(symbol  (pred, T) (cursor (pred, T))).

statey T < (non_zero, T),
(state, (pred, T)),
(symbol, (pred, T) (cursor (pred, T))).

cursor TIV < (non_zero, T),
(state, (pred, T)),
(symbol _ (pred, T) (cursor (pred, T))).
(cursor (prev, T) I V).

The definitions are straightforward. The preconditions are the same for each predicate.
The machine must be in state s in the previous time-step (i.e. (pred; T)), and the symbol
o must be read in the previous time-step, at the position of the head in the previous time-
step (i.e. (cursor (pred; T))). In the clause for symbol,,, (equaly X (cursor (predy
T))) states that the given position X must be the same with the position of the head in
the previous time-step. In the clause for cursor T I V, (cursor (prev, T) I V) states
that the head stays in place (i.e. (cursor T) represents the same number as (cursor
(prevy T))).

Similarly we define clauses for the rule “if the head is in symbol ¢ and in state s then go
to state s’ and move the head right”.

symbol , T X < (non_zero, T),
(equal, X (succy (cursor (pred, T)))),
(state, (pred;, T)),
(symbol _ (pred, T) (cursor (pred, T))),
(symbol_, (pred, T) (succy (cursor (pred, T)))).

statey T < (non_zero, T),
(state, (pred, T)),
(symbol, (pred, T) (cursor (pred, T))).
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cursor TIV < (non_zero, T),
(state, (pred, T)),
(symbol, (pred, T) (cursor (pred, T))).
((succy, (cursor (prev, T))) I V).

Note that we define a clause for some symbol ¢’ even though the transition rule does
not alter any symbols. This can be explained by the fact that no symbol will automatically
be transferred in a sense to the next time-step but instead it must be proven to exist
in the next time-step by some clause. As a result a clause must be defined for every
symbol ¢’ that might appear to the right of the head before the rule is applied, in order
to transfer that symbol to the same position at the next time-step. Hence the literals
(equaly X (succy, (cursor (pred; T)))) and (symbol, (pred; T) (cursor (pred; T)))
in the clause for ¢’. The same applies for symbol . We do not implicitly define a rule for
it here since afterwards we will define a set of general rules that transfer all symbols
to the following time-steps as long as their position is not the same as the head, at the
time-step that is to be proven. Here symbol ¢ falls into this category since at time-step T
the head points to the position next to the symbol. Additionally in the clause for cursor T
IV, ((succy (cursor (prevy T))) I V) states that the number represented by (cursor
T) is the successor of (cursor (prevy T)) (i.e. the head at time-step T points to the right
of the head at time-step T-1).

Symmetrically we define the last rule “if the head is in symbol ¢ and in state s then go to
state s' and move the head left”.

symbol_, T X < (non_zero, T),
(equal, X (pred, (cursor (pred, T)))),
(state, (pred, T)),
(symbol,_ (pred, T) (cursor (pred, T))),
(symbol,_, (pred;, T) (pred, (cursor (pred, T)))).

statey T < (non_zero, T),
(state, (pred, T)),
(symbol, (pred, T) (cursor (pred, T))).

cursor TIV < (non_zero, T),
(state, (pred, T)),
(symbol _ (pred, T) (cursor (pred, T))).
((pred,, (cursor (prev, T))) I V).

The general rules that transfer a symbol to following time-steps are called inertia rules
and are defined as follows for all & € T' (i.e. including U). Note that the inertia rules apply
only to positions that differ from the one pointed to by the head.

symbol T X < (less_than;, X (cursor T)), (symbol_  (pred, T) X).
symbol T X < (less_than; (cursor T) X), (symbol (pred, T) X).
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Finally the following rule concerns acceptance. (state yes equivalent to guccep: in the
formal definition).

accept < (statey lasty).

Thus any Turing machine that accepts or rejects its input after at most 7. (n)(d) steps,
can be simulated by the above Higher-order Datalog program using order, number
representation based on d-tuples.
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5. CORRECTIONS

In this chapter we discuss some faults that appear in the program reviewed in chapter 4,
and propose solutions where possible.

The first issue arises in the predicates base_succ and base_pred. These predicates are
defined to allow counting from 0 to n — 1 and from n — 1 to 0 respectively. Thus the
predicates

base_succ I J < (input IX J).
base_pred I J < (input JXI).

on a input relation
{(0,01,1), (1,02,2), ..., (n—1,0,,n)}

will result in the following relations

base_succ: {(0,1), (1,2),..., (n—1,n)}
base_pred: {(1,0), (2,1),..., (n,n—1)}

which means that we can count up to and including n. If we allow negation-as-failure on
first-order defined predicates a solution could be the following which does not hold for
the tuples (n — 1,n) and (n,n — 1).

base_succ I J < (input I XJ), (not (base_lastI)).
base pred I J <« (input JXI), (not (base_last J)).

Another issue lies in the definition of base_to_higher,. Recall that the intended purpose
of this predicate is to succeed only if the base notation number equals the order,
notation number. Thus the predicate

base_to_higher, ON < (equal, N zeroy).
base_to_higher, MN < (input Jo M),
(base_to_higher, J (pred, N)).

for a given number in base notation M, succeeds for every number N in order;, notation,
less than or equal to M as by definition (pred; zero;) equals zero,. A correct definition
is as follows.

base_to_higher, ON < (equal, N zeroy).
base_to_higher, MN < (non_zero, N), (input Jo M),
(base_to_higher, J (pred, N)).

An important issue lies with the initialization rule for symbol,,. This predicate is intended
to succeed for every position X to the right of the last position of the input on tape. Recall
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its definition.

symbol T X <« (is_zero, T), (base_lastY),
(base_to_higher Y X).

