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Abstract

In this thesis, we first calculate the gravitino production rate, computing its one-loop thermal
selfenergy and we provide a convenient formula for it and its thermal abundance, as a function
of the reheating temperature of the Universe. The gravitino yield is compared to the observed
dark matter.

In the second part we consider quadratic gravity in the Palatini formulation of gravity
assuming the existence of scalar fields coupled to gravity in the most general manner. Once
the scalar fields develop vacuum expectation values the Planck scale is dynamically generated.
The effect of the quadratic in curvature terms is to reduce the value of the tensor-to-scalar
ratio. The inflationary predictions of all the models under consideration are found to comply
with the latest bounds set by the Planck collaboration for a wide range of parameters.
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Preface

This thesis gathers some of the main results I have obtained during my PhD studies, for the
Doctorate Degree in Physical Sciences, from November 2017 to July 2021. These studies have
been performed at the National and Kapodistrian University of Athens, under the supervision
of Vassilis C. Spanos.

The thesis is organised as follows:

Chapter 1 is an introduction to the main subjects that follow in the next chapters, i.e.
to gravitino dark matter and to cosmic inflation in the Palatini formulation of gravity.

In Chapter 2 we give a brief introduction to Supersymmetry and Supergravity. These
concepts are essential for understanding the calculation of gravitino abundance.

Chapters 3-5, based on [1, 2], give the main results of the first part of this thesis. More
precisely in Chapter 3 we present the finite temperature effects that are taken place in
the calculation of the gravitino selfenergy. In Chapters 4 and 5 the gravitino production
rate and its abundance are calculated.

In Chapter 6 we give the basic tools for the calculation of the cosmological observables
in the chapters that follow.

In Chapter 7, based on [3], we discuss the inflationary predictions of basic models of
inflation with the presence of a R? term in the Palatini formulation of gravity.

Chapter 8, is based on [4, 5]. In this we study Scale-invariant models of inflation with
the presence of quadratic in curvature terms in the usual Einstein-Hilbert action, again
in the context of Palatini formulation of gravity. Also, in these models the Planck scale
is dynamically generated through nonminimal couplings between gravity and scalar
fields.

Finally, in Chapter 9 we summarize and conclude.

Additional papers and conference proceedings:

During the last four years I have also participated in writing the papers [6-8] which did
not fit within the story line of this thesis and are not included. Furthermore, the conference
proceedings [9], based on [4, 5], have been presented in HEP-2021 and the [10], based on [1, 2],
have been presented in BSM—2021.

Author: Ioannis D. Gialamas
Student ID: 2017503
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ITepiindm

Ou enextdoeic Tou Kadepwuévou Ilpotimou oto mhaioo tng unepBoplbtntoag Yog mapéyouy éva
unodfglo cwpatidio oxotewhc OAng (XY), to Boputivo, tov unepouyueteixd etaipo tou Bapu-
Toviou. ANAnAemdpd pe tor dAAo cwpatidior xodopd BapuTixd XL €ToL ATOQEVYEL PUOLIXA TNV
dueon 1| €upecT) aviyveuon Tou, OTWS TEOTEVETOL amd T TEEYOVTOL MELQOUATIXG XOL TUEATNEY)-
otaxd dedouéva avalhmmong LY. Enopévng, n axeBric yvoon e xoopohoyixhc agpdovioc tou
elvon amapalTnTN Yo TNV EPAUPUOYT) XOOUOAOYIXGDY TERLOPIOUMY o€ awTd To povtéha. Ta Boputiva
umopolv va mapoyYolv ue Sdpopous teomous: (i) un Vepuxd, and tn Swondon tou vphatov
[11-18], (ii) mOAO apydtepa xatd TV TEpLddo tne vouxheoolvieone, pwéow tne didomoong o-
otaddv owpatdiwy [19-22] xou (iil) téhog, Jepuixd uéow evéc unyaviopol napaywyhc YoOEng
xodde to Lopunay Poyeton and ) Yeppoxpacio enavadéppavons (Tren) uéypt topa [16, 23-37].
Yuyxexpwéva, und Ty npolndleo dtL 1 unepoupueTela oTdEL YEow VO dopecolafinTy Pod-
widoc, évac BlapopeTinde Uy oviopoe Tapaywy e Teénel va yenoworondel [38-41]1. Tlpdopata,
€va eVOhAaXTIXG CEVEELO ToL TEpLAWBAVEL TN AeYOuevn “xatac Tpo@uxn” un epuixt| mopoymyn
apYhVY Baputivwy éyel TpooceAxoel T Tpocoyh [60-67].

A&ilel va onueindel L avdhoya ye tny tepapy o paloy Ty LovTEAwY unepBouplTnTag, 6TV
nepintwon e dtienone g R opotylag, to Baputivo umopel elte va elvon to otadepd eho-
peVTEPO UTEpoLUUETEXO owpatidio (ETE) mou nailel tov pého tne LY (6nwe viodeteiton oe
oauTthAv TN datelPn) 1 unopel vo eivon Bopitepo and to ETY xau emopévwe aotodée. Xtny te-
Aevtalo tepinTwon), elvon onpayTXd va UTohoYLoTel To TAdTOG TNE SldoTaong Tou Baputivou oTo
ehapplTEpo 0LBETERO PepuLdVIo Baduidag, To onolo otny nepintwon auth eivor to ETY [68-79].

O npoomdrieieg yia Tov unoloyiopd tng Vepuiniic agdoviog Twv Boputivey yenoilonouwvtog
OLdpopeg TEYVIXES, peVddoug xan mpooeyyioelc €youv emextadel Ti¢ TEAEUTAlEC TECOEQPLS DEXO-
etlec. Aedopévou 6tL ta Baputivar mapdyovton xupiwe epuixd oe mohd udmiéc Yepuoxpooice,
yenorpormoiinxe apyixd n anoteheopatind Yewpla twv ehagewy Paputivey, n AeyYouevn npocey-
YIOT YWelg TopaydYOUS Tou TEQLAAUPBAVEL LOVO TIC CUVIOTWOES YXOAVTOTIVO UE LBLOC TROQopUn
1/2. Ye autd to mhaioto, dedopévou 6Tl oplouéva and ol TAETY TapaywYhHS Topouctdlouy -
népudpec (TE) anoxhioelc, xavovixonoidnxay ewodyovtog elte wo tencpacpévn depuixt wala
Yhovoviou glte pio yovioxr xhipoxa avoxonic. Me autév tov 1pdéno, oto [24] o Baocinéc Sodt-
xaolec mopaywyhe Boputiveoy 2 — 2 xotorypdgn oy xal UTOAOYIoTNXAY Yia TeKTN Qopd. Autdg
0 vnohoytopds BeTiddnxe Tepoutépn ota [26, 27].

H pédodoc Braaten, Pisarski, Yuan (BPY) [80, 81] mou xatéotnoe duvatd tov utohoyiopd
e Yepuxic agdoviag tou alioviou, oto [29] egapubdotnxe oto Paputivo, pe To xiviteo Tou
YEYOVOTOG OTL T0 a€ldVIo Tou €xEl xowvd ooty el ue To Baputivo, ahknhemded e€atpeTind aoVevag
pe To umdlowno tou @dopatoc. Ioapdro nou oto [30] yenowwonomidnxe n nponyoluevn Tex VXN
xavovixonoinone TE, ota [31, 34] yenowonowidnxe n pédodoc BPY houfdvovtoc emmiéov
unodn T LYo TS cUVICTHoNS Tou Baputivou Ue WlooTpogoput| 3/2.

Telxd oto [36] 1 uédodoc vrohoyiouol Behtiddnxe onpovuxd. Exel vntootmplydnxe bt n
Baow analtnon vyl Ty egoappoyy Tng uevodov BPY, onA. g < 1, émou g elvon 1 otordepd
oUClevgng Paduidag, dev ixavomoleitan 6e OAOXANEO TO VP0G VEPUOXPACLOY TOU UTOAOYIGUOU,
1Blwg 6T To g ebvan 1 Loyvet otoepd a0leuving g3. §2c ex T00TOU, Ol GUYYEUPEl LTOAOYLOAY TN
Yepuint| Wloevépyela Tou Boputivou oe eninedo evog Bpdyou Tépay TNS TROCEYYLONS TOU OXATEOU

! Acite enione o [41-59] yia Biépopouc umoloyiopols TapaywYhc Buputivey.
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Yepuinol Bpdyou, EYoVTaC TO TASOVEXTNUO OTL auTO Teplhaufdvel Tic diepyaoiee 1 — 2 mépay
LV dlepyoaoloy 2 — 2.

Emnpoo¥étwe, Bedtnxe 6Tt 10 AeYOUEVO apoupolUeEVO TN, ONAXDY TUAULOTA TV TETEAY W-
VXDV TAXTOY 2 — 2 Tal oTola BEV AVTITPOCKTEDOVTOL ATO TNV LOLOEVERYELX, EIVOL TEMEQUCUEVAL
oto TE. To xupine aptduntuxd anotéheopa oto [36] oyetixd pe tov pudud mopaywyhc Po-
eUTIVWY BLapEpel ONUAVTIXG, OYEDOV HE EVaY CUVTEAESTY| 2, 0 OUYXELOT UE To TEONYOUUEVA
anoteléopota [34, 37]. Avotuyne oto [36] ot xOptar ovahuTixd omoTEAESUOTOL (olveToL VoL Elvor
AVETOEXY). LUYEXPWEVAL OL EELODTELS OYETIXE UE TN CUVELGPORY TNG IBLOEVERYELXS Yot TO pUBUO
Tapaywyhc Boaputiveov otny evotnta IV A galveton var €youv aouvETEld ¢ TEOS TIC BlHo TAOELS.
Emmiéov, Aoyw TV TEQLOPLOUEVMDY UTOAOYLO TIXWY TOPWY EXEIVNG TNV EMOYAC, 1) dELUUNTLXY| €-
XTUNOoN QUTAC TNG LBLOEVERYELNG UTOAOYIOTNXE UOVO EVTOS TOU XWVOoL QwTtoéc. Téhog, Vo and
ToL TEGOEPA W] UNOEVIXE apatpolpeve TUApata otov miivaxa I tou [36] amodewvieton dtL elvou
UNOEV.

‘Eyovtoc autd we xiviteo, uroloyilovye ex véou [1] 0 depuixd dropdwuévn Wbioevépyela
Tou Paputivou ywels apriuntixés mpooeyyioelg oe eninedo evog Pedyou. Téhog, dedouévou
OTL TO TEMXO paC anoTéAeoua Yo Tov puiud Tapaywyhc Baputivey etvon aplduntixd énwg oto
[36], mapouvoidlouye Wi edyenotn mapopetponoinon oxoloudovtag to [16]. To tehnd poc
anotéleopo dapépel and autd mou eppavileton oto [36] xatd mepinou 10 %. Yrohoyiloupe
eniong ) Vepuiny) apdovio twv Baputivev xou culntodue TAVES PAUVOUEVONOYIXEC GUVETELES.

H cuvduoacuévn avdAucT Ty mo TpdcQaTwy XOGUOAOYIX®Y dedouévwy Ttou Bacileton ot bi-
APOPES TUPATNENOELS OTWS TO XOOUIXO LTOBOEO ULXEOXUUATWY, Ol BOUES UEYEANG XAlwoxag, Ta
dedopéva Twv counepvoPa, x.o. eUVOEL [82] TV Untapdn évog EMTESOU, OPOYEVOUS XL LOOTPOTUXO-
U Topravtoc. O xoopixde mAindwpiopds [83—-86] byt wovo e€nyel puowxd Tic Topandve WdTntee
TOU LOUTAVTOg, aAAd TO To onpavTnd elvon 6Tl 6ty avTtetonileton xBoavTind, mapéyet eniong
EVOLY UMY OVIOHO YlaL TN SNoupY ol TV amapaftnTwy dpyEYOoVwY aVICOTEOTLOY Tou EEUTNEETOVY
T OntovpY ol TV SOV UEYIANG xAlUoxas Tou tapatneolue ofucpa. To dedouéva Tng amocTo-
Mc Planck [87] éyouv neplopioet coPopd Tov Tapaetoind xHpo v TANI0ELO TIXOY LOVTENWY,
0VCLUC TXA ATOXAELOVTAS TOANS amd AT, CUUTERLAAUBAVOUEVKY TwV ATAOUCTERWY OTOU Eval
Barduwto medlo cuvdéeTton eEAdytoTa pe TN Bopdtnta. And Tnv dAAn TAupd, O TEElTAOXA YOV-
é)a, 6mwe o Starobinsky [88], émou évac dpoc R? mpootideton otn dpdon Einstein-Hilbert,
palveton va Bploxovtal eviog Tng EMITEETOUEVNS Teployc. Autdc o Timog un eAdyioTo ou-
Leuyuévwy povtéhwy avixel otn yevxr xatnyopla Yewpidv Baduwtol-tavuoty [8, 89-103]. Xe
TéTola HovTéha, To Boduwtd medio ¢ ouvAlweg cuvdéeton e T BapdTnTa HECK EVOS GEPOL TNG
wopphc £s¢* R, 6mou To &, ebvon pra oTadepd cUlELENG Ywplc dlaotdoel xou R etvor to Pordue-
16 Ricci. A&iler va onuewndel 6t autde o timoc oUlevine emitpénet oty xhipaxo Planck va
OMULOVPYELTOL BUVAULXE OTAV TO @ THPEL TNV AVOUEVOUEVY) TUWT TOU XEVOU TOU.

H duvapue mapaywyt tne xAlgoxag Planck emtuyydvetan cuvidong oe dewpleg avorhoiw-
e xMpaxog [4, 5, 9, 104-149] otic onolec to “tpé€o” e tetapTnic otadepdc olleuing Tou
tvphatov npoxaiel éva ondowwo cupueteiag ahd Coleman—Weinberg. H ovodlhowdtnta xhlpoxag
unawvicoeton 6T 1 Aavxpavliovn pog Yewplac dev mpémel var mepiéyel mapapéteous walog et
ToUTou. Exuetadleudpevog tny meploplo Tixt| 1oV NG avohhowwtntag xAluoxag, uropel xoveic
v dnuioupyRoeL Tpeic emimhéov bpouc ou céBovion T cuppetpio: Tov 6po Starobinsky aR?
X Toug 6pouc SRR xou VRWU,\R“W’\, omov R pox xou Ry, elvon o Riemann xa o Ricci
TavUo TAC avtioTouya xou o, B xan v elvon addotateg otadepés. Auth 1 Yewpla tng Popdtn-
Tac ovoudleton TeTpaywrikn Papvtnta xou teEleuTalor AoBAvel Yeydhn tpocoy we wa mdovn
Vewploc xBavtinic Bopvnrae [116, 128, 143, 149-159]. Puowd, ov extetapéves Vewpliec g
Bapltntoc eYelpouy TO EpWTNUA TNG OWOTAG dLATUTWONG, ONA. €dv Vo YENOULOTOLACOVUE TOV
uetewx6 1 Tov Palatini @opuohiond xatd tn yetofohy| Tne dpdorg.

Eivar yvwoté 6t o Palatini gopuahowéde [160, 161] tne yevixhc dewploc tne oyetindtntag
(IF'OY) (poppolopds TEMOTNS TEENG) lvor Wi Vahhox T ExS80) Y| TOU To SLABESOUEVOU UETEIXOV
popuoliopol (popuoliopde devtepne t8éneg). Xtov teheutaio, 1 cUVOEST TOU YwpoypdVOU Elvor
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n ouvung Levi-Civita, evd otov Palatini gopuahioud n cOvoeon F’\W X0l O UETEIXOC TAVUOTHG
G vTeTLRTovT wg aveEdptntee petoPfintéc. Yta mhalow e 'O, ou Yo gopuoiicuot
elvon LloodLVapoL oto eninedo Twv edlotoewy nediou, ue TN obvdeon Levi-Civita vo avoxtdton
METE TNV ehaytotonoinan tne dpdong otov Palatini gopuokoid. Otoav hayBdvovton unddm un
eNdyotee otadepée oUleuine petadd tne Bapintac xou e UAne [8, 102, 103, 145, 162-199]
f/xon f(R) dewpiec? [3-5, 9, 149, 158, 200-218], o1 mpoxiintoucec e&iodoeic nediou dev eivon
Théov ot {Bleg %1 €ToL oL BV0o popualiopol 0dNYolV GE SLUPORETIXEC XOOUONOYIXES TEOBAEDELS.
‘Eva a€loonuelnwto mopdderypa eivon o wovtého mhndwplopod Starobinsky [88], 6mou 1 npo-
ohxn evée bpou R? otn cuvndiopévn dpdorn Einstein-Hilbert petagpdleton oe évav véo dua-
01d6pevo Poduwtéd Podud erevdepioc (BE) mou nailer to pdho tou ivphatov. Ytov Palatini
(popuaMoud dev undpyel emnAéov Suddoon BE, emoyévwe to (vplatov npénetl va npocteldel ex
TV TEoTépwY 011 d0pdon. To mheovéxtnua tou Palatini gopuaiiopod etvon 611 1 TpocVnn tou
bpou R? pnopel va. ypnoutoromdel yio T peiwon tou Adyou Tavuoth-Badpwtol r [202], xdtL tou
elvan ouvérnela evog mo eninedou Boduwtold Suvauxod oto mhaioto Einstein. Autéd emtpénel oe
OLdpopa LovTéEAX oTar ool 0 TANUWELOUOS xordodnyeiton and €va Badunmtd medio va xatac To0v
ouufatd pe tic Topatnerioels xou el [203, 204]. Emunhéov, n mpoodixn evoc cuupeteixol To-
vuo T Ricci oto tetpdywvo R(W)R(“”) otn dpdor Einstein-Hilbert éyel to (6lo anotéheopa e
Tov anhé R? 6po (BAéne [219, 220]), Touldylotov 660V apopd TNy Tpononolinot Tou BuduwTtol
duvouxol xou xatd cuvénela odnyel otn uelworn tou Aéyou Tavuoth-Poduwmtol [202]. H xbpia
oahAG Oyt oNAYTIXT BLopopd HETAED UTWY TWV 600 TETRAYWVIXMOY 0pWV AVAAAOIOTNG XAUoxag
elvar 671 670 Thadoto Einstein o 6poc R? odnyel enlone o évay xvnmixd 6po dedtepnc téeng,
EVQ 0 R(W)R(W) 6p0¢ amOBIBEL ol GELRE XIVNTIXDV OpwY aviTERNS TdEne. {2oTtdc0o, autol ol
xwnTixol 6pol avidTepng TaENG lvon aueAnTEOL, TOUAAYIGTOV XoTd TN Sldpxela TNG ey xOAONS.

