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Abstract

In the present master thesis a formalism is developed for obtaining the geometric
phase and the Berry curvature, within the framework of the relativistic multiple scatter-
ing Korringa-Kohn-Rostoker (KKR) method and the density functional theory for the
calculation of the electronic structure of solids. The physical significance of geometric
phase is known to be featured, among others, to the anomalous Hall effect theory. The
Berry curvature which is defined by the Bloch states over the energy bands, stems from
the spin-orbit interaction and exhibits very strong variations in the points where the
degeneracy of the energy bands due to this interaction is raised. The formalism is ap-
plied in the case of the ferromagnetic bcc Fe, for which the numerical stability of the
method and the dependence on the spin-orbit interaction strength is examined in a se-
ries of numerical experiments. Finally, the temperature dependence of the anomalous
Hall conductivity is also studied.






ITepiAnyn

2ty mapovoa SIMAWUATIKE £pYasia avATTOGOETAL O POPUANLIOUOG EVPEDTG TNG YEW-
HeTpkng @aong (Berry phase) kat tng yewpetpikng kapmvhotntag (Berry curvature) yia
odnpopayvntikd vAkd, 0To TAaiolo TG OXETIKIOTIKNG LeBOSoL TOANamANG okédaong
twv Korringa, Kohn kat Rostoker (KKR) kat tng Oewpiag ovvaptnotakov tng mukvo-
TNTAG Ylat TOV VTTOAOYLOUO TNG NAEKTPOVIKNG SO G Twv oTepewv. H guowkr onpacia tng
YEWUETPIKNG PAONG Elvat yvwoTo 0Tt avadetkvietal, eTa&y dAwv, ot Bewpia Tov ave-
Hodov @arvopévov Hall. H yewpetpikr kapmulotnta, mov opiletal péow Twv KataoTd-
oewv Bloch mavw o711 evepyelakég (wveg, expéet amd TV aANAenidpacn omv-TpoxLg
Kat Tapovotalel TOAD LoXVPEG SIAKVUAVOELG OTA ONpeia OTIOV aipeTal 0 EKPUALOUOS TWV
evepyelakwv (wvwv Aoyw avtrg g aAAnAenidpaong. O @opualiopudsepapuoletarotny
nepintwon Tov owdnpopayvntikov bee Fe, yia v omoia e§etaletar n apBuntikn evota-
Beta TG neBodov kat 1 e€dptnon amod v WXL ™G aAAnAenidpaong omv-tpoxLdg oe
ta oepd and aplBuntkd metpapata. TéNog, peletdrar kat 1 eEdpTnon TG avopaing
ayoypotntag Hall and v Oeppokpaocia.
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Chapter 1

Introduction

The concept of geometric phase was first introduced by M. Berry in 1984 [1]. He dis-
covered that, when a system described by a parameter-dependent Hamiltonian evolves
adiabatically around a closed path, it acquires a phase. Because that phase results from
the geometrical properties of the parameter space, he named it geometric phase. How-
ever, it is more commonly established as Berry phase and, together with the Berry con-
nection and the Berry curvature, they are the basis of the Berry phase theory. The Berry
phase depends only on the geometry of the closed path and not on the parameter rate
of change on it, as long as the adiabatic approximation holds. Also, the Berry phase is a
gauge-invariant quantity.

Berry's discovery showed that the mathematical concepts of geometry and topology
can enter in many fields of Condensed Matter Physics. This helped into better under-
standing, predicting and discovering various effects [2]. Some of them are the family of
Hall effects in metals and insulators, the field of topological materials, the electric polar-
ization and the orbital magnetization.

As far as the interest of this thesis is concerned, the Berry phase theory gave the oppor-
tunity to reformulate the semi-classical equations of motion and interpret the anomalous
velocity in terms of the Berry curvature [3]. This led to attribute the intrinsic mechanism
behind the anomalous Hall effect to the Berry curvature that is derived from the occu-
pied Bloch states. The significance of this discovery was that it made possible to examine
the charge and spin transport properties in solids via first-principles calculations.

In this thesis, the Berry curvature of Bloch states is calculated within the KKR frame-
work, following the implementation of Gradhand et al. [4]. The studied system is the
ferromagnetic bcc Fe. Compared to [4], the Dirac equation is solved within the full-
potential scalar relativistic approximation, with the addition of a correction represent-
ing the SOC. Also, a different choice for the normalization of the scattering solutions is
made. Consequently, a new set of equations is derived for the Abelian Berry connection
and the Abelian Berry curvature. The equations are expressed in terms of the eigen-
vectors and the eigenvalues of the KKR matrix. The calculated Berry curvature is then
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2 1. Introduction

used to find the intrinsic anomalous Hall conductivity. It should be noted that the Berry
phase method is complementary to the Kubo-Bastin formula that was implemented by
Kodderitzsch et al. [5] in the relativistic KKR formalism within the Coherent Potential
Approximation (CPA) that treats chemical disorder in an element-specific manner.

This thesis is structured as follows. In Chapter 2, the general concept of Berry phase
is studied. Atfirstitisintroduced for an abstract quantum mechanical system and then it
is applied on the Bloch electrons of a crystalline solid. Also, the fundamental expressions
for the Berry phase, the Berry connection and the Berry curvature are presented.

In Chapter 3, the KKR Green function method is presented. Firstly, a brief definition
of the Green function is given. Afterwards, the single-site scattering problem is exam-
ined and then, the multiple scattering problem from all the atoms within the crystal is
solved. From the solution of the multiple scattering problem, follows the formulation of
the KKR wavefunctions.

In Chapter 4, the anomalous Hall effect is reviewed. Starting from an introduction to
its origins and a historical overview of its study, focus is given to the intrinsic mechanism
behind it. The semi-classical equations of motion are reformulated by considering a
wave-packet constructed from Bloch states, under the presence of external fields up to
first order. In this way, an expression for the anomalous velocity is derived in terms of
the Berry curvature. Last, for the electron transport problems, the intrinsic anomalous
Hall conductivity can be calculated from the Berry curvature.

In Chapter 5, the method to calculate the Berry curvature within the KKR frame-
work, developed for the purpose of this thesis, is described. The resulting equations for
the Berry connection and the Berry curvature depend on the eigenvectors and the eigen-
values of the KKR matrix. The normalization of the KKR wavefunctions implies a special
treatment for the calculation of the derivative of the eigenvectors. This treatment is also
analyzed. Moreover, the KKR representation of matrices which appear in the relations
for the Berry curvature is presented. The matrices contain an integration over the unit
cell, which is also treated specially in the KKR framework, because of the entrance of the
shape functions and the expansions in spherical harmonics. A method to calculate vec-
tor matrices with integrals of four spherical harmonics is developed. Finally, the relation
to calculate the anomalous Hall conductivity from the energy resolved Berry curvature
is introduced.

Chapter 6 contains the results of the calculations for the ferromagnetic bcc Fe. At
first, the Berry curvature at the Fermi surface is studied. Then, the energy resolved Berry
curvature is examined. In the end, the anomalous Hall conductivity is calculated. In
the discussion of the results, the dependence of the Berry curvature on the spin-orbit
coupling is understood. Furthermore, the behavior of the Berry curvature under the
scaling of the spin-orbit coupling strength is seen and a comparison to other works is
made.



Chapter 2

Berry phase in quantum mechanics

The basic aspects of the Berry phase concept introduced in the following Chapter are
based on the Refs. [2] and [6].

2.1 Berry phase and adiabatic evolution

At first, a quantum system described by a Hamiltonian that depends on a parameter
set A = (A, Ay, ...) is considered. The Hamiltonian #(X) and its discrete eigenspec-
trum {e, () } are assumed to be smooth (have continuous derivatives) and unique func-
tions of A in the parameter space. For the instantaneous set of eigenstates {|nA) } of this
Hamiltonian holds

H(A)[nA) = e, (A)[nA). 2.1)
The eigenstates {|nA)} are not completely determined from (2.1), as an arbitrary A-
dependent phase factor of {|nA)} is still allowed. This arbitrariness can be removed
if the following gauge transformation is made

InA) = M), (2.2)

The arbitrary complex phase factor (,, (), also called gauge, is considered smooth and
single valued along these regions of the parameter space. The freedom of choice between
{InA)} and {|nA)}’ is called gauge freedom.

During the time evolution of the system, the parameter A(?) is considered to move
along a closed path C in the parameter space, with a period 7" such that A(0) = X(T').
The time-dependent Schrodinger equation of the system is

HOO0) = i (1) @)

The system is considered to evolve according to the adiabatic approximation [7], which
means that it remains in its instantaneous eigenstate throughout the time evolution. A
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4 2. Berry phase in quantum mechanics

state |¢)) can be written as
(1)) = e WemeamOinx(t)), (2.4)

where agy, () = 3 fg en(t")dt’ is the dynamical phase obtained due to the time evolution.
The first exponential term is the geometric, or more commonly known as Berry phase. By
demanding that [¢(t)) satisfies (2.3), 7, is given by [1]

Yn = z‘]{(n)\|v>\|n/\)d)\. (2.5)
c

Thus, the Berry phase depends only on the geometric properties of the closed path C
and is independent of the way that A(¢) varies in time, as long as it is slow enough
for the adiabatic approximation to hold. It is obtained due to the variation of the state
with the changing Hamiltonian. It follows from the normalization (nA|nA) = 1, that
(nA|Va|nA) = —(nA|Va|nA)* for any A, so Berry phase is a purely real quantity.

In the gauge transformation considered in (2.2) the phase €**() is single valued,
since along the closed path C

Cu(A(0)) = Gu(A(T)) = 27 X integer. (2.6)

So the gauge transformation (2.2) yields for -,

Yo = Tn — 7{ dCy, = Yn- (2.7)
C

This means that the Berry phase is a gauge-invariant quantity. The fact that M. Berry
chose the parameter A to move along a closed path C gave physical meaning to the geo-
metric phase. For a simple, constant in time, parameter-dependent Hamiltonian, only
the dynamical phase avy,, (t) occurs after time evolution. If the Hamiltonian evolves in
time according to the adiabatic approximation but the path C is not closed, then a geo-
metric phase also occurs, but it can be canceled out by a suitable gauge choice. A more
detailed analysis about the geometric phase can be found in [7].