Instead the predicate only succeeds if the given position X is the order, equivalent to
the base number which indicates the position of the last symbol of input on the tape. For
example given input 0,05 ...0,, symbol_, succeeds for n in order; notation. A correct
definition is as follows.

symbol T X <« (is_zero, T), (base_lastY),

(greater_in_order, Y X) .

where we define an additional predicate greater_in_order; which succeeds if the input
N in order; notation represents a greater number than M which is in base notation.

greater_in_order, O N < (non_zero, N).
greater_in_order, MN < (non_zero, N), (input Jo M),

(greater_in_order, J (pred, N)).

Another issue is identified with the inertia rules. While the functionality of this predicate is
correct the case where the time-step T given is zero,, needs to be excluded as intuitively
for time-step T zeroy, the position of symbols is fully defined from the initialization rules
and no “transfer” can occur. Operationally this leads to an infinite loop when executed.
Thus the predicate

symbol T X < (less_than, X (cursor T)), (symbol_  (pred, T) X).
symbol T X < (less_than; (cursor T) X), (symbol (pred, T) X).

transforms to

symbol T X < (non_zero, T),

(less_than; X (cursor T)), (symbol_  (pred, T) X).
symbol T X < (non_zero, T),

(less_than; (cursor T) X), (symbol_ (pred, T) X).

Finally since truth for a state at a given time-step T does not transfer to successor
time-steps, we must define a predicate that, if the accepting state yes is proven true at
least once, this truth is transferred to the last time-step representable in order for accept
to succeed. We define:

statey, T < (non_zero, T), (statey (pred, T)).

With this we conclude the main developments in this thesis.
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6. CONCLUSION

We conclude this thesis with some interesting remarks on the proof we reviewed. The
point of the simulation was to show that Higher-order Datalog is as expressive as
exponentially time-bounded Turing machines. These Turing machines can decide all
problems that lie in EXPXTIME for any &k and as a result so does Higher-order Datalog.

However, this does not necessarily imply that the simulation program runs in exponential
time with respect to the input. On the contrary it can easily be seen that the program
runs exponentially slower that the appropriate time bound defined by the complexity
class of a problem it decides. For example consider the definition of pred,. To calculate
a bit of (pred; N), we need to calculate numerous times, multiple bits of N, and this
process is repeated recursively for N until zero,. Thus pred;, runs in time exponential to
the size of the number it is representing which in general is already exponential with
respect to the input size.

This result, from a theoretical viewpoint, is valid and the proof is correct. The simulation
program that we presented was never intended to actually run in the appropriate time-
bound. It was intended to show that Higher-order Datalog is rich enough to decide these
problems. While this result may seem paradoxical, it is not since by definition, there
exist algorithms that decide these problems in the appropriate time-bound and it can be
shown that the same holds in Higher-order Datalog.

From a practical viewpoint, this program is very inefficient and, even for order; numbers,
will almost always take exponential time to run. In [2], a non standard memoization
technique is used to run these programs in the appropriate time-bound and thus the part
of the proof that requires to show that any given program in the language we examine
can be run by an algorithm that respects the resource bounds of the complexity class,
is proven. This technique involves storing already computed subproblems, and using
these stored results to avoid repeated solution of the same subproblems.

The same approach is used in the implementation of the simulation program in XSB.
The XSB system supports a tabling mechanism that is primarily used to implement
the well-founded semantics for logic programs. Another useful property of tabling is
that whenever a predicate is executed and a solution is found, this solution is stored
in a table. Whenever a predicate is called, the table is searched for a solution to the
predicate, if none is found the predicate is executed normally. The interested reader is
referenced to [12] for more information on tabling.
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APPENDIX: XSB & IMPLEMENTATION

The XSB system can be downloaded from:
https://sourceforge.net/projects/xsb/

A very useful technical overview of XSB, including Tabled Resolution and HiLog Compi-
lation can be found in:
http://xsb.sourceforge.net/about.html

For a more in-depth understanding of the system, as well as usage instructions the
manual should be consulted at:
http://xsb.sourceforge.net/manuall/manuall.pdf

Since the program implemented in XSB is quite lengthy, in order to keep this thesis
compact and readable the reader interested in using the programs can follow the links
below to download the files.

Before loading the examples the following file, which contains basic predicate definitions
(numbers etc.) should be loaded first:
http://cgi.di.uoa.gr/~sdi1400169/power.P

The first example decides the language L = {a"b" | n > 0}:
http://cgi.di.uoa.gr/~sdi1400169/TManbn.P

The second example decides the 3-SAT problem:
https://en.wikipedia.org/wiki/Boolean_satisfiability_problem#3-satisfiability
http://cgi.di.uoa.gr/~sdi1400169/TMsat.P

The code supports a maximum of three variables used (x, y, z). Asample input is:

input (0, '?', 1). input(6, ')', 7).

input(1, '(', 2). input(7, '#', 8).

input(2, 'x', 3). input(8, 'F', 9).

input(3, ')', 4). input(9, 'F', 10).

input(4, '(', 5). input(10, '#', 11).

input (5, 'y', 6).
Which is equivalent to the CNF formula (z) A (y). The input should always start with the
‘?” symbol and end with ‘#F..# depending on the number of variables used.

A negated variable (—x) is encoded as such:

input (0, '(', 1).
input (1, '-', 2).
input(2, 'x', 3).
input(3, "', 4).

As already stated the simulation has very high complexity even with tabling. So the
above program can only be used for small inputs. For any inquiries concerning the
implementation feel free to contact me at: vagelis.protopapas@gmail.com
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