2¥e authv T datpP Yenotpwonololue Blapopetind oUuBoha yio Th BatueTh X0t THY TEVUGTIXH XoUTUAGTATA,
ToL OTOlOL GTOV PETEIXO PopUahiond dnhdvovto ue R, evdd otov Palatini pe R.
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Chapter 1

Introduction and summary

Extensions of Standard Model (SM) in the context of supergravity (SUGRA) provide us with
a candidate particle for dark matter (DM), the gravitino, the superpartner of the graviton.
It interacts with other particles purely gravitationally and thus naturally eludes direct or
indirect detection, as suggested by current experimental and observational data from the
DM search. Therefore, accurate knowledge of its cosmological abundance is essential to
apply cosmological constraints to these models. Gravitinos can be produced in several ways:
(i) nonthermally, from the inflaton decays [11-18], (ii) much later around the time of big bang
nucleosynthesis, through the decays of unstable particles [19-22] and (iii) last but not least,
thermally, through a freeze-in production mechanism as the Universe cools down from the
reheating temperature (Tyen) until now [16, 23-37]. In particular, under the assumption of
gauge-mediated supersymmetry breaking a different production mechanism (freeze-out) must
be used [38-41]'. Recently, an alternative scenario involving the so-called “catastrophic”
nonthermal production of slow gravitinos has attracted attention [60-67].

It is worth noting that depending on the mass hierarchy of the SUGRA models, in the
case of R-parity conservation, the gravitino can either be the stable lightest supersymmetric
particle (LSP) playing the role of the DM (as it is assumed in this thesis), or it can be heavier
than the LSP and thus unstable. In the latter case, it is important to calculate the width of
the gravitino decays to the lightest neutralino, which in this case is the LSP [68-79].

Efforts to calculate the thermal gravitino abundance using various techniques, methods,
and approximations have spanned nearly the last four decades. Since gravitinos are mainly
thermally produced at very high temperatures, the effective theory of light gravitinos, the
so-called nonderivative approach, involving only the spin 1/2 goldstino components, was
initially used. In this context, since some of the production amplitudes exhibit infrared (IR)
divergences, they were regularized by introducing either a finite thermal gluon mass or an
angular cutoff. In this way, in [24] the basic 2 — 2 gravitino production processes were
tabulated and calculated for the first time. This calculation was further improved in [26, 27].

As the Braaten, Pisarski, Yuan (BPY) method [80, 81] succeeded in calculating the axion
thermal abundance, in [29] it was further applied to the gravitino, motivated by the fact that
the gravitinolike axion, interacts extremely weakly with the rest of the spectrum. Although
in [30] the previous IR regularization technique was used, in [31, 34] the BPY method was
employed, taking in addition into account the contribution of the spin 3/2 pure gravitino
components.

Eventually, in [36] the method of calculation was considerably improved. There it was
argued that the basic requirement for the application of the BPY prescription, i.e. ¢ < 1,
where g is the gauge coupling constant, is not satisfied in the whole temperature range of the
calculation, in particular when g is the strong coupling constant gs. Therefore, the authors
calculated the one-loop thermal gravitino selfenergy numerically beyond the hard thermal
loop approximation, with the advantage that this includes the 1 — 2 processes in addition to
the 2 — 2 processes. More importantly, it was found that the so-called subtracted part, i.e.

1See also [41-59] for various gravitino production calculations.
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parts of the 2 — 2 squared amplitudes for which the selfenergy may not account for, are IR
finite. The main numerical result in [36] on the gravitino production rate differs significantly,
almost by a factor of 2, compared to the earlier works [34, 37]. Unfortunately, in [36] the
main analytical results seem to be insufficient. In particular, the equations on the selfenergy
contribution for the gravitino production rate in section IV A even seem to be dimensionally
inconsistent. Moreover, due to the limited computational resources at the time, the numerical
estimation of this self-energy was computed only within the light cone. Moreover, two of the
four nonzero subtracted parts in the corresponding Table I in [36] turn out to be zero.

Motivated by this, we recalculate [1] the thermally corrected gravitino selfenergy without
numerical approximations at the one-loop level. Finally, since our final result for the gravitino
production rate is numerical as in [36], we present an updated handy parametrization of it
following [16]. Our final result differs from that shown in [36] by about 10%. We also calculate
the thermal gravitino abundance and discuss possible phenomenological consequences.

The combined analysis of the latest cosmological data based on various observations such
as the cosmic microwave background (CMB), large scale structures, supernova data, etc.
favor [82] a flat, homogeneous and isotropic Universe. Cosmic inflation [83-86] not only
naturally explains the above properties of the Universe, but, most importantly, when treated
quantum mechanically, it also provides a mechanism for the generation of the necessary
primordial anisotropies that serve as seeds for the generation of the large-scale structures we
observe today. The Planck mission data combined with earlier observation [87] have severely
constrained the parameter space of inflationary models, essentially ruling out many of them,
including the simplest ones where a scalar field is minimally coupled to gravity. On the other
hand, more complicated models such as the Starobinsky [88], where a R? term is added to
the Einstein-Hilbert action, seem to be within the allowed range. This type of nonminimal
models belongs to the general class of scalar-tensor (ST) theories [8, 89-103]. In such models,
the scalar field ¢ typically couples to gravity via a term of the form £¢¢2R, where &4 is a
dimensionless coupling constant and R is the Ricci scalar. It is worth noting that this type
of coupling allows the Planck scale to be dynamically generated when ¢ evolves a vacuum
expectation value (VEV).

Dynamical generation of the Planck scale is usually achieved in scale-invariant theo-
ries [4, 5, 9, 104-149], in which the running of the inflaton quartic coupling induces symmetry
breaking a la Coleman—Weinberg. Scale invariance postulates that the Lagrangian of a theory
should not contain any ad hoc mass parameters. Exploiting the restrictive power of scale
invariance, one can form three additional terms that respect symmetry: the Starobinsky term
aR? and the terms BRuRM and YR o R* oA where Ruvox and Ry, are the Riemann and
Ricci tensors, respectively, and «, 8 and «y are dimensionless constants. This theory of gravity
is called quadratic gravity and has recently received much attention as a possible realization
of quantum gravity [116, 128, 143, 149-159]. Of course, extended theories of gravity raise the
question of the correct formulation, 7.e. whether to use the metric or the Palatini formalism
when varying the action.

It is well known that the Palatini formulation [160, 161] of general relativity (GR) (first-
order formalism) is an alternative to the well-known metric formulation (second-order formal-
ism). In the latter, the spacetime connection is the usual Levi-Civita, while in the Palatini
approach the connection I‘)‘W and the metric g,, are treated as independent variables. In
the context of GR, the two formalisms are equivalent at the level of field equations, with
the Levi-Civita connection recovered on-shell in the Palatini approach. When nonminimal
couplings between gravity and matter [8, 102, 103, 145, 162-199] or/and f(R) theories® [3—
5,9, 149, 158, 200-218] are considered, the resulting field equations are no longer the same

2Throughout this thesis we use different symbols for the curvature scalar and tensors, which in the metric
formulation we denote by R, while in the Palatini approach by R.
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and thus the two formalisms lead to different cosmological predictions. A notable example
is the Starobinsky model of inflation [88], where the addition of a R? term in the usual
Einstein-Hilbert action is translated into a new propagating scalar degree of freedom (DOF)
which plays the role of the inflaton. In the Palatini formalism there are no extra propagating
DOF, therefore the inflaton has to be added ad hoc in the action. The advantage of consid-
ering the Palatini formulation is that the addition of the R? term can be used to reduce the
tensor-to-scalar ratio r [202], as a consequence of a flatter scalar potential in the Einstein
frame (EF) This allows various models in which inflation is driven by a scalar field to be made
compatible with the observations again [203, 204]. Moreover, the addition of a symmetric
Ricci tensor squared term R(W)R(’“’) in the Einstein-Hilbert action has the same effect as
the pure R? term (see [219, 220]), at least as far as the modification of the scalar potential
is concerned, and consequently leads to the reduction of the tensor-to-scalar ratio [202]. The
main, but not significant, difference between these two quadratic scale-invariant terms is that
in the EF the R? term also leads to a second-order kinetic term, while the R(W)R(‘“’) term
yields a series of higher-order kinetic terms. However, these higher order kinetic terms are
negligible, at least during slow roll.

In this thesis we use natural units, by setting h = ¢ = kg = 1. We also use Mp = (87rG)_1/2 =

1 in most formulas except when we want the dimensionality to be explicit.






Chapter 2

Supersymmetry and supergravity

Supersymmetry (SUSY) (see [221] for a review) is an extension of the SM that aims to fill some
of the gaps. It provides us extra particles that can play the roll of DM, predicts a unification of
all fundamental forces of nature (see Fig. 2.2), and manages to solve the hierarchy problem as
analyzed in Sec. 2.1. SUGRA (see [222] for a review) is a supersymmetric theory of gravity,
or a theory of local SUSY. It involves the graviton described by GR, and extra matter,
in particular a fermionic partner of the graviton called gravitino. A natural framework to
connect these theories with particle and/or cosmological experiments are the no-scale SUGRA
models [223-227], with many applications to cosmic inflation [228-239]. The predictions of
such inflationary models [240-275] mimic those of the Starobinsky model [88].

2.1 Supersymmetry

The SM of particle physics, provides a remarkably successful description in a plethora of
known phenomena. Although the SM has demonstrated great successes in providing experi-
mental predictions into the TeV range, it leaves some phenomena unexplained and thus needs
to be extended at higher energies up to the Planck scale Mp = (87G)~1/2 = 2.435 x 10'® GeV,
where quantum gravity arises. The electroweak sector of the SM contains within it an ex-
perimentally calculated parameter, namely the electroweak scale v, =~ 246 GeV which is
related to the VEV of the Higgs field written in the unitary gauge H = (0,v), + h)/V2.
The well known hierarchy problem [276-278] of particle physics, i.e. the fact that the ratio
vp/Mp ~ 10716 <« 1, lead us to explore physics beyond the SM. In order to analyze the
hierarchy problem in more detail we recall the SM higgs field classical potential

V= (H H) + M\ (H H)?. (2.1)

The requirement of a non-vanishing VEV for the Higgs field at the minimum of the poten-
tial (2.1), occurs if A\, > 0 and p? < 0, resulting in a VEV v = —pu?/\, and in a Higgs
mass my = 1/2)\hv,21. If 42 > 0 the VEV is at the origin in field space, which would imply
vp, = 0, in which case all particles would remain massless. It has been almost a decade
since the discovery of the Higgs boson with a mass mj; ~ 125GeV in the Large Hadron
Collider (LHC) [279, 280]. This experimental value of the Higgs mass implies that A\, ~ 0.13
and p? ~ —(90 GeV)2. The problem is that p? and thus m% receives enormous radiative
quantum corrections which are generally proportional to a cutoff energy scale A, that is used
to regulate the fermion loop integral given on the left of Figure 2.1. Assuming the Yukawa
interaction between Higgs and fermions Ly ykqwe = —AfH f f, the left Feynman diagram in
Figure 2.1 yields a correction
P
82
where the ellipses represent terms proportional to the fermion mass squared, which grow
at most logarithmically with A. If A ~ Mp or even much smaller, the 1-loop correction in

Ap? = A2 ... (2.2)
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Figure 2.1: The one-loop quantum corrections to the Higgs mass parameter u2, due to a fermion f (left)
and a scalar S (right).

Eq. (2.2) is vastly greater than the electroweak scale which is the order of magnitude of the
mass parameter pu. The observed hierarchy between the electroweak scale and the Planck
scale must be achieved with extraordinary fine tuning.

A possible solution to this comes by assuming a complex scalar particle S that couples to
the Higgs boson as —Ap,s|H|?|S|?. This four-point interaction which is illustrated in the right
Feynman diagram in Figure 2.1 would give a new correction to the mass p? which reads

_As
1672

Ap? A2+ (2.3)
Now, if there is one scalar boson for each of the two spin states of the SM fermions, then
the quadratic in A quantum corrections of (2.2) and (2.3) will neatly cancel, provided that
Ahs = |A f\Q [281-285]. Such bosons could arise in supersymmetric theories as we will see
next.

A SUSY transformation relates bosonic and fermionic states in such a way that

@ |boson) = |fermion) , Q |fermion) = |boson) , (2.4)

where @Q is an anti-commuting Weyl spinor that generates such transformations. The N' =1
Super—Poincare algebra for the 4—momentum generator of spacetime translations P, the
generators of the Lorentz group (boosts + rotations) M,, and the SUSY generators @ are
summarized in the following,

[P/MPV] = 0,
My, Mpo] = i (guoMup — 9uoMvo + gupMuo — guo M)
My, Po] = i(9pwBu — gupPs)
Qas P = |[Qas P =0,
Qo M) = (o). Qs
@ M| = @) Q.
{QuQs} = 2(6"ua P
{QuQs} = {QsQs} =0, (25)
where | , | and { , } stand for the commutator and anti-commutator respectively. The defini-

tions of the Pauli o matrices along with the used metric signature in this thesis are presented
in Appendix A. In the same appendix the notation of Weyl, Dirac and Majorana spinors is
displayed. The supersymmetric extension of the SM as described by the algebra (2.5) will
extend the known SM particle spectrum with new particles. More precisely each of the “old”
particles must have a superpartner with spin differing by 1/2 unit.
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2.2 Minimal supersymmetric Standard Model

The minimal supersymmetric Standard Model (MSSM) is the most “economical” extension
of the SM that realizes SUSY. It is called “Minimal” as considers only the minimum number of
new particles and interactions consistent with phenomenology. As discussed in Sec. 2.1, SUSY
pairs bosons with fermions, so every SM particle has its own superpartner. Unfortunately,
LHC has not yet discovered any supersymmetric particle, as of the writing of this thesis.

Before continuing with more formal work, we would like to indicate our notation follow-
ing [37]. The matter fermions are described in terms of the left-handed four-spinors XiL and the
corresponding scalar superpartners are denoted as ¢’, where i runs over all chiral superfields.
Gauge multiplets consist of gauge bosons Af, and their superpartners, the gauginos, which
are Majorana fermions are denoted by A%, with a = 1,..., “dimension of the gauge group”.
The gravity sector that contains the graviton and its superpartner gravitino will be analyzed
in the next section. In terms of the above particles, the gauge part of the Lagrangian is given
by

67 a) iy(a *1 1 xir(Q) N\ 2
Eéaglge = Dl(L )¢ D( )N¢ -5 2 (¢ Ta ij¢])

i XD, — 4F,£3>”F< b IX D) y(@)e

V29X T\ — V2 XL T }]gbu(a)a, (2.6)

where the index a = 1,2 or 3 indicating the U(1)y, SU(2)r, or SU(3). gauge group. Accord-
ingly the gauge couplings g, are given by g1 = gy, g2 = g and g3 = g with hypercharge
coupling gy and the weak and strong couplings g and gs, respectively. In Table 2.1 are dis-
played the gauge fields of the MSSM. In the second column are presented the gauge bosons
of the SM, while the third one shows the supersymmetric gauginos. In Table 2.2 the full
particle content of MSSM is displayed. The generators Té z)] in (2.6) for the SM gauge groups
are given by

1
7). = 5 Yidijdur
5 1
Té,gj = 3%
5 1
ng,gj = A (2.7)

where Y; is the hypercharge as given in the fourth column of Tables 2.1 and 2.2. The Pauli o
matrices are given in (A.2) and A, are the eight Gell-Mann matrices. The covariant derivatives
for bosons, fermions and gauginos are

DELQ)le _ 8M¢z+lg A(a)aT( a) ¢j

a,ij
Dl(f‘)XiL = 8MxiL + zgaA(a) “Téal)] XL ,
D@ = g A@a _ g, plefabegla)by(a)e (2.8)
where the structure constants f(® ¢ for the three gauge groups are given by
f(l) abc  _ 0,
f(2) abc  _ 6abc ,

f(3) abc  _ fabc )
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Table 2.1: Gauge fields of the MSSM and the corresponding quantum numbers for the three gauge groups.

Name Gauge bosons A,(f‘)a Gauginos \(®a  (SU(3)., SU(2),U(1)y)
B-boson - bino A,(Ll)a = B, ADa = Bgal (1,1,0)
W-bosons - winos A,(E)a =Wy A@a = pya (1,3,0)
gluon - gluino A,(jg) ¢ = 95 ABa = ga (8,1,0)

See Appendix A for more details about the totally antisymmetric structure constants €
and f%¢. In detail, we present the three covariant derivatives for the bosons ¢’

PWy — 8H¢+i%BMY¢,

8# 0 .g2 SWAu + CWz“ \/EWJ gbl
+ 11— _ 2]
0 09, 2 \/§W# —swAy —cwZy )
DAY = 0,¢" + i%gﬁ)\ﬁsqbs : (2.9)

where 7, s are color indices. We have already substituted B,, = cos 0w A, — sin Oy Z,, WS =
sin Oy Ay + cos Ow Z,, Wi = (W + W;)/ﬁ and W2 = (W, — W;)/\/Z in order to get
the physical gauge bosons A, Z,,, Wj and W, . With 6y we denote the mixing angle. The
corresponding gaugino mixtures are the so-called photino, zino and winos. The field strength

tensor F, ,S‘,i‘)“ reads

F(a)a _ auA(a)a . &IAI(;))a - gaf(a) abcALa) bA(Va)C, (210)

N2 v
so for the three gauge groups we get

F{) = 0,B,—0,B,,
FP® = 9,Wg—0,Wi — gae™WiWS,
Fﬁ)a = Oug, — Oy, — ggfabchgf, . (2.11)

As already mentioned, in Table 2.2 are presented the matter fields of the MSSM, namely

V[{ (V677VM*7V7'7) ﬁLI _(V677VM*7§T*)
leptons: | e, '= (e; ,ug 75 ) |, sleptons: | ;7= (&, ,pu;,7 ) |, (212)
eR = (eR nuRc’Tch) gﬁ - (gR a,a]g 7%15*)
up, = (ug,cr,tr) ug, = (ur,er,tr)
ubl= (uf,ch, th apl= (up,ch tr
quarks 1; (uh: ks t) and  squarks : AI; (~R H ~R) (2.13)
dL: (dL78L7bL) dL: (dLasLabL)
di'= (df,sf,bf) = (d};,35,b7)

In the forth column the weak hypercharge Y is given by Y = 2(Qgy — T3), where Qg is the
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Table 2.2: Matter fields of the MSSM and the corresponding quantum numbers for the three gauge
groups. The family index I refers to one out of three generations of leptons, sleptons, quarks and squarks
for I =1,2,3 respectively.