2.2 Berry connection and Berry curvature
The expression for the Berry phase (2.5) can be written in the form
= AN 2.9
c

where the Berry connection A,, is introduced as the vector field

A, (A) = i(nX|Va|n). (2.9)



2.2 Berry connection and Berry curvature 5

It is obvious that the Berry connection is a purely real quantity. Although, unlike the
Berry phase, it is not gauge-invariant and thus not observable. A gauge transformation
(2.2) for the connection gives

A, = A, — V(. (2.10)

The Berry curvature €2, is defined as an anti-symmetric, second-rank, field tensor
with components

QL(A) = Dy, AT(X) — Oy, AT(N) = —21m<im

Ai

0
a—Ajn)\>. (2.11)

By its definition, the Berry curvature is purely real and gauge-invariant under the gauge
transformation (2.2), so it is also observable. If the parameter space is three-dimensional,
with the help of Stoke's theorem, the Berry phase (2.5) can be written as

T = 7{ A, (A)d\ = / Q. (A)dS, (2.12)
C S
so Berry curvature can be seen in a pseudovector form as

Q,(A) = Va x A, (A). (2.13)
The Berry curvature components are related to its tensor form via the relation

Q = %el-jkayk, (2.14)
with ¢, the Levi-Civita anti-symmetric tensor. In analogy to electrodynamics, £2,, can
be seen as a vector field derived from the vector potential A, and 7, as the flux of €2,
through S.

A more computationally useful relation for the Berry curvature can be obtained, if
it is expressed in terms of the eigenstates of the Hamiltonian. With the help of the com-
pleteness relation of the eigenstates set, the equation (2.13) can be written as

Q,(A) = —Im(VnA| x |VanA) (2.15)
= —Im Y (VanAlmA) x (mA|VanX). (2.16)
m#n

Using the relation (nA|mA) = 0,,,,, follows that (nA|VamA) = —(VanA|mA). Then,



6 2. Berry phase in quantum mechanics

together with the fact that the Hamiltonian operator is Hermitian, (2.1) gives
VAH(A)[nA) + H(A)VanA) = Vaen(A)[nA) + €,(A)|[Vand)
(2.17)
22 (mAIVARN) 1) + 6 (N (mAVAnA) = (A (mA[VanA) (218)

<m)"VA7:l (A)[nA)

A) = fa :
= (MA|VanA) ) () or m#n
(2.19)
Therefore, for the Berry curvature yields
Q,(A) = —Im Z (MA|VAH(A)|mA) x <m)\|V>\’H()\)|n}\>. (2.20)

P [nX) — (A

The latter equation is very useful for numerical calculations because only the diagonal-
ization of the Hamiltonian is needed and the differentiation of the eigenstates is avoided.
The eigenvalue difference in the denominator denotes that when two eigenvalues are
close the Berry curvature becomes larger and even diverges. This happens at degeneracy
(€, = €mn) and near degeneracy (¢, =~ €,,) points of the energy band. Those points can
be seen as the sources of Berry curvature around them. Far from degeneracies, the Berry
curvature is rather small causing its shape to be similar to a J-distribution function. In
analogy to electrodynamics, those degeneracy points can be seen as monopoles in the
parameter space.

The above discussion is restricted only in the case of a non-degenerate eigenvalue
spectrum which is also known as Abelian case. If there exists an N-fold degeneracy in
the eigenvalues, then one deals with the non-Abelian case. In contrast to the Abelian
Berry curvature which is a vector, the non-Abelian Berry curvature is a vector-valued
matrix in the N-dimensional parameter space. The matrix elements of the non-Abelian
Berry curvature are given by

Q?\M;O‘) = a>\i Rf,j()‘) - a)\j 7\1@(}‘) + [ ?v,i(A% 7\[,]‘()‘)]7 (2.21)

where for N = 1 it is reduced to the Abelian case. The concept of the non-Abelian case
is beyond the context of this thesis and so it is no further discussed.

2.3 Berry connection and Berry curvature for Bloch elec-
trons
Moving forward from the introduction of the Berry phase to an abstract quantum

system described by a parameter-dependent Hamiltonian, in 1989 Zak [8] proved the
occurrence of the Berry phase effect in crystalline solids.



2.3 Berry connection and Berry curvature for Bloch electrons 7

The band structure of a crystal is determined by the single-electron Hamiltonian
H=_——+V(r), (2.22)

where V(r) = V(r + R) is the periodic potential and R is the Bravais lattice vector.
The Bloch's theorem implies that the single-electron wavefunctions can be written in
the form

V() = €™ (1), (2.23)

where wu,,x have the periodicity of the lattice
unk(r) = unk(r + R) (224)

The discrete index n corresponds to the energy bands, while the wavevector k is restricted
inside the Brillouin zone (BZ). Then, over the unit cell, the wavefunctions satisty the
periodic boundary conditions

Vuk(r + R) = ™R (x). (2.25)

At this point, the system does not meet the requirements of the Berry phase theory as
it is described by a k-independent Hamiltonian (2.22) and k-dependent boundary con-
ditions (2.25). In order for the Hamiltonian to be k-dependent, the following unitary
transformation is made

(p+ hk)?

H(K) = e M H ek = + V(r). (2.26)

2m

Then, instead of solving the eigenvalue problem

ﬁwnk<r) = 6nk¢nk<r)7 (227)

the following is solved
H(K)uni (1) = €pctini (). (2.28)

The transformed 7 (k) is also mentioned as the Hamiltonian in crystal momentum rep-
resentation. The eigenvalue problem (2.27) is now rewritten in terms of an eigenvalue
problem of a k-dependent Hamiltonian which can be studied within the Berry phase
concept.

If the Brillouin zone is considered as the parameter space of the wavevector k, then
from (2.5) the Bloch states pick up a Berry phase

Yn =1 f (| Vet ) dk. (2.29)
C
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For non-degenerate Bloch bands n (Abelian case), the corresponding Berry connection
according to (2.9) is
A (K) = (| Vi), (2.30)

while from (2.13) the corresponding Berry curvature is
Qn(k) = Z(Vkunkl X |Vkunk>. (231)

As described above, the Bloch states exhibit an inherent Berry phase for the reason
that the wavevector k varies continuously in the Brillouin zone. Berry phase can also
appear when k is perturbed by externally applying small, electric or magnetic, fields.
Therefore, the Berry phase concept contributes in the proper description of the dynamics
of Bloch electrons.



Chapter 3

The Korringa-Kohn-Rostoker (KKR)
Green function method

In 1947 Korringa [9] and in 1954 Kohn and Rostoker [10] introduced the Korringa-
Kohn-Rostoker (KKR) multiple scattering method for the calculation of the electronic
structure of materials. Firstly, the scattering properties of each atomic scattering site
are determined, resulting in a single-site scattering matrix. Then, the multiple scatter-
ing by all atoms in the lattice is taken into account, by demanding that the incoming
wave at one lattice site equals the sum over the outgoing waves from all other scatter-
ing centers. Although, this method was introduced as a wavefunction method, later it
was reformulated as a Green function method [11--14]. The Green function of the lat-
tice is being calculated from the Green function of free space via the Dyson equation.
The adopted formalism for the KKR Green function method in this thesis is outlined in
references [15--22].

3.1 Definition of the Green function

For a quantum mechanical system the Hamiltonian operator in real-spin space is
H=K®6+V (3.1)

where, K is the kinetic energy operator, 0 the identity operator in spin space and V the
potential operator. For this system, the Green operator is defined as

(E—-H)G(E) =1 (3.2)
In terms of the eigenfunctions v; and the eigenergies ¢; of H, the (retarded) Green
function can be expressed in its spectral representation in real-spin space

)o7 (v

GU’”/(r, r;F) = (r, U|Q(E)|r’, o) = Z wE’,(i . (3.3)
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with ¢ € {1,]}. In the limit of ' — 07, the Green function represents an outgoing
wave at r, generated by a source at r'. Due to the small imaginary part ¢I', the Green
function has poles for real energies, but is analytic for ImZ > 0. For this reason, energy
integrals of the Green function converge by a transformation to contour integrals closed
in the upper complex energy plane.

From the latter equation, the imaginary part of G can be related to the spectrally
space- and spin- resolved density of states n,,(r; F). After space integration and by using
the Dirac identity, the spectral density of states is obtained

ne(r, E) = —lImG"(r7 r; F). (3.4)
7r

3.2 The Voronoi construction

In order to calculate the Green function in the KKR formalism a division of the space
into atomic cells centered at the nuclei is needed. This is realized by a Voronoi construc-
tion which assigns each space point to its closest atomic cell. After this division, the
Green function of each atomic cell is being calculated individually. Then, for the full
Green function of the crystal, only a connection of all the atomic solutions is needed.
The space division is performed by defining a real space vector x as

x=r+R,, (3.5)

where R,, is a lattice vector and r is locally defined only within a cell n. The Voronoi
construction of the atomic cells and the system of coordinates are shown in Fig.(3.1).

The division into individual atomic cells is also taken into account for the calculation
of the crystal potential

(3.6)

V(r+R,), ifr+R, € cell
Vi) = Y VxR, vn<r>={ (o Ba), Hx 4 Ry & celln

0, otherwise.

For integrals where the the domain of integration is restricted to the volume of the
atomic cell, the shape function ©"(r) of each cell is introduced [21]

0" (x) 1, ifr+R, €celln (3.7)
r) = .
0, otherwise.

In systems with more than one atom per unit cell, an additional vector x/, is needed
to define the position of the uth atom within the unit cell. Then the real space vector is
written as

x=r+R, +x, (3.8)
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and the crystal potential as

(3.9)

Vo (r) — V(r+R, +x,), ifrecell{n,pu}
- 0, otherwise.

’;l |

Figure 3.1: Illustration of the atomic cells (blue lines) found by the Voronoi construction. In
the center of the cells the crystal atoms are shown in gray color.

3.3 Scattering theory

3.3.1 Single-site scattering

First the case of scattering from the potential of a single atom in free space is being
studied. The Hamiltonian of the reference potential consists of only the kinetic energy
operator. The spin degree of freedom can be neglected for this case because the Hamil-
tonian is identical for the two spin states. The eigenfunctions of free space are incoming
plane waves

di(r) = (t|n) = ™ (3.10)
= A jy(kr)YL(7) YL (F). (3.11)
L



12 3. The Korringa-Kohn-Rostoker (KKR) Green function method

The plane waves are expanded in real spherical harmonics Y7, (%), with expansion coef-
ficients given by the spherical Bessel functions j;(x). In the angular momentum repre-
sentation the multiple index L = (I, m) is used, together with x = |k| = \/E} in atomic
Rydberg units (h = 1,e* = 2,m, = 1/2,c = 2/a ~ 274).

The Green function of free space is

(0, ) = —— e (3.12)
TR = Ty r—r/| :
1 -~ A
= — 2 Yi(P)ale rs )Y, (). (3.13)
L

The Green function is also expanded in real spherical harmonics, with expansion coeffi-
cients defined as

g(r, s E) = ke’ (007 — r)ji(kr) (k') + 0(r — ") (kr) (k1) ] (3.14)

where h(kr) are the spherical Hankel functions.
If a perturbing potential of finite range V embedded in free space is considered, its
representation in real- and spin-space will be

, V‘m, Y (Y (#)o(r — "), iflr| <R
Va'o' (r7r/>: l%’ LL ( ) L() L( ) ( ) | | (315)

0, iflr]| > R.

The Lippmann-Schwinger equation for the eigenfunctions of the corresponding Hamil-
tonian in spinor form is

\I’k,s( ) — ezers + /dr'dr'/g(r, r’)V(r’,r”)\Ilkﬁ(r”), (3.16)

where s € {1,]} and V(r/,r”) is a (2 x 2) matrix in spin space. The eigenfunctions
W, s(r) are (2 x 1) spinors in Schrodinger-Pauli theory, or (4 x 1) spinors in Dirac
theory.

The eigenfunctions are expanded in real spherical harmonics as [22,23]

‘Pks Z47TZlRS YL(]%) (317)

Z “R3,, (1 E)Yu (7). (3.18)
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By replacing the expansions in Eq.(3.16), the Lippmann-Schwinger equations for the
scattering solutions are produced

Ry (r; E) = Jp(r; E)op 1x” +Z/dr gr(r, 7" EYV e (r"RS, (7" E) (3.19)

Ll/

Siyp(r; B) = Hi(r; )37, (E ‘f'Z/dT gu(r,r"s EYVppn(r")S3up (7" E),

L//
(3.20)

where 3 matrix is defined as

BiL(E) =0 1Xx* — H/dT’/JL(TIQ k) ZVL’,L’/(TI)SSL”L(TI§ E) (3.21)
I

and the abbreviations J.,(r; E) = rjp(kr) and Hp(r; E) = rhy(kr) are used. The
scattering functions Ry (r), Sy (r) are called, respectively, regular (converge when r — 0)
and irregular (diverge when » — 0) right solutions of the radial Lippmann-Schwinger
equation. They are (2 x 1) spinors in Schrodinger-Pauli theory, or (4 x 1) spinors in
Dirac theory. Similarly, there exist regular and irregular left solutions, R, (r) and Sy (r)
respectively [22,23]

RS, (r; E) = Jp(r; E)or X +Z/dr”RSL,,L( " EYVpip(rgr(r”,ry E) (3.22)

LII

SLL’(T E) ﬂLL/( )HL T E + Z/dr” z”L ;E)VL’/L’<T//)gl/<T//,T; E),

Ll/
(3.23)

where (3 matrix is defined as

BZL/(E) = (SLJJ/XS — /i/dr/RZL// 7’ E ZVLH L’ HL/ 7’ E) (3.24)
L//
The left solutions are (1 x 2) spinors in Schrédinger-Pauli theory, or (1 x 4) spinors in
Dirac theory.
In this scattering problem, the Green function can be expanded in terms of the cor-
responding right and left scattering solutions, yielding the expression

Gip(rr E) = HZ [ ' —1)RE 10 (15 B)Sp, (7 E)+0(r—1")S5 1 (r; E)RS 1. (7 E) |
L//
(3.25)

For the atomic transition matrix (¢-matrix), the expression which occurs after expan-
sion into spherical harmonics and integration over the angular part is

A ZZ / drés o Ji(r; E)V[ @ (RS (13 E). (3.26)

o,0’ L
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3.3.2 Multiple scattering theory

Next the case of multiple scattering from all the atoms within the crystal is studied.
A set of identical scatterers at lattice positions R,,, withn = 1, ..., N, is considered. The
periodic potential is given by

Vo (r 4 Ry, ¥ + Ry) = 0,0V (r,¥), (3.27)

where V77 (r, ') is the single scattering potential of each identical atomic cell. The fol-
lowing analysis is based on the demand that the incoming wave at site n equals the sum
over the scattered waves from all other sites .

The expansion coefficients of the Green function of free space for the multiple scat-
tering problem, or also called structure constants, are evaluated from

grr = =001 (L = 6 )dmi > i Crp by (R, — Ry E), (3.28)
L//
where the Gaunt coefficients Crpp» = [ dQY (7)Y (7)Y7. () and the multiple index
A= (L,s) = (I,m, s) are introduced.
The Green function for the periodic set of identical scatterers has the form [23]

Gr+R,, ' + R E) = 0,wG*(xr,Y; E) + Z Ra(r; EYGW(E)Ru (Y E). (3.29)
AN

The first term refers to the single site problem, while the second term refers to the mul-
tiple scattering problem. The coefficients G7%, (E) are called structural Green functions
and they are determined, with the help of the structure constants, by the Dyson equation

W (B) = i (B) + ) gk (B)tRonn (B)GRuiy(E). (3.30)
! AT
The physical meaning of the latter equation can be seen if the sum is expanded. An
electron can travel from site n’ to n directly, or after being scattered by one site, or by
two sites, etc.
The generalization to systems with more than one atom in the unit cell is made by
introducing the basis vector x,, with © = 1, ..., Ny, which indicates the position of the
pth atom within the unit cell. Then the potential around the cell centers has the form

Vo (r+ Ry + X ¥+ Ry 4 X) = GO V77 (1,1). (3.31)

Because of the periodicity of the scatterers, the quantities needed for the determina-
tion of the crystal structure depend on the relative position of the scatterers. This be-

comes evident by a Fourier transformation of the structure constants g/’(‘f\l,, (k, E), which
yields an expression that depends only on the geometry of the lattice

G B) = 3 g (B Rt R ) (3:32)
n'#n
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The calculation of the structure constants and the ¢-matrix is performed in k-space
for constant energy F, with a cutoff at | = l;.x. The [ is determined as the [ after
which the ¢-matrix becomes negligible.

The band structure of the crystal £ (k) is determined by the KKR secular equation

[17]
Z |:5A,A’6p”u ZgAA// k E tA”A’( ) Clil//\/ = 0. (333)

A/7M/ Al/

In practice, the secular equation is treated as en eigenvalue problem
M(k, E)C,, = \Ch, (3.34)

where the KKR matrix is introduced. The band structure points, for which the secular
equation is fulfilled, are the pairs (k, F') which correspond to a vanishing eigenvalue
An = 0.

3.3.3 KKR wavefunctions

The Bloch wavefunctions at a certain energy F, in a cellaround X, that emerge from
the KKR multiple scattering theory are

r+x,) = Z C \R\(t; E) for E,(k) = E, (3.35)

where n denotes the Bloch band which corresponds to a vanishing eigenvalue.
The normalization of the wavefunctions implies that

(| W) = 1. (3.36)
From Eq.(3.35) it follows that
t f 1
(T | ) = < ol ) ) ( Vir +,.) ) (3.37)
‘Ijnk(r + Xu) \Ijnk<r + X,u)

=> Z/V dr |7, (r + x,)|? (3.38)
o p

=X / dr " (1) U7 (r + X, ) Ui (r + ), (3.39)
o p

where the integration over the volume V* of the atomic unit cell at site /. is extended to
full space by using the shape functions ©*(r). The regular solutions R7*"(r; F') and the
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shape functions are expanded into real spherical harmonics

gS 1 agSs ~

RIM(tE) = —RE(r E)Yy(7) (3.40)
= O (r)YL(#) (3.41)

L

so, the wavefunctions are expanded as

nrx,) = Z RS (r: E)C2t (3.42)
= Z ;szf(r; E)Yy (7)C. (3.43)

L'\Ls

The normalization equation becomes then [16]

(W | 1) = ZZZC&* pis i Ol with (3.44)
ss’ LL'
E) = Y Coms, / Z[R‘ﬁf(r; E)) R E) Op,(r). (3.45)
L1,Lo,L3

In practice, the numerical eigenvalue routine that diagonalizes the KKR matrix re-

turns the eigenvectors C’k, which have euclidean norm CTCk = 1. Those eigenvectors
need to be normalized correctly in order for the wavefunctions to fulfill the normaliza-
tion condition. The correctly normalized eigenvectors are

1
ﬁ — —
P = ZZZC&* sk = Cf G (3.47)

ss’ LL'

O = ——C*  with (3.46)

The norm P of the wavefunctions is a vector-matrix-vector product. Both P and the ma-
trix p are calculated once per energy. Also p does not depend onk, so it is calculated once
for a given energy. For p, the spherically symmetric contribution L3 = 0 is calculated
separately from the non-spherically symmetric. In that case, the Gaunt coefficients are
CryLo0 = \/%5 L,.1, and the shape functions are ©f(r) = v/47. So for the spherically

symmetric contribution

P (E Z = / ar ST [REH(r B)]” RV ) O0(r). (3.48)
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3.4 Spin-orbit coupling (SOC)

Spin-orbit coupling (SOC) is the relativistic interaction of a particle's spin with its
motion inside a potential. In the frame of reference of a moving electron inside the
electric field E of nucleus, the magnetic field B ~ v x E which is created, couples to
the electron's magnetic moment due to its intrinsic spin. As a purely relativistic effect
it is described by the fully relativistic Dirac equation. From this equation, in the non-
relativistic limit an additional term is extracted which couples the electron's magnetic
moment o to its orbital momentum L. That term can be treated as a correction to the
Schrodinger equation and is described by the Hamiltonian

- B eh  1dV(r) B
Hsoc = 4M(7“)202; o L-o=((r)L-o, (3.49)

where M(r) = m + 55 [E — V(r)] is the enhanced relativistic mass close to the core.
The factor ((r) is called spin-orbit coupling parameter and determines the strength of the
spin-orbit coupling. The potential V' (r) is the average spin-up and spin-down potential,
ie. V(r) = @ The most important contribution to the potential comes from the
strong nuclear electric field and because of that spin-orbit coupling is stronger in heavy
atoms. Moreover, the dependence on L implies that s-electrons are unaffected by the
spin-orbit coupling, whereas p orbitals experience stronger spin-orbit coupling than d
or f orbitals because they are closer to the nucleus. The above formalism and details for
spin-orbit coupling is based on [24] and Chapters Al and B6 of Ref. [25].

The total Hamiltonian consists of the Schrodinger equation plus the spin-orbit cou-
pling correction term and it can be seen as a (2 X 2) matrix in spin-space

tot tot sSocC SoC
(e s )= (76 50, )+ (Giboe jakbe ). o0
[E A Y] W n W
For the purpose of numerical experiments, a multiplicative constant is included

Hsoo — € - Hsoc (3.51)

that may strengthen or weaken the spin-orbit coupling (£ = 1 corresponds to the regular
SOQ).