Name Bosons ¢’ Fermions 7 (SU(3)., SU(2)1,U(1)y)
~ vl vi
Sleptons - leptons LI = ~_L[ L' = _LI (1,2,-1)
€L €L
B =g+t Bl = epc! (1,1,2)
~ ul ul
Squarks - quarks ~ Qf = | -F Q= F (3,2,1/3)
dy, dy,
U =yt Uel = ugf (3,1,-4/3)
D = dy! Del = a¢f (3,1,2/3)
: _ HY ~ HY
Higgs - higgsinos  Hy; = [ ¢ Hy=| =4 1,2,-1
ggs - higg d (Hd> d (Hd_> (1,2,-1)

HF ~ Hr

electric charge and T3 is the third component of the weak isospin, being +1/2 for doublets
and 0 for SU(2)r, singlets. The Higgs part of the MSSM is slightly complicated in comparison
with the one of the SM by the fact that there are two complex Higgs doublets Hy and H,
instead of one in the SM. The corresponding fermionic superpartners are also two complex
doublets called Higgsinos. The MSSM is specified by the superpotential

W — yJJﬁ*I@J Hu _ydIJE*I@J 'Hd _yeIJE*IEJ Hd+NHu 'Hd, (214)

where the antisymmetric symbol €*? (see (A.3)) is used in order to tie up the indices of the
SU(2)p, structure. The p—term in Eq. (2.14) is the SUSY verison of the Higgs boson mass
introduced in Eq. (2.1). Since the heaviest fermions in the SM are the top quark, the bottom
quark and the tau, the Yukawa couplings y!” can be approximated as

00 0 00 0 00 0
yl/~fo 0o of, yi7~l0o 0 o, ¢7~|0 0 0 (2.15)
0 0 u 0 0 w 0 0 yr

In the calculation of the thermal gravitino production in Sec. 4 we will consider only the top
quark contribution as first done in [36].

The idea [286] that the three gauge couplings should unify at a common high energy
scale does not, in fact, prove to be the case in the SM, but it works very convincingly in
the MSSM [287-291]. The evolution of the gauge couplings is determined by the gauge and
matter content of the MSSM that has been already analyzed. The 1—loop renormalization
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Figure 2.2: Gauge coupling unification in the MSSM at the scale Mgyt ~ 2 x 106 GeV.

group equations (RGE) for the MSSM gauge couplings g; = \/5/3 g1, g2 and g3 are'

d 1

V790 — 7 —50a9q; ; 02, - 717_ ’ 2.1
%0 = 1gr20a9a (b1,b2,b3) = (33/5,1,-3) (2.16)

where t is the logarithm of the energy scale and b, are coefficients related to the particle
spectrum. In the SM the coefficients (b1, be, b3) = (41/10,—19/6, —7) are smaller, because of
the less particles in the loops, so the unification at some energy scale is not achieved. Solving
Eq. (2.16) we obtain

ga(Mcur)
— 2292 (Mgut) In(T/Mcuyr)

where the grand unification scale, Mgur ~ 2 x 10'6 GeV is defined at the point where the
normalized hypercharge coupling g; = 1/5/3 g1, the weak coupling g» and the strong coupling
g3 meet, having the common value gj 5 5 (Mgut) = +/7/6. In Fig. 2.2 we present the running
of the gauge couplings from low energies ~ 1 GeV till the Mgyr.

For future use we will also give the running of the gaugino masses. The 1—loop RGE for
the three gaugino masses my) = {Mi, M2, M3} in the MSSM are

9a(T) = (2.17)

d 1
e = 8?b&ggﬂnw, (b1, b, b3) = (33/5,1,—3). (2.18)

It follows that the ratios mi(a) /g2 are RG scale independent (up to small two-loop correc-
tions). A popular but not imperative assumption is that the gaugino masses also unify at
the scale Mgy, with a value called m, /25 thus

2
My (T) = (%) My (2.19)

In Fig. 2.3 we present the gaugino masses for m; ;5 = 750 GeV (left) and m, /o = 4 TeV (right).
In both sides of this figure, the solid lines correspond to a universal gaugino mass unification
at the scale Mgyt ~ 2 x 10'6 GeV, while the dashed ones coincide with a non-universal
scenario assuming that M /2 = My/2 = M3 = my /5 at Maur-

n Eq. (2.16)-(2.19) with o = 1 we invoke the normalized hypercharge coupling g1 = 1/5/3 g1.
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Figure 2.3: The three gaugino masses of the MSSM for my,, = 750 GeV (left) and m;/, = 4 TeV
(right), assuming a universal gaugino mass unification at the scale Mgyt ~ 2 x 1016 GeV (solid lines)
and a non-universal scenario with M; /2 = M5/2 = M3 = my 5 (dashed lines).

2.3 The gravitino field

In this section we begin to assemble the ingredients of SUGRA by studying the free spin—3/2
field, the so-called Rarita-Schwinger field or gravitino.

The SUGRA model contains the graviton field e,™ (or vielbein)? and its superpartner
the gravitino 1. Since the gravitino is the superpartner of the graviton it is massless in the
limit of unbroken SUSY and can be written in terms of a Majorana vector spinor as

I
U = (i%a> : (2.20)

The Lagrangian of the SUGRA model [292] incorporates the usual Einstein-Hilbert term

Mg

- 2.21
SR, (2.21)

e_lﬁEH =
where R is the Ricci scalar and e := dete,™, and the free gravitino Lagrangian which is given
by*
1 pfr B 1 — 5
e LY = P L OptLe — st/QwRu[W,’Y Jtry - (2.22)

In the above Lagrangian €77 is the totally anti-symmetric tensor and mg, is the gravitino
mass. The interaction part of the gravitino Lagrangian will be discussed separately in Sec. 2.4.

In the SM, the Higgs mechanism is essential to explain the generation of masses for
the particle spectrum. An analogous super-Higgs mechanism [293, 294] is crucial in order to
achieve the spontaneous symmetry breaking of SUGRA. The supersymmetric goldstone boson
is now a spin-1/2 fermion called goldstino, and it is “eaten” by the gravitino which acquires
thus its £1/2 helicity components. The gravitino mass arises when the superpotential W
and the Kéahler potential K get their VEVs (W},) and (K}) respectively. Here the subscript
h denotes the hidden sector, i.e. the part that is independent of the observable fields. The
relevant term which is responsible for the generation of the gravitino mass in the full SUGRA

2Here m is the flat spacetime index and p is the Einstein index.

3The covariant derivative acting on the gravitino field can be written as Duthy = Outhy, as we have dropped
the spin-connection contributions in the covariant derivatives of all the fermion fields. This assumption matches
with the choice of a flat spacetime.
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Lagrangian is — e’/ 2MZ W*@RM [, 7" |¥ Ly, thus the gravitino mass is given by

AME
1

mgy = ﬁge<Kh>/2Ml% <W;Lk> ) (223)

Avoiding total derivatives the free gravitino Lagrangian (2.22) can be rewritten as

_ 1 — 1 —
e 1£§r/€§ = _56“”"%75%8/’% — 1m3/2¢u[7“771’]¢y7 (2.24)

which obeys the equations of motion

0Ls3)9 0Ls3)9 1 1
—'= — 0, = = — o Py, 0pthe — —mig oY,y b, =0, (2.25)
Wy o(aw,) 2 4

that finally lead to the well-known Rarita-Schwinger equations [295] for the massive gravitino
field

Y =0  and (z’c‘/f - m3/2> Y, =0. (2.26)

These equations additionally imply the constraint 01, = 0. The gravitino production
calculated in Chapter 4 involves squared matrix elements which are summed over all four
gravitino helicity states s = £3/2,+£1/2. The polarization tensor for a gravitino with mass
m3/o and momentum P can be accordingly written as

M, P = Y @3

s=43/2,41/2

PP\ 1 P, P
=—(P+m v - (M= (P-m Y.
( 3/2) | 9u ) 3|7 - ( 372) |7 s
(2.27)

We are interested in the production of gravitinos at energies much larger than the gravitino
mass. In this case the polarization tensor (2.27) splits into two parts [31]

2 P,P,
I (P) ~ —Pgu + - P—5—. (2.28)
3 ms

The first term in (2.28) corresponds to the sum over the helicity £3/2 states whereas the
second one to the sum over +1/2 helicity states, i.e. is the goldstino part of the gravitino.
In [36] the polarization tensor for the case of a massless gravitino is presented to have the
form

1
Hi{?(P) = _§'VMP’YV - Pguuv (2.29)

in which only the sum over the two physical transverse polarizations has been done.

2.4 Gravitino Interactions

So far we have considered the theory of SUSY and how the gravitino emerges in the frame-
work of SUGRA. Let us now discuss about the gravitino interactions with the rest particle
spectrum.

Many of the interaction terms concerning the gravitino in the full SUGRA Lagrangian [292]
are irrelevant for our analysis, since the considered centre of mass energy /s is much lower
than the Planck scale Mp and so some operators are suppressed at least by a factor ~ 1/Mp.
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Also, in our analysis in Chapter 4, gravitinos appear only as external lines. Thus, by in-
voking (2.26), terms which contain y#,, or ¢, can be ignored. Therefore, the relevant
interaction Lagrangian is

o -
‘Cg/%,int _ 7m¢#5{\‘/ISSM+h.c. (2.30)

i . . o i —
- () sxi wav i ye) it v o P A0k (@) ap(a)a
\/EMP [Dp, d) lbu’Y Y XL D/J, ¢XL’7 Y 1/)1/} 8MP¢M[/—Y y Y ],y A Fpa )
where in the first line S{;qq,; denotes the contribution from MSSM to the supercurrent.
Before We will present in more detail the relevant Lagrangians coming from (2.30), for the
SU(3). gauge group. These Lagrangians along with the corresponding vertices are listed
below.

* Loggw = —3 M (23,390 g5 gh9% ) ($ul" AN + T A ) - (231)

This Lagrangian describes the three-point interactions between g — § — 1 and the four-point
interaction g — g — § — v, with vertex rules”

> Vertex(g5(P) 3% 1) = —Méabuf’ﬁph“,
h
> Vertex(gz(P) ") = —Wéab’y [P,~"], (2.32)
and
—_—
> Vertex(gh g5 4" ¥u) = 4M 25 pebely Pyt
<—
> Vertex(g) g5 " V) = — =" (2.33)
AMp
1 _ ; o~ — ; o~
© Ligy = 5y [T R0 (0,0) = D" 0lpa (0u0)] - (23)
This Lagrangian describes the three-point interaction ¢ — ¢ — ¥ with vertex rules
> Vertex(q/ (P)q" ¢,) = —Lé Py
7 w \/iMP T LR >
> Vertex(@(P) ¢ 4) Sl P (2:35)
ertex(q; = ——0na . .
q; qa Yu \/§MP rtRLY
1
L4 ['g(jqw \fM Ttg3 [Q#Ta rsq v ’}/‘LLOé 1/]1/%, +g# a, 87“1/}1/7 vy aLthq'zks} . (236)

This Lagrangian describes the four-point interaction g — § — ¢ — v with vertex rules

g3

> Vertex(gy, q; qt V) = —WTCL, POy YA
p
) U
> Vertex(gy, q; qt vy) = —ﬂ%Ta,sﬂsrﬂMV arg- (2.37)
P

4The arrow over the gluino or squark and gravitino indicates the fermion flow, i.e. an arbitrary orientation
of each fermion line. See [296].
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In the expressions above the momentum P flows into the vertex. We have also used the
shortcuts

o, = RiLPr— RirPr,
atr = RiLPL— RigPr, (2.38)

and we defined the conjugated expressions as

a?’:L = R{ Pr—RpPL,
afr = R PL— RzPg, (2.39)

where Py, P are the left and right projectors and the R;z, R;r can be found in [297]. The
Lagrangians of the relevant gauge interactions along with the Feynman rules can be found in
Appendix B of [37].

2.5 Effective theory for light gravitinos

As we have mentioned in spontaneously broken SUSY models, the massless gravitino acquires
its mass by “eating” the goldstino DOF. Thus the gravitino, apart from the mass, receives
two additional DOF, the helicity +1/2 components. This fact suggests that the dynamics of
the goldstino (x) can very well approximate the helicity £1/2 components of the gravitino
(¢u) in the limit of vanishing gravitino mass ms/, [298]. According to the mgz/, — 0 limit

in the polarization tensor (2.28), the term %P IZ‘QP” dominates at energies greater than the

3/2
gravitino mass. Since,
Yo XX = Prmy = P (2.40)
s==£1/2
we can effectively replace
20
Yy — \[ X (2.41)
3 ’I?’Lg/g
in this high energy regime. Therefore after an integration by parts
£ TSt e £ = gk ihe.  (2.42)
3/2,int fM pOMSSM C. 1/2,eff — \/§m3/2MpX nOMssM TG :

This expression can be simplified further in order to obtain an effective interaction Lagrangian
in nonderivative form. In all orders in perturbation theory and for a single external goldstino
the nonderivative and the derivative forms are equivalent [299]. The nonderivative Lagrangian
reads

2

A LW . . . . m
L:(‘") _ ¢ X' (ot 4% ot i) _ Ae) XI*, 4 )\(a) aF(a) a
1/2, nonder \/’Mpm3/2 (XXL(Z) XLX¢) 4\/6Mpm3/2Xh/ Y ] uv
. gam)\(a) *7,
R Al 2.43
75 MPm3/2 w9 X0 (2.43)
In this, m?

i and mx are the squared masses of the corresponding matter fields and m ) are
the gaugino masses, as referred previously. The complete set of the Feynman rules is given
in Appendix B of [37].
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Chapter 3

Finite temperature effects

In this chapter we summarize some well known results from thermal field theory (TFT),
i.e. the quantum field theory at finite temperature, that are relevant for our computation of
the gravitino abundance. TFT can be successfully described using two different formalisms,
the imaginary-time formalism (ITF) (or Matsubara formalism) and the real-time formalism
(RTF). In ITF the dynamical time ¢ is traded in for the temperature T, as t = —i7 with
periodicity 1/T. In contrast, the RTF formalism of TFT contains both time and temperature.
Which formalism one chooses to perform computations in thermal equilibrium is a matter of
personal taste. For nonequilibrium phenomena only the RTF can be used, as the temperature
which plays a crucial role in the ITF is not needed explicitly.

In this thesis we have adopted the RTF, but we have also checked the validity of our
results applying the ITF. In RTF the temperature dependent propagators read

?

scalar:  Ag(K) 702 +I'p(K)
, i K
fermion : SF(K)ZF—KFF(K)
vector — boson : AZ?,(K) =6, (I_(; - FB(K)>
ghost :  GP(K) = §"Ag(K), (3.1)
where we have defined
Trp(K)=216(K?*) npp(K) (3.2)

and have assumed massless particles, at the Feynman & = 1 gauge. In addition, the fermion
and boson particle densities are defined as

npp(K) = (/T £ 1)~ (3.3)
At the plasma rest frame u# = (1,0,0,0), since K-u = ko, we get
nF,B(K) = (e‘k("/T + 1>_1 . (3.4)

This will be used in Egs. (B.1)—(B.5) of Appendix B, integrated over [ dkod(ko & k) and after
this ng p(K) will become ng (k).

It is interesting to note that although a ghost behaves like a Grassmann variable, its
temperature part follows the boson statistics, since its contribution has to be added up to
vector-bosons loops, in order to restore unitarity.

In the rest of this chapter we will use these thermalized propagators in order to compute
the thermally corrected vector-boson and fermion selfenergies. The presented results are
usually addressed to the SU(3). gauge group, but it is easy to expand in the rest gauge
groups.
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3.1 Vector-boson selfenergy

The thermalized vector-boson selfenergy contains three different contributions arising from
scalars, fermions and vector-bosons (+ ghosts). In the following we will analyze these one by
one.

3.1.1 Scalar contribution

There are two Feynman graphs, plotted in Fig. (3.1), to calculate in order to evaluate the
scalar (squark) contribution to vector-boson vacuum polarization. The three vertices appear-
ing in the graphs are —igsT, (2K — P), and —ig3Tq +s(2K — P), for the first graph and

- f
f’ el

-, ¢ A

S h— -, : K \

_P> —Q \‘ H
a K "' a T o
AN ANNARANNN

f glt gll

Figure 3.1: Feynman graphs contributing to the gluon selfenergy due to scalar (squark). “The color index
a is fixed and the momentum @ is defined as Q = P — K.

ig3 (To-T)ss + (Ta-Th)ss) g for the second graph, with a = b fixed for a certain gluon. One
can calculate the contribution of the first graph(a) as'

d*K
(2m)*

I (P) = (—i)?g3Ng| T, 5] / (2K — P),(2K — P),As(K)As(K — P).  (3.5)

The second graph(b) reads

K
- 115(b _0:.2 2
iTI50)(P) = 2ig2Ng|T, oo /WgWAS(K). (3.6)

Using the relations above and the fact that [T, ss|> = 1/2, we obtain

I'p(K) i I'p(K — P)

4
Relt5, (P)) = ~g3Ns [ ”{1<2K - PLCK - P [ +

(2m)4 | 2
(3.7)
2 I'p(K)

— gu(K = P) (K - P2

Now we perform the momentum shift K — P — K at the second term above. This yields

4K g 3K
(273 " (K — P)

Re[IL3, (P)] = ~g3Ns | sn(K), (338)

with
Iiy = (2K — P),(2K — P), — (K — P)g,.. (3.9)

'Here N, is the number of the scalars in the loop.
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Using also that at the plasma rest frame u* = (1,0,0,0) and the fact that scalars in the loop
are massless (K2 = 0) we obtain

g1, = AK-P—3P%, (3.10)
w'I;, = [(2K — P)U® - U*(K — P)?
= 4k§ — 4dkopo + p§ — P> +2K-P. (3.11)

Follwing the notation of [36] we define

9" Re(Il},) = ¢g3NsGg,
u“u”Re(HEl,) = ¢2NgHsg, (3.12)

and using the definitions of basic integrals (B.1)-(B.5) from the Appendix B we have

Gs = —4LB(P)+3P*LP(P),
Hg = —ALY(P)+4po Ly (P)+ (P* — p}) LY (P) — 2LF (P). (3.13)

Simplifying these equations we finally obtain

1 o dk p2 o T2
= o Sk (k J) b
Gs 2/0 2772l 4p (k)| n k)~
He = = | Lo+ 2 Prop ARy 3.14
s 2/0 271'2[ Tt Ta ()]”B() 12 (3.14)

where '~"denotes the Hard Thermal Loop (HTL) approximation. The functions L, Ly and
M are defined in Egs. (B.6), (B.8) and (B.9) of Appendix B, as well as in the Appendix B
of [36].