Chapter 4

Anomalous Hall effect (AHE)

4.1 Introduction to the origin of AHE

The following review of the aspects of AHE and its origins is based on Refs. [2, 17,26,

]. In 1879, E. Hall discovered the ordinary Hall effect (HE) [28]. He noticed that the

longitudinal current flowing in y-direction through a conductor is curved towards the

transverse z-direction, when an external magnetic field / is applied along the vertical

z-direction. Due to the Lorentz force, the electrons approach the transverse side of the

conductor, generating a finite transverse voltage, also called Hall voltage. The resulting
Hall resistivity p,, is proportional to the external magnetic field and can be written as

Py = ROH27 (4~1)

where Ry is the Hall coefficient which, in the simplest case, is related to the carrier density
nas Ry = —%.

Later, in 1880, E. Hall noticed that for ferromagnetic materials the emerging Hall
current was larger than in non-magnetic materials [29]. That contribution is known as
the anomalous Hall effect (AHE). An experimental relation established for the total Hall

effect in ferromagnetic materials, with sample magnetization M along the z-axis, is
Pay = RoH, + 4T R M., (4.2)

where R; is the material-dependent coefficient of the anomalous Hall resistivity. The
second term is the anomalous contribution which is proportional to the sample magne-
tization and, usually, is larger than the ordinary contribution.

Although the origin of HE was attributed to the Lorentz force on the moving elec-
trons under magnetic field, the origin of AHE was unknown for years after its discovery.
The first successful explanation was given by Karplus and Luttinger in 1954 [30], who
stated that the spin-orbit coupling is the mechanism behind AHE. Under the presence of
an external electric field, electronic states with spin-orbit coupling acquire a transverse

18
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anomalous velocity. Also, they suggested that the resulting anomalous Hall resistivity is
related to the longitudinal resistivity as p,, o p2,. This contribution is called intrinsic,
as it depends only on the band structure.

In 1955, Smit proposed the skew-scattering as the main mechanism behind AHE
[31,32]. The moving electrons are scattered by the presence of impurities and defects.
The spin-orbit coupling causes an asymmetry in the scattering rates of electrons of dif-
ferent spin which creates a preferred average scattering direction, leading to a transverse
current. He also stated that this mechanism scales as p,,,, o< p,, in terms of the longitudi-
nal resistivity. In 1970, Berger proposed the side-jump mechanism [33] as a contribution
to the AHE. According to Berger, the electrons undergo a sudden coordinate shift during
scattering by an impurity, leading, also, to an asymmetric scattering process. His mech-
anism predicts p,, o p2,, in compliance with the intrinsic contribution. Although it
is caused by the impurity scattering, the side-jump mechanism is independent of their
concentration. The skew-scattering and the side-jump mechanisms are called extrinsic
contributions to the AHE, as they are purely impurity and disorder effects.

In the recent years, after the establishment of the Berry phase concept, the study of
AHE was promoted significantly. It was understood that the anomalous velocity of the
intrinsic mechanism stems from the Berry curvature of the occupied states. The Berry
curvature acts as an effective magnetic field in the momentum space which modifies
the motion of the electrons, leading to the intrinsic AHE. Thus, it became possible to
evaluate the intrinsic AHE from band structure calculations. Studies in ferromagnetic
materials and semiconductors came to agreement with experimental results for several
materials [34--38]. A more insightful consideration was made by Haldane [39], who
stated that the intrinsic contribution to AHE could be calculated from the Berry curva-
ture of quasi-particles on the Fermi surface. Therefore, it is a Fermi surface property
and the demanding calculation of the Berry curvature over the entire Fermi sea is not
needed. Implementation of Haldane's approach [40] came in agreement with previous
theoretical and experimental results.

In conclusion, it is supposed that both the intrinsic and extrinsic contributions in
general coexist [41] behind the origin of AHE. In the clean sample limit, the scattering re-
laxation time is very large and the extrinsic skew-scattering mechanism dominates. The
intrinsic contribution is independent of scattering and plays an important role in every
occasion. It is most enhanced when the Fermi level is located near avoided crossings of
electronic bands due to spin-orbit coupling.
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4.2 Semi-classical electronic transport

4.2.1 Equations of motion

The dynamics of Bloch electrons, in the presence of weak external electric E or mag-
netic B fields, can be studied under the semi-classical theory, on the wave-packet ap-
proach.  In this approach, wave-packets are constructed from Bloch states
Unk(r) = €™ u,(r), which are the eigenfunctions of the unperturbed lattice Hamilto-
nian H, = % + V(r), with dispersion relation e, (k) for the n-th band. The resulting
equations of motion describe how its center of mass (r., k.) moves in phase space. The
wave-packet is considered strongly centered at k., with small k-spread compared to the
Brillouin zone. On the other hand, the uncertainty principle requires that the r-spread
is larger than the lattice constant. If the external fields are weak enough, they evolve
in space slowly compared to the spread of the wave-packet, and even more slowly com-
pared the lattice constant. In this case, they can be treated as classical perturbations.
However, the spatial variations of the periodic potential take place in dimensions much
smaller than the spread of the wave-packet, so they are treated in a quantum-mechanical
manner. The semi-classical equations of motion which arise under these conditions are

.  Oen(k.)
fo = valke) = 5 (4.3)
hk,= —cE—et. x B. (4.4)

The first equation is the common expression for the group velocity of the unperturbed
band structure. The second equation describes the dynamics under the influence of the
Lorentz force of the external fields. In the presence of constant electric E = (0, E,, 0)
and magnetic B = (0, 0, B,) field, the above equations yield the ordinary Hall resistivity
Pzy < B.. However, the above formula fails to explain more complicated phenomena
as, for example, the AHE.

In order to derive a more efficient semi-classical formula, it is needed to take into
account the presence of the external fields up to first order. The first derivation was suc-
cessfully made by Chang and Niu [3] and a later generalization was made by Sundaram
and Niu [42]. The following analysis is presented in [7]. The wave-packet is constructed
from Bloch states as

Wo) = /B dkw( Ol (4.5)

The weight function w(k, ¢) is strongly centered atk. = [, dk |w(k, t)|?k, and its phase
arg(w(k, t)) must satisfy r. = (Wy|r|Wp). With the help of the identity [43]

(e ) = 0k — K). A (k) — i 5 5k~ ), (46)
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where A, (k) is the Berry connection of the Bloch states, the expectation value of r in the
wave-packet can be written as

r. = <W0|I‘|W0> (47)
= / dk / AR |w (K, £)|[w (K, £) | (e | 1| 1) 12780 Gt margw(I,6)] (4.8)
BZ BZ
= / dk / dk'yw(k,tmw(k',t)\[5(k-k’)Aﬂ(k)—zﬁa(k k’)} (4.9)
BZ BZ ak
« eilarg(w(kit)) —arg(w(K',t))] (4.10)
:/ dk|w(k, )2 A, (k) (4.11)
+i / dk / dK'6(k — K) 8{|w(k t)]|w(K, )\éhrg(w(kmafg<w<k”t>ﬂ}
BZ BZ
(4.12)
— [ k0P A0) [ dkulicn? 5 argluli. o). (413)
BZ BZ ak

yielding the expression

ro— A (k) - (w(k,, ). (4.14)

Ik,

In general, the equations of motion for r. and k. can be derived from the time-
dependent Schrodinger equation for the wave-packet. The Schrodinger equation can
be conveniently obtained by using a time-dependent variational principle (TDVP) from

the Lagrangian [44]
e={w

where d/dt means the derivative with respect to the time dependence of the wave func-
tion explicitly or implicitly through r. and k.. The Hamiltonian H under the presence
of electromagnetic fields is

m—‘w> (W|H W), (4.15)

H = % [P+ eA(r, m2 +V(r) —eo(r). (4.16)

The vector potential and the scalar potential of the external fields are denoted by A and
¢ respectively. At the center of the wave-packet, A can be locally gauged away by the
gauge choice

W) = e nACDr| ). (4.17)
Then, the energy of the wave-packet is

(WIHIW) = (Wo|H [Wh), (4.18)
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where
7:[/ _ 6i%A(rc,t)r 7:[ e—i%A(rc,t)r (4.19)
1 ..
= 5 AP+ elAr, 1) - A(r. O} + V(r) — e o(x). (4.20)

For A, the gauge A(r,t) = 1B x r — E - t is chosen, which up to first order in (r — r,)

=3
gives
}l’:ﬂ(ﬁﬁ[}; x (r—r.)-p+ Hc] —eo(r), (4.21)

where H.c denotes the Hermitian conjugate. Therefore, the energy of the wave-packet
can be written as

(&

(Wo|H'|[Wo) =~ en(k,) + —B - L, (k.) — e ¢(r), (4.22)

2m

where L,,(k.) = (Wy|(r — r.) x p|Wp) is the orbital angular momentum of the wave-
packet about its center of mass r.. Also, the time derivative term is calculated as

(w

According to Eq.(4.14) and if total time derivative terms are neglected, the final form for
the effective Lagrangian is

0

Gy = e Alret) x g gl ) (423)

E(rca kcv l..cu kC? t) = hkc ' I.'c —€ l.'c ' A(I‘C, t) + hkc : An(kc) +e (b(rc) - En<kc>7 (424)

where the unperturbed band energy ¢, (k.) is modified by the magnetization energy
5B - Ly (k,.), leading to a total band energy E,,(k.) = €, (k) + 55B - L, (k.).
Finally, the equations of motion are derived from the Euler-Lagrange equations

4OLY 0L OBy OE
at\or.) or. = 0 dat\ok.) ok '
resulting to
o= o ke X (k). (4.26)
hk,= —eE—ect. x B, (4.27)

where €2, is the Berry curvature of the Bloch states. It is clear that, compared to (4.3),
the expression for the velocity contains also the anomalous velocity term and the modi-
fication of the band energy due to the magnetization energy.



4.2 Semi-classical electronic transport 23

In the case of a ferromagnet subject to a constant external electric field E and in the
absence of magnetic field B, the latter equations of motion can be written as

Oen(ke) e
c= —E x Q, ; 4.28
hik, = —¢E, (4.29)
where the anomalous velocity is v (k.) = £E x €y, (k.). This term is transverse to the

electric field and gives rise to the intrinsic AHE. Going beyond Karplus and Luttinger,
the semi-classical description can describe how the intrinsic AHE stems from the Berry
curvature of the Bloch states.

4.2.2 Electron transport

The electron transport in solids can be described by the Boltzmann equation within
the semi-classical approach. The Boltzmann equation determines the evolution of the
non-equilibrium distribution function g = g(r,k, t) of Bloch electrons, which are accel-
erated by external fields. The total rate of change for g is written as

dg 0g . - g

The changes in ¢ are caused by the semi-classical dynamics and, also, by collisions at
impurities or phonons. In the steady state, the total rate of change must be equal to the
collision term, i.e. % = <%)coll' Therefore, in the relaxation time approximation for

dt ot
the collisions, i.e. g — f = Ae!/™ the steady state g obeys the Boltzmann equation [7,45]

. 8gnk ] agnk fnk — Onk
r- k- = 4.31
or + ok Tnk ’ ( )
where 7, is the relaxation time and f,x is the Fermi-Dirac equilibrium distribution func-
tion of the Bloch state k, with band index n.
In order to describe the intrinsic AHE, the presence of a constant electric field E is
considered. The center of mass (r., k. ) of the wave-packet constructed in 4.2.1 is further

simply denoted as (r, k). Then, up to first order in E, the solution of (4.31) gives

e Oenfu

= CE. ik
Gnk fnk + Tnk A ok 8en

(4.32)

According to the linear response theory, the charge conductivity tensor o, is defined as

Jo.=o0.E. (4.33)
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The electric current density is given by

e
Jo=—+ %;gnk Vok (4.34)
e
_ K G Vi, 435
T ;/BZ Gnk Vnk (4.35)
€
- K Gk Vo, 436
(271')3 ;/Bz Gnk Vnk ( )

where V' is the crystal volume, V is the Brillouin zone volume and v, is the electron
velocity which is given by the term r. in (4.28). By inserting the semi-classical equations
of motion (4.28) and up to first order in E, the resulting expression for the electric current
density is

e? e’r Oen . 0€n Ofnk
=-EX —— k frx Qn(k) — —= k—E ———, (4

with the approximation 7,,x = 7 = const.

An expression for the conductivity tensor can be deduced from (4.37), in combina-
tion with (4.33). The second term of (4.37) yields the symmetric conductivity tensor,
which depends on the properties of the system near the Fermi energy. The first term of
(4.37) gives the anti-symmetric conductivity tensor

c e’ k o
CijkOij = _W zn:/BZ dK frx Qn(k)7 where (17]7 k:) = {xvya Z} (4.38)

Thus, the modern view on the origin of the anomalous Hall effect and the spin Hall
effect (SHE) can be summarized as follows [46]. In ferromagnetic systems, where the
time-reversal symmetry is broken and the space-inversion symmetry is present, the non-
vanishing total Berry curvature of the occupied Bloch states 2(k) = > Q,,(k) creates a

transverse charge current for each spin direction. If the magnetizatio?n is finite M # 0,
the number of spin-up electrons differs from the number of spin-down electrons, lead-
ing to a non-vanishing total transverse charge current. Hence, this is the mechanism
behind the origin of the intrinsic AHE. The intrinsic anomalous conductivity can be cal-
culated by (4.38). On the other hand, in non-magnetic systems, where the time-reversal
symmetry exists but the space-inversion symmetry is broken, the total Berry curvature
vanishes. The number of spin-up electrons equals the number of spin-down electrons
and the magnetization is zero. In this case, the charge current vanishes but there exist a
spin current, which gives rise to the SHE. A schematic representation of both AHE and
SHE can be seen in Fig.(4.1). In the context of this thesis, only ferromagnetic systems
are studied, so focus is given only in the intrinsic AHE calculation.
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Figure 4.1: Illustration of (a) the anomalous Hall effect and (b) the spin Hall effect [46].



Chapter 5

First-principles calculation of the Berry
curvature for Bloch electrons

As seen in Chapter 4, the first-principles calculation of the Berry curvature of Bloch
states is crucial in order to study charge or spin transport phenomena as AHE and SHE.
The two most common approaches to calculate the Berry curvature involve the Kubo-
formula [36,47, 48] and the Wannier interpolation scheme [37,40]. A new approach
within the KKR framework was implemented by Gradhand et al. [4]. This approach is
the subject of this thesis. In contrast with Gradhand et al., two different considerations
are made. The first one is that the Bloch wavefunctions are treated as solutions of the
full-potential scalar relativistic approximation to the Dirac equation, with the addition of
a correction representing the SOC, while Gradhand et al. treat the Dirac equation in the
atomic-sphere approximation (ASA). The second one is that a different choice for the
normalization of the scattering solutions is made. As a consequence, there is distinction
in the resulting equations for the Abelian Berry connection and the Abelian Berry curva-
ture, leading to a numerical differentiation of the eigenvectors of the KKR matrix. The
new form of the Abelian Berry curvature is later used to calculate the intrinsic anomalous
hall conductivity (AHC).

5.1 The KKR framework and the group velocity of Bloch
states

The following discussion is restricted to ferromagnetic systems with one atom per

unit cell. In such systems, the spontaneous magnetization breaks the time-reversal de-

generacy of the Bloch bands. Then, because the Bloch states are non-degenerate, one
deals with the Abelian case for the Berry phase.

26
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As seen in Chapter 3, the KKR expansion for the wavefunction is
V() = > Cr(k) Ra(E,(k); ), (5.1)
A

where R, are the regular scattering solutions, C'} are the right eigenvectors of the KKR
matrix and A = (L,s) = (I, m, s) is a multiple index introduced to label the spin and
orbital angular momentum quantum numbers. The band structure of the lattice, i.e the
energy eigenvalues £, (k), is determined by the solution of the eigenvalue problem of
the KKR matrix -

N (K, E)C, = MG (52)

The band structure points are the combinations (k, £) which correspond to a vanishing
eigenvalue \,, = 0. The KKR matrix is defined as

Myn(k, E) = 6an — Z gan (K, E) tara (E), (5.3)
A//

where ganr(k, E) are the structure constants, which depend only on the geometry of
the lattice, and ¢~/ (F) is the t-matrix, which depends only on the shape of the scat-
tering periodic potential. Also, the KKR matrix has a dimension of N x N, where
N = 2(lpaz + 1)? and the factor 2 accounts for the spin-up and spin-down directions.
The KKR matrix is a non-Hermitian matrix, so apart from the right eigenvectors C,,,
for the same eigenvalue )\, there exist also the distinct left eigenvectors D,, which are
defined as ~

DIM(k,E) = A\, D . (5.4)

If the normalization condition
C;Cn =1 and DILDn =1, (5.5)
is used, then the eigenvectors also fulfill
DIChi o 6y, DIC, #1, (5.6)
CiCw #0, DID, #0. (5.7)

An expression for the group velocity of the Bloch states can be obtained in terms of
the properties of the KKR matrix. Starting from the fact that the band structure points
obey the condition A, (k, £,(k)) = 0, the total derivative of the eigenvalues, which is
normal to the constant energy surface £ = E,,(k), gives

Vida(k, B)|p_p g =0= (5.8)
Ok E) + VB, () 22 E) 0. (5.9)
ok E=E, (k) OFE E=E, (k)
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It should be noticed that the total derivative Vy is restricted to the band structure points
k which constitute the constant energy surface £ = E,, (k). Then, the definition of the
group velocity yields

o\, (k, E)
1 1 ok E=E, (k)
v, (k) = ﬁVkEn(k) W o) (5.10)
O |p_p,m

From the definition of the left eigenvectors, the following expression can be obtained
DIMC, = \,D!C,. (5.11)
By taking the partial derivative of both sides with respect to k, one takes
o\ (k, E) D} (dM/k)C,

—— 5.12
ok BiC, 12
Therefore, the group velocity is given by the expression
B aMglc(, E) ]
" E=E, (k)
w(k) = —— - 5.13
o OF  |p—p,m

The partial derivative O\, (k, E) /OF is calculated numerically, while the partial deriva-
tive DM / Ok is calculated from the relation

OM (k, Eo(k) _ 95k, Ey(K))

o = = HEu(k), (5.14)
where 953k, B, (K))
gb—kn = XR: R MR G(R, B, (K)). (5.15)

The former relation is derived by taking the partial derivative of the KKR matrix with
respect to k, while the latter relation is expressed in terms of the real-space structure
constants g(R, E,,(k)) and is derived from the derivative of (3.32).

5.2 Abelian Berry connection

In Section 2.3 the Berry phase concept for the Bloch states of a crystalline solid was
introduced. It was shown that the Berry connection is expressed as (2.30)

A () = i ([ Victip) = i / b (6) Vi (r)dr, (5.16)

w
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where w is the volume of a unit cell. Because the KKR method calculates the wavefunc-
tion W, (r) and not the periodic part u,(r), the above expression for A, (k) needs to be
reformulated in terms of ¥, (r). This can be done with the help of 1, (r) = e~ (r).
The resulting expression for the Berry connection is [4]

A, (k) = z/ Ul (1) Vil (x)dr + / Ul ()W, (r)dr = AF (k) + A7 (K), (5.17)

where

A (k) = i / Wl (1) Vil (1), (5.18)

and

A7 (k) = / U (e) 1 Uy (e)dr. (5.19)

The total derivative of the KKR expansion (5.1) which is normal to the constant en-
ergy surface £ = E, (k) is

ORA(E;r
Vil (r) = Z {Vk(JX(k) RA(E; 1) + CY(Kk) v, (k) % : (5.20)
A
which gives
(Uil VW) = > Cr* (k) Vi (k) / RY(E;r) Ry/(E;x) dr (5.21)
A A/ w
OR /(E; r
+ v, (k Z k) C}/(k /RTA(E;r) Aa—E) dr. (5.22)
AN
Then, AF (k) can be written as
A (k) = AT (k) + A (K), (5.23)
where
A (k) =i Cf pViC, (5.24)
with the matrix p given by
(P)an(E) = [ RL(E;x) Ry (E;x) dr (5.25)

w

and

(k) =iv, CI AC,, (5.26)

(3



30 5. First-principles calculation of the Berry curvature for Bloch electrons

with the matrix A given by

(Z)A’A/ (B) = /w RL(E;r) aRAa’—gr) dr. (5.27)
For A’ (k), the expansion (5.1) yields
A (k) = CIEC,, (5.28)
where the vector matrix r is introduced as
(F)an(E) = / Ri(E;r) r Ry (E;r) dr. (5.29)

Therefore, the full expression for the Berry connection is

A, (k) = ASKR(K) + AY(K) + A" (K). (5.30)

5.3 Abelian Berry curvature
Since the Berry curvature is defined as
Q,(k) = Vi x A, (k), (5.31)
it can be also considered as a sum of the same contributions as the Berry connection
Q,(k) = QFFR (k) + QU (k) + Q) (k). (5.32)