3.1.2 Fermion contribution

The calculation of this part will be used in MSSM for either the quark or gaugino loops. We
will calculate the thermal part of a vector selfenergy for the fermion (quark or gluino) loop
and then, as before, we can generalize that to U(1)y, SU(2), and SU(3), for the SM or the
MSSM particle content. The relevant Feynman graph is presented in Fig. 3.2. The vertex

Figure 3.2: Feynman graph contributing to the gluon selfenergy due to the fermion loop. The color index
a is fixed and the momentum @ is defined as Q = P — K.

rule for vector-boson(gy)-quark(qs)-quark(q:) = —igsTy, sty, and for the vectorboson(gy;)-

gluino(g?)-gluino(§¢) = —g3 fabevu- Based on these, one can calculate the contribution of the
graph in Fig. 3.2 as

4
iIIf,(P) = —(—i)Zggz,Nf|Ta7552/((;;;Tr[VMSF(K — P)y.,Sp(K)]. (3.15)
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Using the temperature dependent propagator Sr from (3.1) we obtain

Rel1f (P)] =~y Lol [ Sy T K — Pt { 2+ EEE Py
(3.16)

Now we perform the momentum shift X — P — K at the second term above. This yields

Re[H{w(P)] = —g3 Nf|Ta ss| / ’V,u(K P)’YVK +'YMK'71/(K P)]((I;)y

Performing the trace and using the fact that fermions in the loop are massless (K2 = 0) we

get

d‘K F §(K?)
)3 Ly (K — P)

RellTf, (P)] = 803N To.o” [ 5 sn(K) (3.17)

with
If, = K,(K - P), + K,(K — P),, + K-Pg,, . (3.18)

Using also that at the plasma rest frame v = (1,0,0,0) and (3.18) we get

gk, = 2K-P,
mutll, = 2kg — kopo — pk. (3.19)

Applying the definitions

g“"ReHﬁV = g%NfGF,
utu’ Rell, = giNHp, (3.20)

as well as that |Ta,ss|2 = 1/2 for fixed color a, one obtains that

GF = _8L§(P)7
Hp = —4[2LE(P)—poLf (P) - L(P)] . (3.21)

Eventually using Eqgs. (B.1)-(B.5) one gets

dk P? e T2
Grp = /0 972 Ak + %L (k)] np(k)~ 6’
dk M (k) ar L+ 1
Hr = 2kL + ——= ~ —T". .22
r o= [ g L R (322

3.1.3 Vector-boson and ghost contributions

We have three Feynman graphs, plotted in Fig. (3.3), to calculate in order to evaluate the
vector-boson contribution to vector-boson vacuum polarization. The graphs involving vector-
boson loops must multiplied by a combinatoric factor 1/2; while the ghost loop is multiplied
by —1, due to ghost statistics. On the other hand, as it was noted in (3.1), the ghost thermal
propagator follows the boson statistics. These graphs involving trilinear and quartic gauge
boson vertices. The trilinear interaction for the vertex g (P) — %(Q) — g§(R) , with all the
momenta P, @, R assumed incoming, is

56%/11/)\(137 Q, R) = _QSfabc[g;w(P - Q)A + gz/)\(Q - R)u + g)\,u<R - P)u]
= —g3fabetgv,,\ (P, Q, R). (3.23)
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K PSS
—_—> B 5
P AVAVAVAVAY: [AVAVAVAVAV.
—_— a K K : a
UM =7 9,
a " S
g ge n

Figure 3.3: Feynman graphs contributing to the gluon selfenergy due to vector-bosons and ghosts. The
color index a is fixed and the momentum @ is defined as Q = P — K.

The quartic coupling for the vertex gj; — gl — g5 — g% does not depend on the momenta

gﬁ%m/)«f = —zg% [fabefcde(g,u)\gua — Guo gu)\)
facefbde (g,uzl 9ro — g,uagu)\)
fadefcbe(.gu)\gucr - g,uzxg)\o-)] . (324)

The vertex in the ghost graph g;;(P) — n°(Q) —n°(R), with all the momenta P, Q, R assumed
incoming, is
ghost, = —ggf“bcR#. (3.25)

Using these, one can calculate the contribution of the first graph in Fig. (3.3), as

11V g% 2 d4K aa
ZH;W(P) = _Elfabc| /thbya)\(PaK - Pa _K)Aaa’(K - P)
x tgv) 7 (=P, K, P — K)A$%,(K), (3.26)
where the sum | f,5|2, for fixed color a, equals | fope|?> = Ne. Using the temperature dependent
propagator Aff; from (3.1) we obtain

2 4
g d*K -
Re[lI;L(P)] = —?31\70 / thnw/\(P, K — P,—K)tgu)?(-P,K,P — K)

I'p(K) | I'p(K—-P)
(K — P)? K2

(3.27)

Performing the Lorentz contraction we get

tgn,u,o)\u:)?K - P, —K)’LQU;\U(—P, K, P— K) =

=5(K — P),K, +5(K — P),K, + (5P —2K-P + 2K?%)g,,, — 2P,P, = —I), . (3.28)

where it is interesting to note that is invariant under the shift K — P — K. Therefore by
doing this shift at the second term we get

d*K v I'p(K)

RT3 (P)] = 6Ne | Gyalib e - (3.20)
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Calculating the second and the third diagram of Fig. (3.3) yields, respectively
Iz = 3(P*-2K-P+K*)gu,
1> = (K-P),K,+ (K- P),K,.

In total from the three graphs, and using that K? = 0 we get

BPK L, §(K?)
RG[HV = g3N / 3IXV P)Q”B(K)a

with
I, = L)+L7+1}
= —4(K-P),K,-4K-P)K,— (2P? + 4K -P)gu, + 2P, P, ,
Starting as usual from the definitions

gt Re(HL/V) = g%NcGV,

utu” Re(HL/V) = ¢2N.Hy,
and using that
g1y, = —8K-P—6P?,
utully, = —8kj + 8kopo + 2pg — 2P* — AK-P,
we obtain that
Gy = -8LE(P)-6P?LE(P),
Hy = —8L{(P)+8poLy(P)—2(P? —pj)L{ (P) —4LF (P).

Using again the Egs. (B.1)-(B.5) we get

dk 5 P? -
Gy /0 27r k+ 1 (k‘)] nB(k:) 3
dk M(k?) p HTLL+1 )
Hy = 2kL + ——= — = L_(k k)y~——T
v /o 272 { T e )} n (k) 6 ’

where the auxiliary functions L1, L and M are defined as before.

3.1.4 Vector spectral densities py, 1

The free vector-boson propagator is given by

7 P,P,
Auuzlﬂ(_guu‘l‘(l_g) ;)2 )7

so the full vector-boson propagator is

DW = AMV + Aua(iﬂaﬁ)Aﬁv + Aua@Haﬁ)Aﬂv(iHW)Aéu T+

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

where IT*” stands for the sum of the three different contributions given by Egs. (3.8), (3.17)
and (3.31). The only tensors that can appear in II,,, are g,, and P,P,. The Ward identity,
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however tells us that
P11, =0. (3.39)

It is therefore convenient to extract the tensor structure from II,, in the following way:

P,P,
M, = (gw, — ;2 > m(P?), (3.40)

where 7(P?) is an arbitrary function of P2. The presence of a medium will not affect the
Ward identity (3.39), but will break the Lorentz covariance and thus terms proportional to
the Plasma four-velocity can arise, so

I, = a19u + aguyu, + a3 Py P, + asPyu, + asPyuy,. (3.41)

A particular combination is

1 0 0
H;Tu = —Guv T Uply — E(P,u - pouu)(P,, _pOUV) = ( 0 5”. _ DPipj ) : (3'42)

p2

We can verify that P“HZV = 0 which means that ny is orthogonal to P* (and also to p').

Therefore it is called transverse. We also define the longitudinal projector (orthogonal to P,
but parallel to p?) by

P,P,
Ik, = —gu + ;2” — 117, . (3.43)
Finally, we define the parallel to P* projector
P,P,
P _ ptv
I, =- P (3.44)

Using (3.42)-(3.44) the free propagator (3.37) can be recast to the form

(urt, o onk ok
A (P) =i ( pr tpr T Pg) : (3.45)

We can also decompose the vector-boson selfenergy as

I, = -7, I, — 7000, (3.46)
where the functions 7wy, and 7 are called transverse and longitudinal selfenergies respectively
and encapsulate the thermal corrections analyzed previously. Of course (3.46) satisfies the
Ward identity (3.39). We can also check that

u“u”HﬁV = —%, (3.47)
uulIT, =0, (3.48)
g, = -1, (3.49)
g, = 2. (3.50)

Using the relations above we obtain for the transverse and longitudinal selfenergies that

P2
T = —p—ZU“UVHW, (3.51)
1
T = —W—L—i-fg‘“’ﬂ,w. (3.52)

2 2
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Table 3.1: Numerical coefficients in the context of MSSM for the gauge groups, U(1)y, SU(2) and
SU(3)..

Gauge group N, Np Ng
U(ly 3 9 12
SU(2)p, 2 9 U4
SU(3), 0 11 22

Now, our aim is to calculate the full propagator (3.38). It is easy to see that?

. L T
A (i) A g, = — (= oy o M (3.53)
j2%e3 /BV P2 L P2 T P2 Y .
and . .
. . i Il IT
Aua(iTIP) A, (i 1) A, = 72 (ﬁ P“4” + 2 P‘f) : (3.54)

Using (3.37), (3.38), (3.53) and (3.54) we obtain that the full propagator reads

. 2 ~ 2
(A Tr 7 (- TL T PP,
Using the geometric series 1 + 2 4+ 22 + --- = ﬁ for x = %5, 75 and dropping the terms
proportional to P, P, according to the Ward identity, we obtain
nk nr
DI(P) =iy M i (3.56)

P2—7I‘L P2—7I'T'

In (3.56) the superscript (7') indicates that this is only the 7" # 0 part, thus the 7' = 0
contribution has to be added additionally. For the T' = 0 case u* — 0 so the corresponding
projectors (3.42) and (3.43) become

PP, PP,

L = and 15 =—g,, + e 7, . (3.57)
The contractions with g"” are
T (0 2 Lo _ P
gl (0 = —3 - » and g1k 0 = » (3.58)
Then from (3.51) and (3.52) we obtain that
7r§9) = W(LO) = mp. (3.59)

Finally, the full vector-boson propagator, which includes both the T'= 0 and T # 0 parts,
reads . .

i .
P2 — 7 —m P2 —mr —mg

Dy (P) =i (3.60)

The final step is the calculation of the functions 7y, 7y, and my. Firstly, we will calculate
the T' = 0 one-loop correction to the vector selfenergy, assuming the DR renormalization

2All the contractions with the gauge dependent term vanish.
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10 ‘ ‘ ‘ ‘ ‘ ‘ 1.5

Re[rr]/m3,

0.5 1.0 15 ' 0.5 1.0 15

po/T po/T
Figure 3.4: Real parts of the longitudinal (left) and transverse (right) selfenergies within the complete
1-loop approximation (solid lines) and their HTL limits (dashed lines) for various momenta, p/T = 0.5
(magenta), p/T = 1.0 (orange), and p/T = 1.5 (black). For illustrative purposes we plot the longitudinal
selfenergy with a tilde, 77, = w1 /(P?/p?). All the lines correspond to the SU(3). gauge group.

scheme. From (3.43),(3.46) and (3.59) we obtain that

PP,
11 = (g0 — 75" ) mo(0?)

and so in d = 4 dimensions )
mr)

mo(p?) = T S (3.61)

As in the T # 0 case there are 3 different contributions (scalar, fermion and vector) which

are listed below?.

_oNs [ diK (4—2d)K?+ (1 —2d)P%+ (4d — 4)K - P

s (0) — 2000
* 9 P Yoo | (2m)d K2(K — P)?
Ng/2. (—P?
_ 2p2iVs
= giP 16,2 ln( 2 ),
d v _ _p2
.« gvTIF O 192& d'K Tr [v"(K — P)v K] :gip22NF ln( P ),
’ 2 (2m)d  K2(K — P)? 1672 w2

y . d‘K (2d —4)K? +(d/2+1)P? + (4 —5d)K - P
o VIV, O = 2N, /(%)d( ) (d/2+1)P" + )

K2(K — P)?

—5N,. ,—P2
2 p2 c
P n(=5-). (3.62)

Finally, adding these contributions we obtain

2Np + Ng/2 — 5N, — P2
2\ 2 p2 F S c
mo(P?) = g2 P fe In ( e ). (3.63)
The T # 0 contribution is given by (3.51) and (3.52),
P2 2 HTL P2 2
"L =~ 5 9a(NsHs + NpHp + NeHy) ~ ——5 (L + mi, (3.64)
and 5 9
7r PeL+1
T = —?L + %(NSGS + NpGr + NGy) ~'(1+ pﬁT)m%/ ; (3.65)

3Here we have restored the gauge group index o in order to generalize our results into the rest gauge

groups.
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1.0

Im(7p]/m3,
IIn[TK‘T]/WL%/K

0.5 1.0 15 -0 0.5 10 15
po/T po/T

Figure 3.5: Imaginary parts of the longitudinal (left) and transverse (right) selfenergies within the complete

1-loop approximation (solid lines) and their HTL limits (dashed lines) for various momenta, p/T" = 0.5

(magenta), p/T = 1.0 (orange), and p/T = 1.5 (black). For illustrative purposes we plot the longitudinal

selfenergy with a tilde, 77, = mr/(P?/p?). All the lines correspond to the SU(3). gauge group.

in which the vector thermal mass is given by
1

. g>T?*(N.+ Ns/2 4 Np/2). (3.66)

m, =
The numerical coefficients involved in the thermal mass are given explicitly in Table 3.1 as-
suming the MSSM content. Figures 3.4 and 3.5 shows the real and imaginary parts of the
longitudinal (3.64) and transverse (3.65) selfenergies within the complete 1-loop approxima-
tion (solid lines) and their HTL limits (dashed lines) for various momenta, p/7" = 0.5,1.0, 1.5,
for the SU(3). gauge group. As manifested in Fig. (3.5) for py > p the imaginary part for
both 77, and wp vanishes in the HTL limit. This is entirely to be expected as in the HTL
approximation both selfenergies depends on the function L which develops imaginary part
only below the light cone.
For later use we define the spectral functions p; and pp which are given by (6.74)

and (6.75) of [300],

p? 1
= 2Im————— =2Im——+————. 3.67
T Inp2—7T0—7TT7 PL mp2P2—7l'0—7TL ( )
These functions can be rewritten as
pr.r(P) = 2m [Z1,7(p)d(po — wrr(p)) — ZL,7(p)d(P0 + wr.r(P))] + PT7 (P), (3.68)

where the d-functions come from the poles in the definitions (3.67) and p°;" are the continuum
parts. The residues can be very well approximated by their HTL analytical expressions which

read,

s iD=, wrp)eie) - ) (3.69)

p2(p? +2m? — w?(p))’ —2miwd(p) — (wh(p) —p?)?

Z(p) =

The positions of the poles are denoted by wy, for the longitudinal and by wp for the transverse
vectors. They will be calculated in detail in Sec. 3.3.
3.2 Fermion selfenergy

We have two Feynman graphs contributing to the fermion selfenergy. One that is due to
vector-boson loop and another due to Yukawa type fermion loop. The relevant SU(3).
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interaction Lagrangian is
L= _QBQz]ESV#T@ stft + )\qbf_srstft . (370)

This yields the Feynman rules for the vertex vectorboson(gf;)-quark( fs)-quark(f;) = —igsT,, stV
and for the boson(¢)-quark(fs)-quark(f;) = iAT's;. Because the T dependence of the propa-

)
.fs g fs’

Figure 3.6: Feynman graphs contributing to the fermion selfenergy. The color index a is fixed and the
momentum @ is defined as Q = P — K.

gators (3.1) is additive, it is easy to separate off the T' = 0 selfenergy by
=304 n@, (3.71)

The finite temperature correction () is complex, but as it is discussed in [301] we can ignore
the imaginary part and compute only the real part. We will proceed computing the 7" # 0
and T = 0 parts separately, starting from (7).

The contribution to the fermion selfenergy due to vector-boson loop graph is*

d*K
(2m)*
where ¥,75 ¢+T4,1s = Crégs is the quadratic Casimir of the representation. In [301] Table

1 we can see the values of Cr for all the relevant gauge groups. Taking the temperature
dependent propagators from (3.1) we get

= in(D = (<iP263Ch [ G [ SEU ALK ~ P)] (3.72)

4 i i
- iE(VT) = (—i)zg;»z,CR/é;;’m <I§g - FF(K)K> v <_(K—P)2 —I'p(K - P)) .

(3.73)
The real part (correction to the mass term) is
Rex(™) — 20 / d'K (_7 KVHFB(K — P) S I'r(K) > (3.74)
v VR [ (2m)d i K2 1 (K—-P)Z) .

At the first term we make the shift KX — P — K and using the identity fyMK V= 2K, we
get

4 2
Rex() = 23 Cp [ (‘;753 (K [np(K) + np(K)] — Prp(K)) (Ig(—KP))? . @)
For the second graph, repeating the same steps, we get
4 2
Rex(l) = ¢ | (‘;Wf; {K () + np(K)] — Prp(K)} (If_(_KP))Q, (3.76)

4Actually we defined the fermion selfenergy as —i3, as well as this of the vector-boson as 4Il,,,, in order to
resume these corrections following Sp = i(}’ — %)~ ! for fermions and A = —i(P? —II)~" for the gauge bosons.
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6.0

Re[T1]/(m7/T)
Re[Ty]/m?

3.5

0.5 1.0 1.5

po/T po/T
Figure 3.7: Real parts of the functions T3 (left) and T (right) within the complete 1-loop approximation
(solid lines) and their HTL limits (dashed lines) for various momenta, p/T = 0.5 (magenta), p/T = 1.0
(orange), and p/T = 1.5 (black).

where (I'T1)y, = C'6y,. Comparing (3.75) and (3.76) we can see that computing one of
them is enough, since they are related with 293 Cr — |A?|C’ = \,. Thus we will proceed
computing (3.75).

A theory containing fermions with no bare masses is chirally invariant to all orders. At
T = 0, chiral invariance has two consequences. Firstly there are no xx couplings induced
in any finite order of perturbation theory. Secondly the fermion selfenergy is of the form
»(O) = P for a particle with four-momentum P, where Y is a function of P2. For the
same chirally invariant theory at T # 0, the first consequence still holds but the second does
not. At finite temperature the plasma of particles and antiparticles constitutes the heat bath
introduces a special Lorentz frame, the rest frame of the plasma. In a general frame the
heat bath has four-velocity v# with v#v, = 1. The presence of this four-velocity means that
general Dirac structure of a fermion selfenergy in a thermal heat bath takes the form

£0(P) = —av P — bu, (3.77)

with ay and by functions of P2, see [301, 302]. We just give the formulas for the rest-frame
u = (1,0,0,0) [303],

aw(P) = 3[BT (P) =Tl (P)]. (378)
b(P) = o5 [P (P) - Ty (P)] (3.79)

with
TV (P) = TrfReSV(P)]  and  TY (P) = Tr[PRe S\ (P)]. (3.80)

We will start calculating T} (P), that is,

d*K
(2m)3

(K?)

TV (P) = —2g§CR/ {(nB(K) + np(K))TefjiK] - nB(K)Tf[W]}(;_P)z :
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Im[T]/m2
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Figure 3.8: Imaginary parts of the functions 77 (left) and T5 (right) within the complete 1-loop approxima-
tion (solid lines) and their HTL limits (dashed lines) for various momenta, p/T" = 0.5 (magenta), p/T = 1.0

(orange), and p/T = 1.5 (black).

At this point using (B.1) and (B.2) we obtain
TV(P) = —8¢3Cg[LE(P)+L§(P) - po L (P)]
1 o dk ([2kp

= —g5Cr— | ——51{|=—(L-1 k:Lk:} k

0t [ 25 [ b
2k

+ {pp (L~ 1)+ Ly (k) + poL(k)] nB(k:)} . (3.81)
0
We are turning now to 7y (P). We have
4 (KZ)

11/(P) = =20} Cn | 55 {(n () + o (K)) T PK] = (KT} L

As before, using the Egs. (B.1) and (B.5) of Appendix B and we get
Ty (P) = —8¢iCr|LE(P)+L{(P) - P*L{(P)|
2

< dk P? P
= ggcR/O 57 { [41{: + %L_(k)] np(k) + [413 - 2pL_(k:)1 nB(k)} (3.82)

Figures 3.7 and 3.8 shows the real and imaginary parts of the “full” (both graphs) 77 and T5
within the complete 1-loop approximation (solid lines) and their HTL limits (dashed lines)
for various momenta, p/T = 0.5,1.0,1.5. The HTL limits for these functions are given by

) 2
Tl(P)HmTJL—%(L—l) and  To(P)"S4m?, (3.83)

in which the fermion thermal mass is defined in (3.87). These simple HTL expressions can
easily interpret the vanishing Im[T}] above the light cone and the the vanishing Im|[75] in the

whole region.
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For the T = 0 part in each gauge group we have that’

d
(0) 9 K [, K uv
» - _ T N/
1 —P?
2 e _
= gO‘CRP167T2 (2 r—In 2 'y—|—ln47r> (3.84)
Similarly,

dK K A2 p _p2
2(0):'A2/ =4 Ty — 4 +1Indr). 85
o " | mdK2(P_ K)? 167r22( noE Tt ) (3:85)

Then using that f]oj}b = 2%9) + E((bo) we obtain that

~ 1
So= ——
0 272

T2 2

2 _p2 2
i3 (2 G P M 471') - QC“CRT] , (3.86)
7 8
where we have defined the fermion thermal mass

2 2
2 gaCR )‘q 2
= — | T=. .
mp ( 3 + 16) (3.87)

Our aim is to write the result in the helicity basis At = %(’yo + piv*) with p; = p;/p, thus
A=At + A" and iy’ = (AT — A7), So from (3.71) and (3.77) for both graphs of Fig. 3.6
we obtain that

S(P) = —a(poy’ — piv") = 07" = S (P)AT + Z_(P)A~ (3.88)
with
2.(P) = —(£B(P)— (£po - p)T(P))

4p
m% [ dk[w
L

o E T np)] . (3.89)

Ppo

We want to make a decomposition to the propagator into the two helicity eigenstates,

1 P —3%(P)

—18*(P) = = ) 3.90
P= 55 - P-sPP-x(P) (320
which after some algebra takes the form
Sy o RO e ¥ U
—iS*(P) = + (3.91)

- 2D, (P)  2D_(P)’

2
+2)

4 .
5Here we have used that in d = 4 — ¢ dimensions (rf:—fz)u‘l_d i f;ﬁﬁw = ﬁg (A —1In ’u’;

where A = % — v+ In4m and v is the Euler-Mascheroni constant.
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with
Di(P) = po¥Fp—3+(P)— (poFp)%o (3.92)
1 m2 —p? 92 CR
The functions Fy in (3.92) are defined as
dk w T2 Lw=+ + wy
Fy = = (kL L ——"_=. 3.93
4+ ]F/o pol ( +(np+np) + L (npws +ani)> LTI (3.93)
Following [300] (see also [304, 305]), one defines the spectral functions as
1
pgm:—nm( ) (3.94)
Dy

Assuming DR renormalization scheme (r = 0), and consequently ignoring the terms —v +
In 47, we finally get

1 [m% —P? -
p+(P) = Im{ <1 +— [T2 (2 —1In 2 >]> + TQFi} . (3.95)

As in the vector case, the fermionic spectral functions can be written as the sum of a pole
and a continuum part,

p+(P) = 27 [Z+(p)d(po — wx(p)) + Z+(p)d(po + w=(p))] + P (P), (3.96)

while the corresponding residues can be very well approximated by their HTL analytical
expressions which read,
wi(p) —p?

Zi(p) =
Qm%

(3.97)

The positions of the poles w4 (p) should not be confused with the shortcuts (B.7).

3.3 Dispersion relations

In this section we will show the full one-loop dispersion relations for vector bosons and
fermions. The corresponding HTL results are also given for completeness.

3.3.1 Poles of p;, and pr

The T # 0 dispersion relation for longitudinal (transverse) modes are given by the poles of
the longitudinal (transverse) parts of the vector propagator. For the longitudinal one we have
to find the zeros of the equation p?(1 — w1, /P?) = 0 as it is dictated from the longitudinal
spectral function (3.67). The longitudinal selfenergy defined in (3.46) and calculated in (3.64)
can be written as

2

2
T = ——5 My,
P2

6

1
L N
+ 1T2 27T2

(pONQI1 n NQI2 42 N2]3 —chle
(3.98)

P2 1
+ S NpIF 4 SNpIF + poNplgF) ,
4p D D
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Figure 3.9: Dispersion relation for the longitudinal (left) and transverse (right) vector modes within the

complete 1-loop approximation. The solid curves represent in order, the SU(3). (red), SU(2). (blue),

and U(1)y (green) case, while the dashed one is the boundary of the light cone. All the lines correspond
to the temperature T' = 10° GeV.

where the integrals If’fg have been defined in (B.17)-(B.19) and the coefficients N; and Ny
are the following combinations

Ny = N.+ Ng/2+ Np/2 and Ny = N.+ Ng/2. (3.99)
Now, the dispersion relation for the longitudinal modes can be written as
S+ omd (1—@1np7°+p) + (mv>23 B (PN, Py
P vP P po—Dp T ) Nym2|"t\ a7 2

2 .9
+ IBNy + IBpoNy + 1720 4p NF+IQFNF—|—I§pONF] =0, (3.100)

while its HTL limit is

Do+p
Po—p
and can be found in [300]. In order to go from the full 1—loop (3.100) to the HTL expres-
sion (3.101) only the integrals IQF B give a sufficient contribution.

For the transverse modes the equation P?—7m7 = 0 must be solved. In analogy with (3.98)
the transverse selfenergy is written as

P>+ 2m3p — mipoln 0, (3.101)

2 2 2
Tr AL 3 1 P g P F
SEE 14+ —— Ne—No)IP+ —NpIF )| . 102
= 2 (T) [ N127r2<4p(6 o= Nl 2p F 1 (8.102)

The dispersion relation for the longitudinal modes can be written as

3 2 2 2

3 2P Po, PotDp 9 P my 3 B(po—p
— mi=(1-21 mi——0 — [ —= I N.
P Vz( D npofp)ﬁL VR — R (T) 2N17r2l1 47

2 2
+
+ p2N0> + IBNy + IPpoNy + 1720 . P Np+ IFNp + I;fpoNpl =0, (3.103)

while its HTL limit is

Po po+0p
pip® — p° — mippg — mi (0 — pf) In =

0, 3.104
2 Po—p ( )
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W, (p)/T
w-(p)/T

T = 10° GeV T = 10° GeV
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pIT p/T
Figure 3.10: Dispersion relation of the longitudinal (left) and transverse (right) vector modes within the
complete 1-loop approximation. The solid curves represent in order, the SU(3). (red), SU(2). (blue),
and U(1)y (green) case, while the dashed one is the boundary of the light cone. All the lines correspond
to the temperature T' = 10° GeV.

in agreement with [300]. Figure 3.9 illustrates the 1—loop dispersion relations for longitu-
dinal (3.100) and transverse (3.103) vectors for the three gauge groups. The gauge group
dependence arises from the thermal masses and from the numerical coefficients N (see Ta-
ble 3.1). The reference temperature in this figure is 7' = 10° GeV.

3.3.2 Poles of p, and p_

For the fermionic modes the T" # 0 dispersion relations arise from the poles of the spectral

functions (3.95), i.e. when (po Fp)/2 + ?—%Fi = 0. The functions Fy defined in (3.93) can
be written with respect to the integrals (B.17)-(B.19) as

T72Lw; + wi

, 3.105
2 PPo ( )

wWr B F B F
Fr=%30 (13 I+ we I +wi11)$

in which the shortcuts w4 (see (B.7)) have nothing to do with the pole positions w4 (p) coming
from the dispersion relation. The 1—loop dispersion relation for both p4 takes the form

2
poqcp_w[(mm)mpoﬂ)ﬂ]
2p p bo—p
2
mp\~ 1 poFp poFp po£p
() Bt ] o

In the HTL approximation the terms contain integrals can be dropped, so (3.106) reduces to

2
pOZFp—%Kl:Fm)an:I:Q}:O. (3.107)
2p P Po—D

Figure 3.10 illustrates the 1—loop dispersion relations for fermions (3.106) for the three
gauge groups. The gauge group dependence arises from the thermal mass mp. The reference
temperature in this figure is again 7' = 10 GeV.
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Chapter 4

Thermal gravitino production

In this chapter we will calculate the thermal gravitino production following the procedure
which was firstly described in [36] and reconsidered in [1, 2].

Since the gravitino is the superpartner of the graviton, its interactions are suppressed by
the inverse of the reduced Planck mass Mp. Therefore, the dominant contributions to its
production, in leading order of the gauge group couplings, are processes of the form ab — ¢ G,
where G stands for gravitino and a, b, ¢ can be three superpartners or one superpartner and
two SM particles. The possible processes and the corresponding squared amplitudes in SU(3),
are given in Table 4.1, where we follow the “historical” notation of [24] for their designation
by the letters A-J. In SU(3)., the particles a, b, and ¢ could be gluons g, gluinos g, quarks
q, or/and squarks ¢. Analogous processes occur in SU(2)y or U(1)y, where the gluino mass
mg = M3z becomes My or My, respectively. In the factor Y, = 1 + mi(a)/(Smg/Q), where
Mya) = { M1, Ma, M3} and my/y is the gravitino mass, the unity refers to the 3/2 gravitino
components and the rest to the 1/2 goldstino part. For the calculation of the spin-3/2
component in the amplitudes, following [36], the gravitino polarization sum (2.29) is used.
As in [36], the nonderivative approach is used for the goldstino spin 1/2 part [28, 37]. The
result for the full squared amplitude is shown to be the same in either the derivative or the
nonderivative approach [299].

Figure 4.1: The one-loop thermally corrected gravitino self-energy (D—graph) for the case of SU(3)..
The thick gluon and gluino lines denote resummed thermal propagators. In our calculation we have also
included the equivalent in SU(2);, and U(1)y.

The Casimir operators in Table 4.1 are C,, = Za7b7c|f(°‘) abe|2 = {0,6,24} and C!, =
Z¢ T, (@) 2 = {11,21,48}, where Z¢ denotes the sum over all involved chiral multiplets

a,j 1" a,ij a,0,j
and group indices. ¢ and T}, are the group structure constants and generators, respectively.
The processes A, B and F are not present in U(1)y since C1 = 0. The masses for the particles
a, b and c are assumed to be zero. In the third column of Table 4.1 we give the square of the

total amplitude for each process, which is the sum of the individual amplitudes,

IMx ran|? = [Mxs + Mxs + Mxa + Mx .|, (4.1)
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Table 4.1: Squared matrix elements for gravitino production in SU(3). in terms of g3 Y3/M3 assuming
massless particles, Y3 = 14+ m2/(3m3 ,), C3 = 24 and Cj = 48.

X  Process | M x fun]? | M x sub?
A gg— GG ACs(s+ 2t + 2t2/s) —25C3
B gj—gG  —ACs(t+2s+ 252/t 2tC3
C gg— q(N; 2507 0

D gq— 4G —2tC} 0

E §g— gé —QtCé 0

F  §j— §G 8Cs(s2+ 12 +u2)?/(stu) 0

G qj— qG —4C%(s + s /1) 0

H Gj—¢G =204t + 2s + 25%/t) 0

I ¢G— gG —4C4(t +t%/5s) 0

J GGG 204(s+2t+2t2/s) 0

where the indices s, t, u denote the diagrams produced by the exchange of a particle in the
corresponding channel, and the index z stands for the diagram containing a quartic vertex.
The so-called D—graph, following the terminology of [36], is shown in Fig. 4.1 for the case of
the gluino-gluon loop. Its contribution is the sum of the squared amplitudes for the s, t and
u channel graphs,

IMx.pl* = [Mx|* + [Mx > + [Mxul, (4.2)

plus 1 — 2 processes. This can be understood by applying the optical theorem. Accordingly,
from the imaginary part of the loop graphs one computes the sum of the decays (1 — 2) and
the scattering amplitudes (2 — 2). In our case, we use resummed thermal propagators for
the gauge boson and the gaugino and by applying cutting rules one sees that the D—graph
describes both the scattering amplitudes occurring in (4.2) and the decay amplitudes.

The subtracted part of the squared amplitudes is the difference between the full ampli-
tudes (4.1) and the amplitudes already contained in the D—graph (4.2), i.e.

IMx subl® = [Mxran)® — IMx.pl?. (4.3)

For processes B, F, G, and H, the corresponding amplitudes are IR divergent. For this reason,
we follow the more elegant method, which consists in splitting the total scattering rate into
two parts, the subtracted and the D—graph parts. It is worth noting that for the processes
with incoming or/and outgoing gauge bosons, we explicitly checked the gauge invariance for
|IM X7fu]]‘2. On the other hand, we note that |M X7sub|2 is gauge dependent '. In summary,
the gravitino production rate 73/, consists of three parts: (i) the subtracted rate ysuy (ii) the
D—graph contribution yp and (iii) the top Yukawa rate viop,

Y3/2 = Vsub + YD + Vtop - (44)

Below, these three contributions are discussed in detail.

4.1 2 — 2 scatterings

Now, let’s extract in detail the full amplitudes (4.1) for the 10 processes of Table 4.1. We
will present the SU(3). results, but of course these can be generalized to the rest gauge
groups. In all processes we fix the incoming and outgoing momenta by ki + ko = p1 + po with

! As shown in [36] the splitting of the amplitudes in resummed and non-resummed contributions violates
the gauge invariance. Therefore a gauge dependence of the result is expected.
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s = (k1 + k2)%, t = (k1 — p1)?, and u = (k1 — p2)?. The particle 4 can be the gravitino or
the goldstino. The processes A, B, and F are not present for the U(1)y gauge group since
there is no self-coupling of gauge bosons for an abelian gauge theory, thereby also the SUSY
version of the relevant three-gauge boson vertex is absent.The amplitudes are summarized
below:

e Amplitudes for the process A: gg — gé

_ - b
9;’1 Gy g;j Gy gﬁ Gy G
Figure 4.2: Feynman diagrams of process A.

There are four Feynman diagrams, (1): with a g propagator in the s-channel, (2): a g
propagator in the t-channel, (3): a § propagator in the u-channel, and (4): with the four-point
interaction.