For the following calculations, the completeness relation of the non-Hermitian KKR
matrix is taken into consideration

N ooopt o LD -
-k
together with the vector calculus identity
V x (YA) =(V X A) + Vi X A, (5.34)

where ) is a scalar quantity and A a vector.
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Starting from the component 2% %%(k), one gets

QERR(K) = Viex AFEE(K) =i Vi(CF p ) x VilCr, +i CF p (Vie x Vi) (5.35)

=0

=iy / Vi (C}* R} Ra) x ViCy, dr (5.36)

AN
IR}

=iy / (vk * R\ Ry + v, OV 8E‘,‘RA/ (5.37)

AN
AR

+ v, O Rl 5 bf ) X VO dr (5.38)

=i (vkc‘*,t 7+ va CT AT v, O Z) x Vil (5.39)

— i VOl 5 x VGl 4 iV X ((7; A VG, + CF A vkén>. (5.40)

In order to avoid the matrix-matrix cross products of the last equation, the completeness
relation (5.33) is used, yielding to

>t 50, x DI VO MAYT. O 1Ot A >
Qg =i 0 LTI I iy, (CLATIC, + CLATRC),

m

(5.41)

where the sum is going over all the eigenstates of the KKR matrix. Atlast, the component
QEFE(K) is given by

(C1 7 VCy)" x DI, Vi
QP (k) =i pViCh) x Dy = +ivy, x (CF AV, + CF ATVIC).
" Z D}, G, < (G AV R ATG)
(5.42)
Next, the component €2 (k) can be written as
Q' (K) = Vi x A (K) = —i v, x Vi (C*jl AC, (5.43)
= —1 v, X (Vk _;2 Z C_'n + _;rl sz Cn + _;[L 5 ch_'n>, (5.44)
—_——
VnXVkBZO
resulting to the expression
(k) = —iv, x [(C] A vkén)* +CIAVG. (5.45)
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Finally, the component €2 (k) is calculated as

Q) (k) = Vi x Al (k) = Vi x (CT £ C,,) (5.46)
_Z/Vk RARA/CA/>Xl‘dl'+Z/C PLRRA/CX/XVkrdI‘
AN AA’
Vir=0
(5.47)
=2. Re{ Z/ v R Vi (O RA/)] X rdr} (5.48)
AN
ORp
—9. Re{ Z/ [vn x C Rl r 8EA CA/} dr} (5.49)
AN
—2. Re{ > / " Rl r Ry x VkCX,}dr} (5.50)
AN
—2.v, x Re{(),t Th C*n} — 2. Re{C_’,t F vk(in}, (5.51)
with 8R (E:1)
K A
I'E AA /R oF ——dr. (552)

The final form is obtained by inserting the completeness relation (5.33)

. SINT0, Dt S
Q' (k) =2 v, X Re{o,t Pp Cn} _9. Re{ 3 Cn rc%? =" Vil } (5.53)

In summary, the Abelian Berry curvature of the Bloch states can be calculated from
(5.32), where its components are given by (5.42), (5.45) and (5.53) respectively. For this
purpose, the right C' and left D eigenvectors of the KKR matrix are needed, together
with the group velocity v,, and the matrices p, A, t and ¥z. It must be made clear that
the eigenvectors which enter the KKR expansion (5.1) and the relations (5.42), (5.45)
and (5.53) are correctly normalized in the way that is described in Subsection 3.3.3. On
the contrary, the eigenvectors which enter the group velocity expression (5.13) are the
ones that are obtained directly from the numerical subroutine that performs the KKR
matrix diagonalization and have euclidean norm 1. Furthermore, the way that the total
derivative ViC), is calculated will be analyzed in Section 5.4, while the representation
of the matrices p, A, ¥ and ¥z in the KKR framework will be analyzed in Section 5.5. In
practice, the above calculations are performed at specified energy. The Green function,
the t-matrix and the above matrices are calculated once per energy. Then, the shape of
the constant energy surface which corresponds to the lattice BZ is determined. For every
k-point in this surface the KKR matrix is calculated, resulting in the group velocity and,
finally, the Berry curvature of the Bloch bands is obtained.
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5.4 Total derivative of KKR eigenvectors

In Subsection 3.3.3 the correct normalization of the eigenvectors of the KKR matrix
was introduced as _
Cn = C ’
\/ﬁ
Both the eigenvectors and the norm P of the wavefunction depend on the wavevector k
and the band energy E,, (k). Thus, the total derivative is given by

with P =Clj5C,. (5.54)

ch—,n _ Vk Cn _ \/ﬁ kan - CQn Vk\/ﬁ _ kan B n VkF;, (555)
VP (VP) VP 2(V/P)
where P
ViVP = . 5.56
K N/ (5.56)
The total derivative VP is calculated as
ViP = Vi ( oy 5n> (5.57)
= Vil 5C + Cl Vs G + CF 5 VG (5.58)
= (G nC, G (vaAT £ vA)C 4 CI AV, (559)
:2-Re{ ~l,5vkén}+2~vn-Re{C:’fZEC:’n}. (5.60)
The total derivative Vkén is calculated numerically as
% aC, aC
ViCr(k) = == +V, — (5.61)
I | g, O | g m)
1 = =
= o= [Cn (k+ 0k, B, (K)) — C (k — 0k, En(k))} (5.62)
1 = =
A [On(k, En(K) + 0E) — Cy(k, By (k) — 5E)] . (5.63)

5.5 KKR representation of matrices

The matrices p, A and the vector matrices T, Tz, which appear in the relations for the
Berry curvature, contain an integration over the unit cell w which is treated explicitly
in the KKR framework. As seen in Subsection 3.3.3, the shape functions ©(r) enter in
the integration and they are expanded, together with the regular wavefunctions R(r, E),
into real spherical harmonics.
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An expression for the p matrix has already been obtained (3.44), (3.48). For only one
atom in the unit cell it yields

AA’ Z CLI Lo,L3 / Z [RLlA(T E)] " R%QA’ (T; E) ®L3 (T)v (5'64)

Lq,La,L3

and for the spherically symmetric contribution (Ls = 0,Cp, 1,0 = \/%6 Li.Ly, Oo(r) =

Vi)

ipx, Z \/_/dr 7.a(r E)}* R}y (ri E) ©q(r). (5.65)

In the same way, the matrix A is calculated as

ORF /(15 E)

( )AA’ Z CL1L2L3/ Z[ INCE E)]*a—E’@Lg(r)7

Ly,Lo,L3
(5.66)

while the spherically symmetric contribution is

—\ sph i} a % (7
<A>A,A’(E) - ; \/%—W/drz; [RzlA(T5 E)] Rlé\—E(E) Oy (r). (5.67)

The vector matrices r and rg are treated in a different way because of the presence
of the vector r in the integration, which is also expanded into real spherical harmonics
as

r=>Y f.(r)Y.(f). (5.68)

That yields an additional spherical harmonic, so the integration of four spherical har-
monics has to be performed. A detailed derivation is shown below for the vector matrix

r.
Starting from the expansion into real spherical harmonics one obtains

(T)an(E) = / RY(E;r)r Ry (E;rx) dr (5.69)
= Z /drz (R, A(r; E)]" Ry o (1 EB) O, (r) f1,(r)  (5.70)
Ly,Lo,L3,Ly o

: / Y1, (7) Yo, (7) Y1, (7) Yo, (7) dS2. (5.71)
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In order to perform the integral of the four spherical harmonics, the idea described in
Appendix A of [49] is followed. At first, two spherical harmonics are expressed as a linear
combination of a single spherical harmonic

Vi, (7) Y1, (7) = > er(Ls, La) Yi(7), (5.72)
L
where the coefficients ¢, (L3, L4) are given by

cr(Ls, Ly) = /YLs(f) Y, (7) Y7 (7) dQ = /YLs(f) Y7, (7) Yi.(7) dQ2 = Cpy 141,

(5.73)
because for the real spherical harmonics holds Y;" = Y;. Thus, the integral of four
spherical harmonics can be written as

/ Yiu (7) Yy (7) Yiy (7) Vi, (7) d2 = 3 / Vi, () Yi, (7) Yi(#) Coy ryn A2 (5.74)
L

= Z CL1,L2,L CL3,L4,L (5.75)
L

The property of the Gaunt coefficients [15]
Corpor #0 onlyif [I'=1"|<I<UI'4+10" and m=m'+m", (5.76)
restricts the dummy index L = (I, m) in the range
iy — bw| ST gy + oy with m = myg) + ma). (5.77)

Therefore, the ¥ vector matrix is calculated from the relation

(Blan(B)= > CLl,Lz,LCLg,L4,L/dT[R‘EIA(T; E)] R, (15 E)O 1y (r)fL, (r),

Ly,L2,Ls3,
Ly,L,o
(5.78)
A7
where f,,(r)=r \/? 7, and L4 =234 (5.79)

The resulting expression for the vector function f;, (r) is obtained by an analytic calcu-
lation in the spherical coordinate system. Also, the spherically symmetric contribution
is

_ 1

0)h(E) = C —/d RS \(riE)|" RS, (1 E) Oo(r) £, (7).

(r)A,A( ) LIJ;MT L17L2,L4\/E T[ L1A(r’ )} LoA (T’ ) O(T) L4(T)
(5.80)
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With the same procedure the vector matrix rg is calculated from the relations

_ ORI \/(r E
(Fp)an(B) = Y CLl,L2,LCL3,L4,L/dT[ NGRS %@LB(T&M(T)

Ly,La,Ls3,
Ly,L,o

(5.81)

and

« ORI /(i B
(rE)SAp’g,(E)zL LZL Crv o L 7= / dr [R] \(r; B)] %@O(T) fr,(r).
(5.82)

5.6 Application in AHE

The Berry curvature calculated from (5.32) is used to determine the intrinsic AHC.
For a ferromagnetic system with magnetization M along the z axis, only the 2 component
Q. (k) = > Q2 (k) # 0, due to the symmetry restrictions seen in Appendix A. Then, the

expression for the transverse AHC is given by (4.38) as

o2
¢ = dk f.x (k). 5.83
o= [ st e
The last relation is further written as
o2 Ep
¢ = — QZ M 4
Oy h(27r)3/ A& (&), (5.84)

where the energy resolved Berry curvature is introduced as

Z / ‘ ik Q7 (k). (5.85)

The isosurface (IS) integral is performed for a dense integration mesh of energies up
to the Fermi energy level £ = Er. Then, by artificially shifting the Fermi energy, the
intrinsic AHC (5.84) is calculated as a function of Er.