Muas = e d VI (kb —k = o)1y + Koy alop(p)en (ke (o)., (4.5)
Mic = D uto e =gy m o eb)atin) . (40)
Mau = —jjpsz;;a@lw%%l—zp?+mgwuel,w]vp@g)eu(kl)ey(kz), (47)
Maz = =y " B e o)eulhn)e (k) (48)

For the £ = 1 gauge we also need the matrix elements with the incoming FP-ghosts for the

ﬁh,o" @p 71; G,
Figure 4.3: Feynman diagrams with FP-ghosts in the £ = 1 gauge for the process A.
gluon. There are two graphs possible,
MAW = 4M fabc u(p1)y [kl +k2ak2]7)p P2) (4.9)

Magng = _4M fu(pr) YUy + Ko, Kqvp(p2) - (4.10)
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Using the amplitudes above along with Eq. (2.27) and Eq. (4.1) we obtain the result for the
full squared amplitude

4 203 m2 2
M gan]* = ?\272 <1+ 3 J s+2t+2—|. (4.11)

e Amplitudes for the process B: gj — gé
Due to a crossing symmetry between processes A and B, the squared amplitude of B can
be obtained from (4.11) under the exchange s <+ ¢t and the addition of an overall minus sign,

that is ) ) )

4¢95C mz

M an® = — ?\3423 <1+ g ) <t+2s+2st> . (4.12)
P

e Amplitudes for the process C: g — ¢G

&f—-»_
9 Gy

Figure 4.4: Feynman diagrams of process C .

There are four Feynman diagrams, (1): with a ¢ propagator in the s-channel, (2): a g
propagator in the ¢-channel, (3): a ¢ propagator in the u-channel, and (4): with the four-point
interaction,

7/g Ta,s — 1%

Me,s = ﬂ;@ = nf% U(p1)’ (Fy + Ko)afpvp(p2) (2k1 + ko) eu(ka),  (4.13)

i

i\/igfi Ta, st — ™
Mo = SR T8ty yafsy (b, — p, — ma)y s Top(pa)eulz) (419)
g

Moy = —93 Tast oy n Pyl k 415
Cu = Mo 1 — mQU(pl)W (B — py + mV k1 vp(p2)en (k) (4.15)

q

i = %
Moy = =0T, ()P afuon(m)eulh). (4.16
The full squared amplitude reads
203C3 m;
Megan|* = 1+ s. (4.17)
ME, Bm?,)/2

e Amplitudes for the process D: gqg — (jé

Due to a crossing symmetry between processes C and D, the squared amplitude of D can
be obtained from (4.17) under the exchange s <+ ¢t and the addition of an overall minus sign,
that is

202C" m2
Mp sal]* = — ?\34%3 (1 + — ) t. (4.18)

e Amplitudes for the process E: jqg — gé
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Due to a crossing symmetry between processes C and E, the squared amplitude of E can
be obtained from (4.17) under the exchange s <+ ¢t and the addition of an overall minus sign,

that is , ,
2g5C4 ms
M gan|* = — ]\223 L+ 3 5|t (4.19)
P 39
e Amplitudes for the process F: g5 — §G
ﬁ‘L g(: gtl .(N]C ga .(N]C
+ 9y, + gy, //
7 G, 7 G, ¢ G,

Figure 4.5: Feynman diagrams of process F.

There are three Feynman diagrams, (1): with a g propagator in the s-channel, (2): a g
propagator in the ¢-channel, and (3): a g propagator in the u-channel. Here one has to be
careful because M; gets an additional minus sign from the fermionic statistics.

Mre = 4M s ok (k) ap)y? [ + Ko, 1#Jop(p2) (4.20)
Mri = 3 tf“"c (pa) ()R, = K1) (421)
Mra = = ™o yan(ka)o (k) = gy 1 Jop(e2). (4.22)

The full squared amplitude reads

stu

842C m2 2 42 2\2
\MF,fu11|2= 93 3 <1+ 29 >(S +t A+ ) ) (4.23)

e Amplitudes for the process G: ¢g — qé

>>< g/(j +
G,

Figure 4.6: Feynman diagrams of process G.

There are three Feynman diagrams, (1): with a ¢ propagator in the s-channel, (2): a g
propagator in the ¢-channel, and (3): a ¢ propagator in the u-channel. Here one has to be
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careful because Mg, gets an additional minus sign from the fermionic statistics.

) Ta S — 7 — %
Mo = —5p = o(k)alpu(k)u()r (b + ook, (424)
P S—Mmg,
Ta st — v
Mos = 398 2 a(py)y,ulh)a, (o) — py 7 P ulha), (4.25)
? Ta S — %
Meu = ]\ji - mf a(pr)agipulks)d,(p2) (P, — k) afgu(k:) .- (4.26)

qi

The full squared amplitude reads

—493C4 m; s*
M sanl® = 1+ s+—] . (4.27)
M3 3m§/2 t

e Amplitudes for the process H: Gg — Ejé

m + 9 +
7 G, g G,

Figure 4.7: Feynman diagrams of process H.

There are three Feynman diagrams, (1): with a ¢ propagator in the s-channel, (2): a g
propagator in the t-channel, and (3): a ¢ propagator in the u-channel. Here one has to be
careful because My s gets an additional minus sign from the fermionic statistics.

Zg3 Ta st —
Mps = “Mp s —m2 iy (p2)py VL g Ky + Ko+ mg) o uka), (4.28)
i _
Mpur = %Ta,stv(kQ)'yp[kl — Py Ky + P vp(p2)diy (4.29)
ig?) Ta st — %
Muu = M — m2 0(k2)o] (K — Po + M)V K1 g Lvp(p2) - (4.30)
The full squared amplitude reads
—242C% m? 252
My gan|* = 7932 3 <1 + ) (t + 25 + S) (4.31)
M3 3m3/2

e Amplitudes for the process I: ¢§ — gé
Due to a crossing symmetry between processes G and I, the squared amplitude of I can
be obtained from (4.27) under the exchange s <> ¢, that is

—4g3C m? t2
M gan|* == ]\‘6232 3 (1 + — ) <t+ ) : (4.32)

31713/2 s

e Amplitudes for the process J: §§ — f]é
Due to a crossing symmetry between processes H and J, the squared amplitude of J can
be obtained from (4.31) under the exchange s <+ ¢t and the addition of an overall minus sign,
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that is

293C} mg 212
M| = ?\?/}23 <1+ 3 Z ) <s+2t+ : (4.33)

4.1.1 The nonderivative approach

In the nonderivative approach given by Eq. (2.43), one has new Feynman rules, which can
be found e.g. in [37] or in [32]. The goldstino-fermion-sfermion-gluon vertex vanishes and
there occurs a new coupling, goldstino-gaugino-sfermion-sfermion. The goldstino-fermion-
sfermion coupling is proportional to m?c — m?;. All the other couplings are proportional to
the gaugino mass term m,.). We are only interested in the massless limit, thus we set the
goldstino-fermion-sfermion coupling to zero. We again give only the results for SU(3)..

We will give in explicit the new amplitudes for the five independent processes (A, C, F, G
and H). From these we will calculate the subtracted part (see Table 4.1), which differs from

the one calculated in [36]. For convenience we define a prefactor,
mg

= —F7=— 93 fabc Ta,rs ) 4.34
S U T (131

pre

where 2% (T, ,s) is taken in processes without (with) quarks and squarks.

e Amplitudes for the process A: gg — gx
For this process we have again four Feynman diagrams, (1): with a g propagator in the
s-channel, (2): a g propagator in the t-channel, (3): a g propagator in the u-channel, and
(4): with the four-point interaction.

Mas = =i VIPky g —ka—k2)a(p2) by + Ko pplo(en)eu(bn)en(ha) . (4.35)
Magr = P52k 7" 1Ky = p 7" o) eulk)en (k) (4.36)
Maw = =it cu(p) (b9 = P o(p)eu(k)en (k) (4.37)
Maa = ipreu(p2)[V", 7" v(pr)eu(kr)en (k2) - (4.38)

For the £ = 1 gauge we also need the matrix elements with the incoming FP-ghosts for the
gluon. There are two graphs possible,

May = —iZZalpo)y Ik + b boJo(p1) (4.39)
Mag = =12 alpa)y by + o o). (4.40)

e Amplitudes for the process C: Gg — gqx
For this process we have only one graph with a § propagator in the t-channel.

Mey = ipre (oo (s — plKa 7 Io(p2)euth). (1.41)

e Amplitudes for the process F: g — gx
For this process we have again three Feynman diagrams, (1): with a g propagator in the
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s-channel, (2): a g propagator in the t-channel, and (3): a g propagator in the u-channel.

.pre

Mps = i —v(ka)yuu(ky)u(p2)(ky + Kz, 7 o(pr) (4.42)
Mg = —iZ?ﬂ(pl)wu(kl)ﬂ(m)[]ﬁl — Ky u(ks) (4.43)
Mpu = i?’ﬁ(?l)’mu(@)ﬂ(m)[?g — kM), (4.44)

e Amplitudes for the process G: gg — qx
For this process we have only one graph with a g propagator in the ¢-channel.

MGJ = ipf?ﬂﬂ)%“(’“ﬂﬂ@)[% - Z/’la ’Yﬂ]“(k@) . (4~45)

e Amplitudes for the process H: §§ — ¢y
For this process we have two graphs, instead of three, (1): with a g propagator in the t-
channel, and a new one (2): with a four-point interaction.

Mie = Eralpa)lfy —pypy + hilulha) (4.46)
Mu, = 2preu(p)ysu(ks). (4.47)

4.2 The subtracted contribution

In the fourth column of Table 4.1 we present the so-called subtracted part (4.3), which is
the sum of the interference terms between the four types of diagrams (s, t, u, x), plus the
x-diagram squared, for each process. If we use the amplitudes computed in the nonderivative
approach, we see that the only nonzero contributions are those of processes A and B, which
are

’.A/lA,sub‘2 = 197?2)2 (1 + m§ ) (_2SCN)7 (448)
2 M2 3m3
2 m2
(Mpsu|* = % (1 +3 2 ) (2tCn) . (4.49)
P 3/2

The extra factor 1/2 in (4.48) comes from the 2 identical incoming particles. Note that in [36]
the subtracted part for processes H and J is also nonzero; we assume that the authors used
the squark-squark-gluino-goldstino Feynman rule as given in [32], where in fact a factor 75 is
missing. In contrast, we use the correct Feynman rule as given in [37].

To calculate the subtracted rate for the processes ab — cé, we use the general form

1 dgpa d3pb dgpc d3p5 2 4
(271')8 2Ea 2Eb 2Ec 2E§ |M| fafb(lil:fc)X(S (Pa+Pb_Pc—Pa), (450)

C =

where f; stands for the usual Bose and Fermi statistical densities

fBF = % (4.51)

eT F1
In the temperature range of interest, all particles exept the gravitino are in thermal equilib-
rium. For the gravitino the statistical factor f@ is negligible. Thus, 1— f@ ~ 1, as it is already
used in (4.50). Moreover, backward reactions are neglected. In addition, the simplification
1+ fo ~ 1 is usually used, which allows the analytical computation of (4.50). In our case,
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Figure 4.8: The subtracted rate divided by Y, TG/MS. The solid line corresponds to the subtracted rate
given by Eq. (4.52), while the dashed one has been calculated in [36].

there is no such reason. We keep the factor 1 £+ f. and consequently proceed numerically in
the calculation of the subtracted rate’. In Appendix C, following the technique presented
in [37], we present the calculation of the subtracted rate in detail, together with other cases
of matrix elements not needed for this calculation but shown for completeness. Substituting
the Eqgs. (4.48) and (4.49) into (4.50), the subtracted rate is obtained as®

T 3, M3 () ¢
b= 372 o; gz (1 + 3m§/2> Ca (~Cine +2Ches) - (4.52)

Note that, although in (4.52) we sum over the three gauge groups, the subtracted rate for
the U(1)y gauge group is identically zero since C; = 0. The numerical factors, calculated
by using the Cuba library [306], are Cy, = 0.25957 x 1072 and Cf,, = —0.13286 x 1073.
The subscripts B and F indicate whether the particles are bosons and fermions, respectively,
and the superscripts determine whether the squared amplitude is proportional to s or t. It
is easy to see that, unlike in [36], our result for the subtracted part is negative. This is not
unphysical, since the total rate, not the subtracted rate, must be positive. Figure 4.8 shows
the subtracted rate (4.52) and the one calculated in [36].

4.3 The D—graph contribution

As discussed above, Eq. (4.2) describes the relation between the D—graph and the sum of
squared amplitudes for the channels s, t, and u. In the D—graph contribution, we implement
the resummed thermal corrections to the gauge boson and gaugino propagators®. Although
Fig. 4.1 shows the gluino-gluon thermal loop, the contributions of all gauge groups are in-
cluded in our analysis. The momentum flow used to calculate the D—graph can be seen in
Fig. 4.1. That is G(P) — g(K) + §(Q), with

P = (p,p,0,0), K = (ko, k cos Oy, ksinf,0), and Q = (qo, gcos by, qsinb,,0), (4.53)

% As it was argued in [32] and we have checked numerically, the effect of taking into account the statistical
factor f. can be about —10% (420%) if ¢ is a fermion (boson). See Table C.3 in Appendix C.

3In (4.50) the collision term is denoted by C, while in (4.52) by 4sub in order to maintain the previous
notation.

1Like in [36] using the gravitino polarization sum (2.29), we nullify the corresponding quark-squark
D—graph.
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where 0, are the polar angles of the corresponding 3-momenta k,q in spherical coordi-
nates. Here, we have already assumed that the gravitino is massless compared to the high
temperature of the thermal bath, that is P? = 0.

We have 7 variables, p, k, q, ko, qo, cx. and ¢4, and three non-trivial equations due to the
overall momentum conservation, P* = K* 4+ Q', i = 0,1,2. Thus, we are left with 4 indepen-
dent variables. Using the momentum conservation we obtain that

p = kot+aqo, (4.54)
Cq = pz—l—;jq—kQ ; (4.56)
cos(Op —0,) = p2—2quq—k2 . (4.57)

In order to calculate the gravitino selfenergy with vector-gaugino loop in the massless
case we need the Feynman rules for the two vertices. The gluon-gluino-gravitino interaction
is given by Eq. (2.31) (see also [78]) and after obeying the equivalence theorem, the goldstino
interaction can be read from (2.43). Thus, the goldstino selfenergy with gluon-gluino loop
including the outer goldstino legs can be written as

m2 4
1 i [ 2 K4Tr (PIK AMS(Q) K, Dy (K)) (4.58)

I =
sMz " 3m2,, ) (2m)

in which S(Q) is the gluino propagator, D, (K) the gluon propagator, and n3 = 8 from the
color running in the loop. Now, we can easily generalize that to the expression II<, including
all three groups, U(1)y, SU(2)r and SU(3)., with n; = 1 and ny = 3. As we use the non-time
ordered selfenergy II<, we get an additonal factor 1/2, that is

3 m2 4
I<(P) = 16]1”1% Zlna (1+ Al) >/ d K4Tr (P[K,’Y“]*5<(Q)[K,’YV] *DEV(K)) ,

— 3m§/2 (2)
(4.59)
with the thermally resummed propagators denoted by a *,
* fr (g i i
5@ = 0 [0, 30 + (0 +4i0-@)] (4.60)
. k? K,K,
D (K) = f(ko) [HZVPT(K) +HﬁuﬁpL(K) +¢& ;(4 1 : (4.61)

with ¢° = ¢'/q. In (4.59) we have also incorporated the helicity +3/2 components of the
gravitino, as in [31] it has been shown, up to two loop order in the gauge couplings, that one
obtains the characteristic factor 1 + mi(a) / 3m§ /o) @8 well as in the calculation of the 2 — 2
scatterings.

Using the paremetrization (4.53) and the abbreviations for cosine and sine, we get for the
different spectral function combinations the following results:

o ppr:  16pk*(carcy + saksg + 1), (4.62)
X prpr i 16pk*(—capcq — sopsq + 1), (4.63)
X p_pr: 16p ((k:% + k) (2 — cos (205 — 0,) — c,) — 4kok(cy, — cos(Oy, — 9q))) , (4.64)

(4.65)

x pypr:  16p ((kg + k) (2 + cos (205, — 0,) + ¢,) — 4kok(cy, + cos(Oy, — Hq))) :
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Note, that corcy+s28,+1 = 2 cos? 20’“2 % and —CokCq—SokSq+1 = 2sin? 29’“ 26k =64 . Substituting
these in Eq. (4.59) we get
1 d*K
I<(P) = 1 A“‘) / k
(P) 52012 Zrm( +3 m, @ )4fF(QO)fB( 0) X
20, — 6 20, — 6
{pL<K>p<Q>32p k? cos” % + pr(K)p1(Q)32pk? sin® % (4.66)

+p1(K)p—(Q)16p (k] + k2)(2 — cos(20) — 0) — ¢;) — 4kok(er — cos(0 — 0y)) )

+p1(K)p 4 (Q)16p (] + k2)(2 + cos(20) — 0) + ¢4) — 4kok(cr. + cos(0 — 0)) ) } :

In order to compute the integral (4.66) it is convenient to multiply by the 4-momentum
S-function [d*Q §*(K + Q — P) = 1. Also, using the relations

d*K = dkg k*dk dcosty, Aoy

4.67
d*Q = dgo ¢*dq dcosfy doy , ( )

we can perform the integrations dqo, dcosty, dcosfy, and d¢; thanks to the d-function. Noth-
ing depends on d¢yg, so we get an extra 2m from this integration. After these integrations the
Egs. (4.62)-(4.65) become,

xpopi =0+ ). (4.68)
X pipr z(p +9)* (K - (p—9)?), (4.69)
8 2

<ppr: - (F-@p-0? ((1 + ],;) (K + (0 +9)) — dho(p + Q)> ., (4.70)

2

<pipr: - ((p+a)?— k) ((1 + ]]22> (K + (0 — 9)%) — 4ko(p - Q)> , (4T

Qo0

and the resummed propagator (4.66) takes the form

k+

- 1 1< m3 )
I=(P) = — > na |1+ / dko/ dk . |dq fB(ko)fF(Po—ko)
-p

3m3/2

{pL(K)p(Q)(p *((p+9)° = k) + pr(K)p(Q)(p+ 0)* (K — (p— q)*)

2

+pr(K)p—(Q) (K = (0 - )?) ((1 + i) (K + 0+ 0)?) — tho(p + q>) (4.72)

+or(K)p+(Q) (0 +a)* = ) ((1 + I,;) (K +(p— 0)?) = 4ko(p — Q)> ] 7

with gg = p — ko. In order to compute the production rate yp we will use its definition

3
= [ g0 e



44 Chapter 4. Thermal gravitino production

with d3p = 47p?dp in this frame. Then

1 1 3 m2 o o] 00 0o k+p
Yo = — Z Ne <1 + 3 )\; ) ) / dp/ dko/ dk dg kfp(ko)fr(po — ko) X
ms ) J0 —o0 0 [k—p|

{pL(K)p(Q)(p —*((p+9)* = k) + pr(K)p+ Q)+ 0)* (K = (0 — 9)*)
+or(K)p-(Q) (K = (0 — a)?) ((1 + ’,j)) (K + (0 +9)?) — ko(p + q>>
+or(K)p+(Q) (0 +a)* = ) ((1 + Zé) (K +(p— )?) = 4ko(p — q)) ] SNCE)

The spectral functions pr, 7 and p+ can be found in Egs. (3.68) and (3.96). The thermally
corrected one-loop selfenergies for gauge bosons, scalars and fermions that we have used in
calculating these spectral functions can be found in Secs. 3.1 and 3.2 or equivalently in various
previous works [301, 303, 307-310]. Comparing (4.74) with the corresponding analytical result
given in Egs. (4.6) and (4.7) in [36], one can notice that they differ on the overall factor and on
the number of independent phase-space integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop. The four dimensional integral (4.74)
has been calculated numerically using the Cuba library [306]. As this result is numerical,
inspired by [16], we will give an easy to apply formula for this using a suitable interpolating
function (see Sec. 4.5).

4.4 The top quark contribution

Previous works [26-35, 37| considered gravitino production only due to gauge couplings,
while the authors of [36] dealt also with the contribution of the top quark Yukawa coupling
A¢t. As shown in [36], in scatterings involving fermions only, such as quark-quark — Higgsino-
gravitino, the dominant contribution of order 7% /M3 vanishes. On the other hand, scatterings
involving two fermions and two scalars, such as squark-squark — Higgsino-gravitino, give a
sizeable scattering rate. As in the scatterings of Table 4.1 the various top quark Yukawa
diagrams populate both the spin 1/2 and the spin 3/2 components. The characteristic factor
m3_ /3m3 /o linked with the 1/2 component, becomes A7 /3m3 /o Where Ay is the trilinear
stop supersymmetry breaking soft parameter. It is worth mentioning that the inclusion of
thermal masses is not necessary for obtaining a finite result in this case, as the accompanying
diagrams are infrared convergent.
The sum of all top scatterings is given by [36]

A A
2
> Mgyl :727:1% <1+3 ; >s, (4.75)

2
M3 /o

where s is the usual Mandelstam variable. The resulting production rate reads

T° s 2 A%
“Ytop = @7QCBBFAt L+ 3m2/ ’ (4.76)
3/2

where C5,. = 0.25957 x 1073, Since this contribution stems from the squark-squark —
Higgsino-gravitino process, only the numerical factor C3pyp is involved.
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Figure 4.9: Gravitino production rates divided by Y, 7¢/M3. The solid curves represent in order the total
rate (black) given by (4.4), the SU(3). (red), SU(2) (blue), and U(1)y (green) rates given by (4.77),
and the top Yukawa rate (purple) given by (4.76). The upper dashed curve is the total production rate
obtained in [36]. The top Yukawa coupling \; was set equal to 0.7, so our result can be directly compared
with that in [36].

4.5 Total rate and parametrization

Following [16] we parametrize the results (4.52) and (4.74) using the gauge couplings g1, g2

and g3 . Thus
3¢(3) T6 S, m3 ) <ka>
= — 14—~ ]In{— |, 4.77
Ysub + VD 1673 MI% = Ca Jo + m§/2 n o ( )

where the constants ¢, and k, depend on the gauge group and their values are given in

Table 4.2: The values of the constants ¢, and k, that parametrize our result (4.77) for the subtracted
and the D—graph part. Each line corresponds to the particular gauge group, U(1)y, SU(2)., or SU(3)..

Gauge group Ca ke
U(l)y 41.937 0.824

SU(2),  68.228 1.008
SU(3).  21.067 6.878

Table 4.2. In Fig. 4.9 we summarize our numerical results for the gravitino production rates
divided by Y, T© /M}% In particular, for the case of the top Yukawa contribution, in Y, the
m3 ., must be replaced by A7. The colored solid curves represent the SU(3). (red), SU(2)r
(blue), and U(1)y (green) rates given by (4.77) and the top Yukawa rate (purple) given
by (4.76), while the solid black curve is the total result given by (4.4). The dashed black
curve corresponds to the total result from [36]. For comparison, we also chose A\; = 0.7. The
gauge framework of our calculation is the MSSM gauge group SU(3). x SU(2) x U(1)y.
Using a different gauge structure like SU(5) or flipped SU(5) [236], apparently constitutes a
completely new calculation.

Despite the analytical and numerical discrepancies with [36], it is interesting that our
result for the total gravitino production rate is only 5% — 11% smaller than that in [36].
Since we cannot explain this in detail quantitatively, we assume that the above differences
have opposite effects on the total result. For convenience, in Fig. 4.9, universal gauge coupling
unification is assumed at the grand unification scale ~ 2 x 10'® GeV, but certainly the result
in (4.77) can be used independently of this assumption. Equation (4.77) together with the
numbers in Table 4.2 is the main result of the first part of this thesis.
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Chapter 5

Gravitino cosmology

Our result (4.77) for the gravitino production rate has important implications for gravitino
cosmology. In this chapter, we compute the gravitino abundance from thermal production.
The nonthermal production of gravitinos [11-18], which depends on the model of inflation,
has been ignored. Comparing the relic gravitino density with the observed DM, an upper
bound on the reheating temperature of the Universe is realized.

5.1 The Boltzmann equation

An homogeneous, isotropic and expanding Universe is described in terms of the Fried-
mann-Lemaitre-Robertson-Walker (FLRW). The FLRW metric also assumes that the spa-
tial component of the metric can be time-dependent. The generic metric which meets these
conditions is

d 2
ds® = dt? — a(t)? [1 Tk 5 4 r7(df + sin*0 do?) | (5.1)
— kr
where (t,7,0,¢) are comoving coordinates, a(t) is the scale factor, and k& = —1,0,1 is the

curvature parameter which equals to zero for a flat geometry. The evolution of «(t) in a flat
spacetime is described by the Friedmann equation

_(a®N_ p
H? = (a(t)> =5 (5.2)

where H is the Hubble constant and p the total energy density of the Universe.

The Boltzmann equation essentially expresses the action of the so-called Liouville operator
L[f] on the phase-space density f(Z,|p],t), in terms of the so-called collision operator C[f].
For more details we refer the interested reader in the literature [311]. In the general case, the
former is written as

L[f1=Clf]. (5.3)
The general relativistic form of the Liouville operator is given by
0 0
Lif] = |P* s~ — T}, PP’ 4
[f] ax)\ g aP)\ f ’ (5 )

where F/\/u/ is the Levi-Civita connection. In a FLRW Universe, we have that f = f (Eé’ t),
where Es denotes the energy of the dark matter particle, 7.e. the gravitino. In such a case,
upon using the connection for the FLRW (5.1), we obtain from (5.4) that

of 2 Of
Lf] = Ex— — H|pz| : (5.5)
¢ OE

G ot
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The number density of gravitinos is defined as
g~
mjs = 5 [ g (g, (5.6)

where gz = 4 is the number of DOF for the massive gravitino. The (27)? factor comes from
the state density 1/h3 in the phase space, once we use natural units with & = h/(27) = 1.
Now, using (5.3), (5.5) and (5.6) we obtain that

dng /o 3N/ el 3
Eg—t — EgH [ dipgldQipg| o] = o [ apgern. (5.7)
G
FE~
We have used that a;Esg = @gﬁé 2|, as a result of the (on-shell) dispersion relation |p 5\2 +

m§/2 = E2a By partially integrating the second term on the left-hand-side (LHS) of (5.7),

and defining the right-hand-side (RHS) as the collision term (this has been already defined
in Eq. (4.50), we obtain the Boltzmann equation for the number density in the form:

ng/o + 3Hnz; = 73/2, (5.8)

where the dot denotes time differentiation. Recall that the production rate 73/, consists of
three parts: the subtracted and top quark rates calculated using the collision terms (4.50)
and the D—graph contribution calculated by means of the gravitino selfenergy. The first
term in the LHS of (5.8) depicts the evolution of the number density, while the second term
accounts for the dilution of gravitinos due to the expansion of the Universe.

5.2 Gravitino abundance

In this section we compute [1, 2] the gravitino abundance by integrating the relevant Boltz-
mann equation. The energy density p during the radiation dominated epoch of the Universe

is given by
2

T
=g, —T* 5.9
p g* 30 9 ( )

where g, are the effective energy DOF. That is, the Hubble parameter given by the Friedmann
equation (5.2) takes the form
_ [gum? T?

H(T . 5.10
Equation (5.8) has been written in terms of the gravitino number density, but is also useful

to express it in terms of the gravitino abundance

Y39 = ; (5.11)

where n..q = ((3)T3/7? is the number density of any single bosonic relativistic DOF. Sub-
stituting (5.11) into (5.8) the last takes the form

Y3/2+3<H+> V39 = 2= (5.12)
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Figure 5.1: The cosmologically accepted 30 regions for the gravitino thermal abundance for various values
of my /5 between 750 GeV and 4 TeV. The trilinear coupling A; has been ignored and the top Yukawa
coupling is Ay = 0.7.

With the conservation of entropy per comoving volume, g, sT3a® = const., the above equation
can be rewritten as

dYz,  dlng,s V3/2 T'dIng,s
- Vajg = ——22 (14— 5.13
dr dr 37 ( T3 Tar ) ’ (5.13)

in which g, s are the effective entropy DOF. Straightforward integration then yields [16]

gxs(T) a(T) /T V3/2(T")

(1 T’dlng*S(T')> a1’
Q*S(Treh) Tren nrad(T/)g*s(T,)H(T/) 3 d1’

I
(5.14)
This integration begins at 1., and runs to lower T, coherent with the assumption that inflaton
decays and thermalization are instantaneous and simultaneous at the reheating temperature.
Speculating that any initial gravitino population has been diluted away during inflation, .e.
assuming a vanishing abundance at Ty, and disregarding the weak T-dependence of the
integrand for T' < Tyen, we obtain that

}/3/2(T) = YES/Z(Treh)

73/2(Treh) 9xs(T)

H(Tren) Mrad(Tren) 9ss(Tren) (5.15)

Y3/0(T) =~

In [16, 312], the case of not instantaneous inflaton decay was considered. In particular,
according to [312], in the case of gravitino DM a correction factor ~ 10% is expected for not
instantaneous inflaton decays.

5.3 Gravitino dark matter

According to the latest data from the Planck satellite, the cosmological accepted value for
the DM density in the Universe is Qpyh? = 0.1198 4 0.0012 [82]. Assuming that the thermal
gravitino density, 23/3 = ps/2/per is equal to the observed DM, we obtain that

p32(to) h*  mgys Y35(T0) nraa(To) b
per Per
m3/2 V3/2(Tren)
T ’

Qpph?

~ 1.33x10* (5.16)
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my ), = 750 GeV my = 4TV

10° 107 108 10° ' 10* 10° 10° 107 108
Tren (GeV) Tren (GeV)
Figure 5.2: The thermal gravitino density 93/2h2 as a function of the reheating temperature T}, for
various values of the gravitino mass. In both figures has been adopted universal gaugino masses which are
my/o = 750 GeV on the left and m, /o, = 4TeV on the right panel. The shaded regions in gray mark the
allowed value (30) for the DM density given by [82].

where p, = 3 H3M3 is the critical energy density, Hy = 100 hkm/(sMpc) is the Hubble
constant today, Ty = 2.725 K the current cosmic microwave background temperature and
h = 0.676 is the reduced Hubble constant. The MSSM entropy DOF at the corresponding
temperatures are g.s(7p) = 43/11 and g, s(Tren) = 915/4. The last number corresponds to
the effective energy DOF for H(Tyen) in the MSSM too. Figure 5.1 shows the 30 regions
resulting from (5.16) for various values of my /5. In this figure the trilinear coupling A; has
been ignored and the top Yukawa coupling is Ay = 0.7, as before. As previously, gauge
coupling unification is assumed, as well as a universal gaugino mass m; /; at the GUT scale.

For large gravitino masses, the reheating temperature is m;/ independent, since the
characteristic factor mi(a)/ (3m3 /2) becomes negligible for m;,, < mg/y. Assuming that
my/ 2 750 GeV, as suggested by the recent LHC data [313, 314] on gluino searches, from
Fig. 5.1 we infer that for maximum T, ~ 10 GeV the corresponding gravitino mass is
mg3 =~ 550 GeV. Considering a reheating temperature one order of magnitude smaller,
Tren ~ 10% GeV, for the same gravitino mass, m4 /2 can go up to 3 — 4 TeV.

Finally, Fig. 5.2 illustrates the upper limits on Tiep for my o = 750 GeV and my o = 4TeV,
respectively. Note that for larger values of m; /5 the bounds on Ten are more stringent. If
one adds nonthermal production processes the bound on Ty, will become more severe.
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Chapter 6

Cosmic inflation

In physical cosmology, cosmic inflation [83-86] is a theory which describes a period of ex-
ponential expansion of space in the early Universe. The theory of inflation manages to
simultaneously solve basic issues of the Big Bang cosmology like the horizon and flatness
problems. The simplest theory of inflation assumes the existence of one scalar field ¢ which
is minimally coupled to gravity and has a canonical kinetic term.

6.1 Cosmological observables

Concerning the cosmological observables, and assuming the slow roll approximation, we begin
by discussing the scalar and tensor power spectra, which play a crucial role in inflationary
cosmology. The CMB observations significantly constrain the inflationary predictions, as
shown in Fig 6.1. Choosing an arbitrary pivot scale k, that exited the horizon, the scalar

0.20

TT,TE,EE+lowE+lensing

TT,TE,EE+lowE+lensing
+BK15

TT,TE,EE+lowE+lensing
+BK15+BAO

Natural inflation

Hilltop quartic model
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Power-law inflation
R? inflation
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Tensor-to-scalar ratio (9,002)
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Figure 6.1: Marginalized joint 68% and 95% CL regions for ng and r at k = 0.002 Mpc~! from Planck
alone and in combination with BK15 or BK15+BAO data, compared to the theoretical predictions of
selected inflationary models. This figure has been adapted from [87].

(P¢) and tensor (Pr) power spectra can be written as

(R 1 V(6 2V(g.) (k™
Pc(k)_As<k*) L Amgo s ad P =g <k> . (6.1)

where the scale-dependence of the power spectra is defined by the scalar (ns) and tensor (n;)
spectral indices given by

dIn P (k)
= e\
s dln k

_ dlnPr(k)

= —6ey + 2ny and = (6.2)
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In these we have used the potential slow roll parameters (note that in most formulas we use
MI% = 1 except when we want the dimensionality to be explicit)

1 V() V(9
v=3 (V) W= (63)
The tensor-to-scalar ratio is defined as
_ Pr(k)
r= Pg(k) = 16ey . (6.4)

The Planck collaboration [87] has set the following bounds on the values of the observables:
As = (2.1040.03) x 107, ns = 0.9649 £ 0.0042 (1o region), r < 0.056. (6.5)

During inflation the variation of the scalar field is related to the so-called number of e-folds
N, which has to be between 50 and 60 for the horizon and flatness problems to be solved.
Following [87, 315] the number of e-folds is given by

1
o dp 72\ ¥ (g.5(To))? To
N, ~ = In i -
bond \2ey 30

V3 Hp

]. - 3 Te ]- * Tre 1
+ d In Preh + —1In |:g(h):| ——In [g*s(Treh)] ) (6'6)
Q*S(Treh)

12(1+w)  pena 4 12
where the subscripts “0”, “reh” and “end” denote quantities at the present epoch, at the
reheating phase and at the end of inflation, respectively. The entropy density DOF have the
values g, s(Tp) = 43/11 and gy s(Tren) = gu(Tren) = O(100) for Tiep ~ 1TeV or higher. The
pivot scale is fixed at k, = 0.05 Mpc™! or k, = 0.002Mpc~'. The constant w characterizes
an effective equation-of-state parameter.

Given an inflationary model, the largest uncertainties in NV, are mainly in the period
of reheating of the Universe. For a review see e.g. [316]. For the scales of interest, these
uncertainties yield values for N, in the range 50 — 60, which are commonly used in the liter-
ature. The reheating temperature reached by the Universe after its thermalization has been
extensively studied and various mechanisms and models have been subjected to theoretical
testing [316-327]. The number of e-folds accrued during the reheating period, ANy, is given
by

Pend

—1In [k*} + 1ln [VQ(QZ)*)}

Qreh 1 Preh
ANy, = In /82 = — In . 6.7
¢ Aend 3(1 + ’LU) Pend ( )

We consider the effective equation-of-state parameter w in the reheating phase as a free
parameter. At the end of inflation w = —1/3 while the value w = 1/3 corresponds to
the onset of radiation dominance. In the canonical reheating scenario w = 0, but values
in the range ~ 0.0 — 0.25, or larger, immediately after inflation, are also possible in some
models [327, 328].

For any model given a value of Ny, we have a prediction of AN, and in this sense (6.6)
serves as a probe of the reheating process. Conversely, given a reheating mechanism, under
a particular inflation model, the value of AN, is fixed, and thus Ny is predicted. In terms
of AN,ep, for given w, one has for the reheating temperature, (see for instance [323]),

30 pend )1/4 ( 3(1+w)ANreh)
Teh = | 5—2C ) exp | -2 6.8
h <7r29*(Treh) b 4 ( )
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Note that since aren > @eng We have that AN, > 0, and therefore due to w > —1 the
reheating temperature Tye, is bounded from above

30 Pend 1/4
Tieh < | 59— — . .
h <772 g*(Treh)) (6 9)

The bound on the RHS of this defines the instantaneous reheating temperature, Tins. The
temperature Ty, reaches this upper bound when the reheating process is instantaneous, in
which case ANy, = 0. Note that for rapid thermalization we have peng = pren, from Eq. (6.7).
The reheating temperature should be larger than ~ 1 MeV so that Big Bang Nucleosynthesis
(BBN) is not upset. Lower values on T, have been established in [329] and recently in [330].