Chapter 6

Berry curvature and anomalous Hall
conductivity (AHC) calculations for the
ferromagnetic bcc Fe

In this thesis, the studied system is ferromagnetic bcc Fe, with magnetization M along
the z-axis. The calculations were carried out by using the Jiilich KKR code [50]. The
self-consistent calculation of the potential together with the calculations for the Green
function and the t-matrix were computed with the KKRhost program. The Fermi formal-
ism of the Berry curvature was implemented in the PKKprime code, which previously
included the Fermi surface and Bloch wavefunction calculation.

The self-consistent calculations for the potential were performed for two different
Imax cutoffs and for a lattice constant a = 5.4a.u’. For [, = 3, the total magnetic
moment in the unit cell was 2.18u5. Also, for /,.x = 2, the total magnetic moment in
the unit cell was 2.23 3.

6.1 Berry curvature

In the first step, the Berry curvature, given from (5.32), can be calculated over the
Fermi surface. The calculations are performed for lyax = 3, lnax = 2 and ljax = 2 with
increased spin-orbit coupling strength £ = 2, instead of £ = 1 (3.51). The results for the
absolute value of the Berry curvature on the Fermi surface are represented in Fig.(6.1).
In order to find the Fermi surface, an initial 12 x 12 x 12 k-points grid is chosen, which
after further refinements results to a mesh of 96 x 96 x 96 k-points. This grid size is
sufficient to resolve the small Fermi surface branches of bec Fe, but, as is it will be shown
afterwards, it is not fine enough to accurately calculate the value of the Berry curvature.

'a.u. denotes atomic Rydberg units. 1a.u.=0.529A

37
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Thus, Fig.(6.1) can only be used to have a qualitative image of the behavior of the Berry
curvature.

The first observation one can make is that the value of |€2,, (k)| is almost everywhere
close to zero, except from small regions where its value is very large. In these regions,
also called "hot-spots", avoided crossings of two bands appear, due to the spin-orbit cou-
pling interaction, leading to the rise of the Berry curvature. They are mostly located near
the points where the Fermi surface touches the BZ boundaries, or, near the points where
different energy bands of the Fermi surface come close. Furthermore, the angular mo-
mentum cutoff (/,.x = 2 or 3) affects the calculations and results to a slightly different
Fermi surface shape and, also, to higher values for the Berry curvature for /,,,, = 2. Last
but not least, as expected, the increase in the spin-orbit coupling strength results to a
decrease in the Berry curvature.
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Figure 6.1: The absolute value of the Berry curvature |Q,, (Kk)|, in atomic Rydberg units, on the
Fermi surface of the ferromagnetic bee Fe for (1) lmax = 3, (2) lmax = 2 and (3) lmax = 2 with
increased spin-orbit coupling strength & = 2. In (1a),(2a) and (3a) the whole Fermi surface is
depicted, whereas in (1b), (2b) and (3b), only the half Fermi surface is represented in order to
demonstrate nested branches of the Fermi surface.
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6.2 Energy resolved Berry curvature

In this part, the energy resolved Berry curvature *(€) is calculated from (5.85). In
order to do this, the sufficient size of the k-points grid has to be decided first. By in-
creasing the grid size, the value where ©%(&) converges is sought for, together with the
condition that Q% (&) = Q¥(E) = 0. For [, = 3, starting from a 12 x 12 x 12 k-points
grid and up until a 22 x 22 x 22 grid, the convergence is not met. The need for more
refined and more time-demanding surface mapping can be covered with the much faster
lmax = 2 choice. In that case, one deals with KKR matrices of a 18 x 18 dimension, in-
stead of a 32 x 32 dimension for [;,,x = 3. Therefore, for /,,.,x = 2, convergence is met at
a 28 x 28 x 28 grid. The convergence process can be seen in Table 6.1 for /,,,x = 3 and in
Table 6.2 for [, = 2. For the rest of the calculations within this thesis, the 26 x 26 x 26
k-points grid is chosen.

lnax = 3
k-points grid size Q*(E) (E) Q*(E)
12x12x12 -1.00E+00 | 8.44E-01 | -2.94E+02
14x14x14 2.17E-02 | 4.05E-02 | 3.81E+01
16x16x16 -1.15E+00 | 2.11E-01 | 4.88E+02
18x18x18 9.91E-01 | 1.24E+00 | 4.27E+02
20%x20x20 -5.11E+01 | 8.89E+01 | 2.42E+02
22Xx22x%22 -3.23E+01 | 9.12E+00 | 4.04E+02

Table 6.1: Convergence process for the decision of the k-points grid size for lmax = 3.

Linax = 2
k-points grid size | Q*(&) () Q% (&)
12x12x12 -5.01E+00 | 9.31E+00 | -4.33E+03
22x22x22 1.41E+01 | 8.66E+00 | -2.18E+03
24x24x24 4.62E+00 | 9.73E+00 | -1.52E+03
26x26x26 1.36E+01 | 5.79E+00 | -1.47E+03
28x28x28 4.74E+01 | -8.72E+00 | -1.37E+03

Table 6.2: Convergence process for the decision of the k-points grid size for lmax = 2.

After deciding the suitable k-points grid size, {2*(€) is calculated in the energy inter-
val [Er—0.6Ry, Er+0.25Ry]|. The density of states (DOS) diagram of the ferromagnetic
bee Fe appears in Fig.(6.2). The sharp peaks come from the d electron states, whereas
the rest, almost flat, contribution comes from the s and p electron states.

The first calculation of 2*(€) is performed for the £ = 1 case (regular SOC strength).
As stated in [4], the spiky character of £2(k) demands a very dense energy mesh. The en-
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Figure 6.2: Density of states of the ferromagnetic bce Fe, relative to the Fermi energy level.

ergy partition is initially picked at 4mRy and successively decreased to 2mRy and 1mRy.
The results can be seen in Fig.(6.3). Although a spiky behavior of (2*(£) is formed already
at the 4mRy partition, when moving to the 2mRy and 1mRy partitions new peaks appear,
or others that had already appeared become sharper. It is evident that a finer energy di-
vision is needed. The partition is further decreased in 0.5mRy, 0.25mRy and 0.125mRy.
The calculated Q*(€) is also presented in Fig.(6.3). In the states above the Fermi energy,
the shape of ©*(€) is not changed, so, its value at this region is converged. However,
in the regions between (—0.27, —0.2)mRy and (—0.15,0.05)mRy, convergence is not
met because new peaks still appear. By focusing only on these two regions, the energy
partition is further reduced to 0.0625mRy, 0.03125mRy and 0.015625mRy. The results
for the partitions 0.0625mRy and 0.03125mRy and separately for the 0.015625mRy par-
tition, are shown in Fig.(6.4). Even at these very small partitions, new peaks still appear
or become sharper, making it difficult to come to a conclusion about the shape of 2*(£).
One solution could be to perform more calculations in these regions and, perhaps, going
to a finer partition. This could not be accomplished due to restrictions in the available
computational time. Even without these restrictions, the results would still be unreliable.
Such small precision may introduce a numerical instability which stems from the way
that the KKR matrix equation is solved in order to define the band structure. Conse-
quently, for the £ = 1 case, it is not feasible to calculate a trustworthy shape for 2*(€).
One can attribute this difficulty to the nature of Fe as a material with weak SOC. That
leads to smaller avoided band crossings, which result in larger Berry curvature locally at
these avoided crossings.
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Figure 6.3: Energy resolved Berry curvature Q0*(E), in atomic Rydberg units (a.R.u), (a) for
4mRy, 2mRy and 1mRy energy partitions and (b) for 0.5mRy, 0.25mRy and 0.125mRy energy
partitions. The results are presented relatively to the Fermi energy level. The arrows are used
to indicate the new peaks that appear when the energy partition is decreased.
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Figure 6.4: Energy resolved Berry curvature Q*(E), in atomic Rydberg units (a.R.u), (a) for
0.0625mRy and 0.03125mRy energy partitions and (b) for 0.015625mRy energy partition.
The results are presented relatively to the Fermi energy level. The arrows are used to indicate
the new peaks that appear when the energy partition is decreased.
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In order to overcome the difficulty of needing a very dense energy mesh, the spin-
orbit coupling strength is increased to £ = 2. For this case, the energy partition of
0,05mRy was found adequate. The calculated (2*(€), together with the corresponding
DOS diagram, is presented in Fig.(6.5) for the £ = 2 case. The spiky character of 2*(&)
is well depicted, while the presentation together with the DOS diagram leads one to at-
tribute the large contributions to %(&) to the d-electron peaks. In these regions the
energy bands come close, so the Berry curvature is increased. In the states below 0.35Ry,
where there are mostly s and p electron states, the Berry curvature vanishes. Also, in
comparison with the £ = 1 case, it can be seen that, the peaks of 2*(£) decrease with the
increase in the spin-orbit coupling strength £. This is expected, because stronger SOC
leads to larger splitting at avoided crossings (induced by SOC) and thus smaller values
of Q*(&) at the peaks. It should be noticed that the splitting appears in the denominator
of (2.20), causing the near divergence, while ¢ appears in the numerator (included in
the Hamiltonian), causing an overall smooth enhancement. In conclusion, this system
seems more suitable for the calculation 2*(£), than the non-converging £ = 1 case.
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Figure 6.5: Energy resolved Berry curvature Q*(E), in atomic Rydberg units (a.R.u), and
density of states in the case of increased spin-orbit coupling strength §& = 2. The results are
presented relatively to the Fermi energy level.

Next, the spin-orbit coupling strength is further increased to § = 4 and £ = 6. The
shape of the DOS diagram in relation to the different values of the strength £ can be
seen in Fig.(6.6). The effect of the increase in £ is more significant in the region between
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(—0.15,0)Ry. The d-electron peaks formed in this region separate from each other and
become sharper. For & = 6, these peaks have a totally different shape in comparison
with the £ = 1 case. Q*(€) is calculated for £ = 4 with a ImRy energy partition and
for ¢ = 6 with a 2mRy energy partition. The results are shown in Fig.(6.7), together
with the & = 2 case. By further increasing &, the formed peaks are smoother and the
overall shape becomes less spiky. This can be attributed to the further separation of the
energy bands due to the increased spin-orbit interaction. Also, the value of 2*(&) does
not decrease significantly, in comparison to the transition from { = 1 to & = 2. That
maybe is because the overall smooth enhancement to the Berry curvature, caused by the
increase in &, compensates for the further decrease, caused by the larger band splitting.
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Figure 6.6: Density of states of the ferromagnetic bce Fe for different values of the spin-orbit
coupling strength &. The results are presented relatively to the Fermi energy level.
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Figure 6.7: Energy resolved Berry curvature Q7 (&), in atomic Rydberg units (a.R.u), for dif-

ferent values of the spin-orbit coupling strength £. The results are presented relatively to the
Fermi energy level.
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6.3 AHC calculation

After calculating the energy resolved Berry curvature, the intrinsic anomalous Hall
conductivity 0,,(€) can be found from integrating the peaked function Q*(€) over the

energies (see (5.84)), up to a final energy &, i.e. 0,, = —h(;—i)gx fg d&' Q*(E'). The
physical valueis at 0, (€ = Ep). For the £ = 1 case, the calculated o, for some selected
energy partitions can be seen in Fig.(6.8). It is clear that the convergence problem of this
case is also present in 0,,,. From Fig.(6.8), it can be seen that the problematic regions are

near (—0.25, —0.2)Ry and (—0.15, —0.1)Ry.
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Figure 6.8: Intrinsic anomalous Hall conductivity o, for 1mRy, 0.125mRy and
0.015625mRy energy partitions. The results are presented relatively to the Fermi energy level.

Furthermore, 0, is also calculated for the cases where the spin-orbit coupling strength
€ is increased. The results are presented in Fig.(6.9). One can see how the increase in the
spin-orbit coupling strength alters the shape of 0,, in a smooth way. In Fig.(6.9) also
the calculated 0,, for £ = 1 and 1mRy is included. It seems that this case approaches
the ones where £ is increased, while the differences are clearly located in the problem-
atic regions near (—0.25, —0.2)Ry and (—0.15, —0.1)Ry. The behavior of o, near the
Fermi energy can be seen in Fig.(6.10). Although the shape of o, calculated for { = 1
approaches the one calculated in [51], its value is approximately 20 times larger. Also,
in Fig.(6.10) the calculated o, at the Fermi energy can be seen in relation to the spin-
orbit coupling strength &. Its shape is similar to the one obtained in [36], with the results
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being again approximately 20 times larger. The origin of this discrepancy is not clear
at present. For the { = 1 case, the calculated o, for Fe, by other first-principles meth-
ods [36,37,40,51], ranges between 750S/cm and 800S/cm at zero temperature, while the
experimentally measured value in room temperature is 1032S/cm [52].

6x10" -
5x10" -
3x10°-

£  2x10*-
O 4
— 0
U) 4 |
~— '2X10 ]
_ ]
b -3x10*

04 03 -02 01 00 01 02
E-E_(Ry)

Figure 6.9: Intrinsic anomalous Hall conductivity o, for different values of the spin-orbit
coupling strength £.The results are presented relatively to the Fermi energy level.
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Figure 6.10: (a) Intrinsic anomalous Hall conductivity o, around the Fermi energy, for

different values of the spin-orbit coupling strength £. (b) Intrinsic anomalous Hall conductivity
Oy at the Fermi energy in relation to the spin-orbit coupling strength &.
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The last step is to examine the temperature dependence of the intrinsic o,, by con-
voluting with the Fermi function in (5.84). The calculations are performed for the cases
with the increased spin-orbit coupling strength £ = 2, £ = 4 and £ = 6, while the tem-
perature is set at 7' = 150K and at 7" = 300K. The results are shown in Fig.(6.11). The
temperature dependence starts to become important near the Fermi energy at —0.1eV
where o, is a decreasing function. At the Fermi energy level, the value of o, increases
with 7. Above the Fermi energy, the Fermi function vanishes and ,,,, becomes constant.
As it is seen in Fig.(6.11), the effect of electronic temperature (up to room temperature)
is rather small. The same is expected for the effect of magnetic fluctuations induced by
temperature since the Curie temperature of bec Fe is large (1043K).
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Figure 6.11: Intrinsic anomalous Hall conductivity o, in relation to temperature T, for dif-
ferent values of the spin-orbit coupling strength €. In (a) £ = 2,in (b) € = 4 and in (c) £ = 6.
The results are presented relatively to the Fermi energy level.



Chapter 7

Conclusion

In summary, a method was developed in order to calculate the Abelian Berry curva-
ture within the framework of the full-potential scalar relativistic approximation to the
Dirac equation, with the addition of a correction representing the spin-orbit coupling
(SOCQ). This method was then used for the calculation of the intrinsic anomalous Hall
conductivity (AHC). The studied system was the ferromagnetic bcc Fe.

At first, the Berry curvature was calculated over the Fermi surface. Its value was
large only on "hot-spots" where avoided crossings of energy bands appear due to the
SOC. These regions act as Berry curvature sources and, in order to be well depicted, a
very dense k-points grid is needed. Then, after the decision of the suitable k-points grid,
the energy resolved Berry curvature was calculated. Its spiky shape demanded a very fine
energy partition. By progressively decreasing the energy partition, it was shown that it is
unfeasible to reach convergence for the regular (¢ = 1) SOC strength. This difficulty was
attributed to the nature of Fe as a material with weak SOC. As a result, smaller avoided
crossings appear and the Berry curvature is larger at these regions. The convergence dif-
ficulty was overcome by artificially increasing the SOC strength to £ = 2. That made
possible to use a fine enough energy partition which would not cause numerical instabil-
ities. As expected, the Berry curvature decreased because stronger SOC leads to larger
splittings in the induced avoided crossings. The spiky character of the energy resolved
Berry curvature was well depicted, while the peaks with the higher contributions were
attributed to the d-electron states. Moreover, by further increasing the SOC strength
to ¢ = 4 and £ = 6 the formed peaks became smoother and the overall shape of the
energy resolved Berry curvature less spiky. An extrapolation from the converged values
for £ = 6,4, and 2 gives the result for £ = 1.

Furthermore, the AHC was calculated from integrating the energy resolved Berry
curvature over the energies. Although the behavior of AHC around the Fermi energy
level was similar to other works, its value was calculated approximately 20 times larger.
Additionally, the AHC increased non-linearly to the SOC strength as shown in previous
works, with the results being again approximately 20 times larger. The origin of this
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deviation was not found. Finally, the dependence of AHC on the electronic temperature
was studied. It was found that, AHC increases together with the temperature, only in a
small area of 0.1eV below the Fermi energy level. In general, the effect of the electronic
temperature (up to room temperature) was rather small.



Appendix A

Berry curvature symmetries in k-space

The general symmetry properties of the Berry curvature in k-space is that, under
time-reversal symmetry Q,(—k) = —,(k), while under space-inversion symmetry
Q,(=k) = Q,(k) [6]. In systems where both time-reversal and space-inversion sym-
metries are present, the Berry curvature is identically zero. The ferromagnetic materials
which are the subject of this thesis, exhibit only space-inversion symmetry because the
spontaneous magnetization breaks the time-reversal symmetry. Apart from the above
symmetries, the Berry curvature displays further constraints related to the elements of
the space group of k [53].

The magnetic point group of a cubic metal with magnetization M along [001], which
is the case for bec Fe studied in this thesis, is the 4/mm/m’ [54]. It consists of 8 uni-
tary and 8 anti-unitary elements, leading to a total of 16 elements. The elements of the
unitary subgroup are {E, Cs,,Cy.,Cy,—1,1,S4.-1,0.,Ss.}. The elements of the anti-
unitary subgroup are {Cy,, Coy, Caq, Cop, 04, 0y, Tda, Tap }- In both subgroups, the last 4
elements are the inversion symmetric of the first 4. The Berry curvature behaves as an
axial vector in k-space, that means that under a rotation R it changes as

Q (Rk) = det(R) R Q,(k), (A.1)
in addition to the group velocity which behaves as a polar vector

With that in mind and together with the relations for the Berry curvature tensor

Qg(k) = %Gaﬁin,Bw(k>’ (A3)
Qn,ﬁw(k) = _Qn,ﬁw(k)7 (A.4)
with (., 8,7) = (z,9,2), a#B#7, (A.5)
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the constraints of the Berry curvature can be found in each case. The constraints from
the first 4 symmetry elements can be seen in Table A.1 for the unitary elements and in
Table A.2 for the anti-unitary elements. In these tables, also the behavior of the group
velocity can be seen. For the rest inversion symmetric elements, the constraints can be
found by the space-inversion symmetry property ,,(—k) = ,,(k). The essential point
of the above discussion is that, only the z component 2, (k) = >~ Q? (k) # 0

n

Unitary elements
k v, (k) Q, (k)
E (kg Ky, k) (Vs vy, V) QOF (ky, by, k)
0 (Kay iy, ki2)
i(kkayakz>
Co. (_kxa_kyakZ) (_U:vv_vanZ) Qr (—k ya Z> _Qﬁ(kﬂmkwkz)
Qy( xy — vy, ) _ng(kmkyvkz)
O (—k, —ky, k) = Q5 (ka, by, k2)
Cy, (—ky, by, k) (—vy, Vg, V) Qm( k ,k‘x, 2) = — QY (ky, ky, k)
QY (- y,kx,kz) QF (ks Ky, k)
Q2 (—ky, ks, k) = Q2 (ky, Ky, k)
Cyr1 (ky, —ky, k) (vy, =V, V) O (ky, —ky, k) = Q¥ (K, k k)
Q%(kyv —ka, kZ) - —Qﬁ(kx,ky, k2>
be(kw _k277k2> - QfL(kwv ky? kZ)

Table A.1: Constraints on the Berry curvature and on the group velocity in k-space for the
first 4 unitary elements of the magnetic point group 4/mm/m’.
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Anti-unitary elements
k v, (k) Q,(k )

Coy (k?x,—k?y,—k:z) (U$7_Uy7_vz) Q (ky, —k 7_kz) - )
bt = e

;<kzx— —he) = Qi (ki by )

CQZ/ (_kxv kyv _kZ) (_Ua:7vy> _vz) Q}Tz( ) y7 k?z) Qﬁ(k‘ k‘ Jk )
Ul by ko) = (b b

Qz(— kx,ky, k,) = Q2 (k., /f k)

C2a (klﬁkl‘? _kz) (Uy>vxa _Uz) ( ) = Q (k k k )
( 7k x> ) _Qx(k k kz)

n(k . ko, k) = Q2 (kas oy k;)
025 (—/Cy, —ke, _kZ) <_Uy7 — Uz, _UZ) n( Y —ke, _kZ) = Q%(krv k k )
QU(—ky, —kg, —k.) = Q2 (ky, l{;y,kz)
Z(_ — kg, _kz) - quz(km k kz)

Table A.2: Constraints on the Berry curvature and on the group velocity in k-space for the

irst 4 anti-unitary elements of the magnetic point group 4/mm’m/.
Y g p group
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