6.2 Cosmological observables with varying speed of sound

In this section we will see how the cosmological observables are differentiated in the case of
a varying speed of sound [331-348]. The need for study the sound speed parameter c; is
due to the fact that in the Palatini formulation of R? gravity (see next chapters) higher in
the velocity terms unavoidably appear, and thus its value deviates from unity. In fact ¢4 is
defined by

2 Op/0X
S 0p/oX’

(6.10)

where p and p are the energy density and pressure. With X we denote the kinetic term, i.e.
X = 1g40,00,0.

Choosing an arbitrary pivot scale k, that exited the sound horizon at t*, i.e. k,cs(t*) =
a(t*)H (t*), the scalar and tensor power spectra can be expanded about this pivot. keeping
the first order terms in the slow roll parameters, one has

H?2 k
Pe) = Srmpra (1 _ 2D +1)é — D& — (24 D)st + (—2¢5 — & — s) In k) (6.11)
and
2H?
Pr(k) = 154 <1 oD +1—Inct)e +(—2¢%)In :) . (6.12)

A subtle point concerns the dependence of the tensor power spectrum on the speed of sound
cs. Usually this is computed by evaluating all quantities at the time of Hubble horizon, which
is generally different, from the time of sound horizon. However, if we want to compare the
scalar and tensor spectra using the results of cosmological measurements, the same pivot
should be used, for consistency, as has been emphasized in [343, 345-347]. Using a pivot
scale kycs(t*) = a(t*)H(t*) in the scalar spectrum also yields a dependence on c¢g in the
tensor spectrum.

In these equations the Hubble flow functions (HFF), usually referred to as slow roll pa-
rameters, are defined in the usual manner, in terms of the Hubble rate,

dinH H _dlng €1 _dlnes ¢

AO=TGN T 0 @F = =TGN T o

dN 61H

where dN = Hdt. A star in the HFF in the expressions above means that these are evaluated
at t*. The equations (6.11) and (6.12) can be found in the references [343, 344, 346, 347]. In
these references, a slightly different pivot scale is usually quoted, kocso(10) = —1/1,, where 7,
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is the conformal time, and the corresponding expressions are given in terms of k.. However
to first order, in HFF, they have the same form when the quantities denoted by a diamond
symbol are replaced by the corresponding starred ones. Only the second order terms are
affected and the corresponding coefficients differ. Note that higher order corrections have
been computed but here we retain the next to leading corrections, .e. first order in the slow
roll parameters. In [346] the constants A, D are given analytically. In fact their values are
A =18¢73 and D = 1/3 —In 3, as obtained using the uniform approzrimation, a method that
is suitable for theories with varying speed of sound, which is similar to the WKB method.
Taking next order corrections in the adiabatic approximation these constants are dressed
(renormalized) and A turns out to be very close to unity while D becomes D = 7/19 — [n3.
For our numerical treatment we will therefore use the renormalized values. For details we
refer the reader to reference [346] where a detailed study is presented, including higher order
corrections, and a comparison with other calculations is made.

Concerning the spectral index of the scalar power spectrum, following standard definitions,
this is given by

ns=1—2€e — €5 — 57, (6.13)
while the tensor-to- scalar ratio is given by,

Pr(ky)
Pe (k)

r= = 16€] c5(1 + 2Incjel + De; + (24 D)sT) , (6.14)
to the same order of approximation. As for the number of e-folds, a —In ¢; term is included
in the expression (6.6), since the speed of sound may not unity. This term is positive and in
general can also give a significant contribution.
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Chapter 7

R? Palatini inflationary models and
reheating

The incorporation of popular inflationary models into Palatini gravity in an effort to describe
the cosmological evolution of the Universe leads to different cosmological predictions than the
metric formulation, because the dynamics of the two approaches differ. A notable example, is
the Starobinsky model, in which there is an additional propagating scalar DOF, the scalaron,
in addition to the graviton, whose mass is related to the coefficient of the R? term. In the
EF this shows up as a dynamical scalar field, the inflaton, which moves in a potential, the
famous Starobinsky potential [349-351]. In the framework of Palatini gravity, there are no
extra propagating DOF in any f(R) theory [352] that can play the role of the inflaton, and
therefore the inflaton must be inserted by hand as an extra field coupled to f(R) gravity.

The differences between metric and Palatini formulations in cosmological predictions, as
far as inflation is concerned, arise from the nonminimal couplings of the scalars that occupy
the role of the inflaton. These couplings are different in the two approaches. This was first
pointed out in [162] and has since attracted the interest of many authors [3-5, 8, 9, 164—
185, 188, 201-208, 217, 353-360].

7.1 The model

We consider an action in the Jordan frame (JF) where scalar fields ¢” are coupled to gravity
in the following way

S = [ atoy=g (£(R.6) + 56160061007 - V(0)) . (1)

In it R is the scalar curvature in the Palatini formalism and f(R, ¢) is an arbitrary function
of the scalars ¢’ and R. This action is reminiscent of an f(R) theory involving scalar fields
with kinetic terms written in the most general way reminiscent of o - models. Following the
standard procedure, we write this action in the following way and introduce the auxiliary
field ®.

S = [ dtav=g (£(@.0)+ F(@®.0)(R-0)+ ;6106105 ~V(©)) . (12)
Here f/'(®,¢) denotes the derivative with respect ®. One can define v in the following way
Y = M, with inverse & = ®(1),¢), (7.3)

0P
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so the action is written as follows,

1
5= [ d'ay=g (VR + 3G1/(6)06'00" ~ v+ [(@.6) - V(0)) . (7.4)
One can go to the EF by doing a Weyl transformation of the metric

_ . 1
G = AJuw, With A = 7 (7.5)
That done the theory in the EF gets the following form,

1

Ser = /d4$\/j§ (12% + iGU(d’)aéﬁI&bJ T 1?

" (W — f(2,0) + v<¢>>) .19

The final step is to eliminate the field v whose equation of motion is trivially written as

V(09)* = v — 2f(P,¢) + 2V (9), (7.7)

where, in order to expedite the notation, we have designated Gj;(¢) 9¢'0¢” = (0¢)>.

Note that (7.7) is not solvable, in general, but we will illustrate it on R?-theories where
it can be solved analytically. In what follows we will focus on such theories, which can be
viewed as generalizations of the Starobinsky action. However, there are two main differences,
first, the coefficients of the linear and quadratic, in the curvature R, terms are in general not
constants, and second, the framework is the Palatini formalism where the connection is not
the well-known Christoffel connection, but is treated as an independent field.

We will apply the previous formalism when there is only a single scalar, ¢, and f(¢, R)
is quadratic in curvature and has the form

_g(o) R?
f(R,¢) = 5 R+12M2(¢)' (7.8)

Since a single scalar field is assumed, its kinetic term can always be put into the form
(0¢)?/2, i.e. in the action (7.1) the field can be taken to be canonically normalized. So in this
theory there are three arbitrary functions, namely g(¢), M2($), V(¢), and each choice of these
specifies a particular model. We have specified the reduced Planck mass Mp dimensionless
and equal to one, and thus all quantities in (7.8) are dimensionless. When we reintroduce
dimensions, the functions g, V have dimensions mass?, and mass?®, respectively, while M? is
dimensionless. Note that a nontrivial field dependence of the functions g(¢) and / or M?(¢)
is a manifestation of nonminimal coupling of the scalar ¢ to Palatini gravity. Note that
since we use the Palatini formalism, there is no scalaron field, associated with an additional
propagating DOF, which plays the role of the inflaton in the EF of the metric formulation .
With the function f(R, ¢) as given by (7.8) we get from Eq. (7.3),

99) 2 (7.9)

V= 6M2(9)’

whose inverse is,

d = 6M?(¢) (zp — g?) : (7.10)
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Using these we can solve (7.7) in terms of ¢ in a trivial manner,

4V + 3M?g?
= A1
v 2(0¢)2 +6M2g’ (7.11)

that is v, and hence ® from (7.10), are expressed in terms of ¢, (9¢)2. Plugging ¢, ® into
(7.6) we get, in a straightforward manner,

R K(¢)

Sgr = /d4mJjg (2 + — L(¢)

@0 + 22 (00)! - T(0)) (712)
In this action we have suppressed the bar in the scalar curvature and also \/—g, and to
simplify the notation we have denoted 9,,¢00"¢ by (9¢)* and (9,¢0"¢)? by (8@4. Note the

appearance of quartic terms (9¢)* in the action. As for the functions K, L,U, appearing
in (7.12), they given are analytically by

L(¢) = 3M?g> +4V)7' | K(¢) = 3M*gL, U(¢) = 3M*V L. (7.13)

Note that since terms up to R? were considered, in f(R) - gravity, terms higher than (9¢)*
do not occur in the action.

The above Lagrangian may feature, under certain conditions, K - inflation models [361],
involving a single field described by an action whose general form is

S = / diz/—g (12:5 + p(qﬁ,X)) . (7.14)

where X = (1/2)0,¢0"¢. The cosmological perturbations of such models were considered
in [362]. However, the importance of a time-dependent sound speed c¢s in K - inflation
models was emphasized in [343] and cosmological constraints were derived, using improved
expressions for the power spectra of density perturbations. Specific models with p(¢, X) =
F(X) — V(¢) were considered in [363]. In (7.12) the Lagrangian density is identified with
p(¢, X), but the function F(X) is now given by K(¢) X + L(¢) X2, which in addition to X
also depends, on the field ¢, as well, through K(¢), L(¢).

In a flat FLRW metric, where the background field ¢ is only time dependent, the energy
density and pressure are given by

p(6,X) = K($)X +3L(0)X>+U(¢) , p(¢,X)=K($)X +L(¢p)X*>—U(¢), (7.15)

with X being, in this case, half of the velocity squared, X = ¢? /2.

We will assume that the function L(¢) is always positive to avoid phantoms, leading to an
equation-of-state with w < —1. This can occur when L < 0 and X becomes sufficiently large.
However, there is no restriction on the sign of K(¢) which can be negative in some regions of
the field space, signaling that the kinetic term has the wrong sign in these regions. Obviously,
the sign of K (¢) should be positive at the minimum of the potential. Possibilities where K
is negative in some regions are interesting but will not be pursued in this thesis. Besides, we
will assume that the potential is positive U(¢) > 0 and it has a Minkowski vacuum. This
ensures that the energy density is positive definite. When considering inflationary models,
the inflaton rolls towards this minimum, signaling the end of inflation and the beginning of
the thermalization of the Universe. These are rather mild conditions.

As for the potential U appearing in the Lagrangian (7.12) in the Einstein frame, we see
from the last of (7.13) that due to the fact that we have assumed L, M? > 0, the positivity
of U > 0 entails that V > 0. Moreover, one can trivially show, from (7.13), that U can be
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cast into the following form,

_ 3M? K?

From this it is evident that the potential is not only positive, but is also bounded from above
by,

3M?

T <
Us 4

(7.17)

This upper bound can be easily saturated, for large ¢, by suitably choosing the functions
involved, namely g, M? and V. Indeed, for large ¢, the asymptotic values of these functions,
control the behavior of the potential in this regime'. If we opt that the function M? ap-
proaches a plateau or is constant, this is also true for the potential, which can thus drive
successful inflation. The requirement for a Minkowski vacuum is also easily satisfied, so there
are many ways to realise potentials with the required properties for the inflationary slow roll
mechanism. This is exemplified in specific models discussed later.

To conclude this section, we have presented a general and model independent, framework
of R? - theories in the Palatini formulation of gravity, which can be useful for studying inflation
models and can support slow roll inflation. In the EF these theories have many features in
common with the K-inflation models. This formalism will be used to study various inflation
models in the following sections.

7.2 The equations of motion and the slow roll

When noncanonical kinetic terms are present, the equations of motion for the inflaton scalar
field ¢ deviate from their standard form. As a consequence, the cosmological parameters
describing the slow roll evolution should be modified accordingly. Certainly, one can normalize
the kinetic term of the scalar field accordingly, but this is not always very convenient. In fact,
in most cases, the integrations needed, to go from the noncanonical to the canonical field are
not easy, in most of the cases, to be carried and the results cannot be presented in a closed
form. Therefore, it turns out to be easier to work directly with the noncanonical fields and
express the cosmological observables in a way that is suitable for this treatment.
It is not difficult to see that the field ¢ satisfies the equation of motion given by

(K + 3L6)6 + 3H(K + Lé)é + U'(6) + i(ﬂ(’ +3L2)0% = 0. (7.18)

Therein all primes denote derivatives with respect to ¢. If the field were canonical, K = 1,
and if there were no quartic in the velocity terms, i.e. L = 0, then the above equation takes
its familiar form. In it is encoded the effect of using a nonminimal, in general field ¢ in the
function K. The effect of the presence of terms (9¢)* in the action is encoded in the function
L. The terms that depend on L are multiplied by an additional power of the velocity squared,
as compared to the K-terms. These cannot be neglected, although as we discuss below, they
are small in certain models, during inflation. In terms of the field ¢ and its velocity ¢, the
speed of sound (6.10) has the form

) _ 1+ L¢*/K

Tt is quite easy to see that the saturation of the bound (7.17), for large field values, is easily obtained

2 2 2
when £- — 0, and gé/l <1, as ¢ — large.
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¢s is controlled by LgﬁQ /K, the same combination that appears in the equation of motion for
the field ¢, and approaches unity when L ¢?/K < 1.
We can gain more insight by briefly using a canonically normalized field ¢., defined by

6c = [ \E(@)s. (7.20)

To avoid ghosts suppose that K > 0, so that the above integration makes sense. Indeed, if K
is negative, the kinetic term of the field ¢ has the wrong sign, namely —(9¢.)?/2. However,
it can also happen that this function is negative in one region, but strictly positive at the
Minkowski vacuum. In this way, ghosts are also avoided. This case, interesting as it may
be, will not be discussed and we prefer to take a more conservative point of view and have
K > 0 in the whole region. Then equation of motion (7.18) with respect to the field ¢, takes
the form

U 3L dIn(L/K?)
dp. 4K?  do.

(1 + ;’éqb%) b+ 3H (1 + ;2&) b + Pt =0. (7.21)
From this form it is clear that the smallness of the Oh* terms in the action is quantified by
the smallness of the ratio %qﬁg < 1, which is equivalent to %QSQ < 1. If we neglect this in
the above equation, we get familiar form of the equation of motion for the canonical field ¢..

It should be emphasised, however, that our numerical study properly accounts for the
contribution of these terms and no approximation is made, although we have numerically
found them to be small, at least in the models considered in this thesis. In Fig. 7.1 we plot on
the left panel the evolution of the field ¢ versus the number of e-folds N, = In(aenq/a(t)), from
the time when the number of e-folds reaches N, = 70 to the end of inflation corresponding to
N, = 0. On the right panel, we show the parameter ¢; = —%, the speed of sound squared
2 and the evolution of %qbQ For reference, we have also included a vertical band to mark
the region N, = 50 — 60, which is usually given in the literature. These plots consider the
minimally coupled model, for which ¢ = 1, M? = é and V = mTQgZ)Q. The values of the
parameters o, m?, used in the construction of Fig. 7.1, correspond to Model I (C - case),
discussed later in Sec. 7.3.1. for which o = 10 and m = 6.32 x 1075. However, similar
results hold for the other models studied in this thesis.

On the left side of this figure one can see the rapid damped oscillations of ¢, after the end
of inflation, when it begins to fall to the minimum of the potential. These are clearly visible
in the enlarged inset small figure. On the right pane, one can see that ¢; << 1.0, ¢2 ~ 1.0,
and %qf)z ~ O(1072), for any number of e-folds that is larger than about 5, or even smaller.
For N < 5 the function €; starts to grow and %qﬁz increases significantly, however remains
small in magnitude until the end of inflation.

On the other hand, the scales of interest, from CMB observations, are in the range of
107*Mpc= <k <107! Mpc~! and the number of e-folds remaining until the end of inflation,
from the time t; a scale k crossed the sound horizon, is Ny = In(aendq/a(tr)). Even for the
largest scale, in the above range, the number of e-folds cannot be smaller than about ~ 20,
as we have numerically established. Therefore, any scale k in the range of interest, crossed
the sound horizon long before the end of inflation, when €; << 1.0, ¢2 ~ 1.0, and %gzﬁQ was
small O(1072). Therefore, for the cosmological scales of interest the contribution of the L -
terms is small.

Although small, for a wide range of parameters and for the class of models studied here, the
role of %(ﬁ is important in determining the energy density penq at the end of inflation, which
in turn affects the instantaneous reheating temperature Ti,s. Even in this case, however, we

have found that the values of penq differ from the obtained values approximately by factors
of order O(1).
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Figure 7.1: The left panel shows the evolution of the field ¢ with the number of e-folds. In the small inset
figure, the rapid oscillations of ¢ as it approaches the minimum of the potential are magnified. On the
right is the parameter €7, the speed of sound squared ¢2 and the quantity 102L¢$?/K.

The preceding arguments imply that one can use the slow roll approximation for the cases
we are interested in and at the same time neglect the L - terms, provided that their omission
is sufficiently justified. We reiterate that our results are based on a numerical study and no
such an approximation is made. However, this does not deprive us of the right, to present
qualitative arguments based on this approximation scheme for an analytical treatment of
the models considered, aiming at a better understanding of the results obtained based on a
numerical study in which all terms are included and no approximation is made.

Provided that the contribution of the L - term is small, and with K > 0, the first slow
roll parameters as defined with respect to the potential are given by,

| <U> w0 (122

VTR \ T K120

In these equations the primes denote the derivatives with respect to ¢. It is trivial to show
that these definitions are indeed consistent with the known definitions given the canonically
normalized field ¢. of Eq. (7.20). As for the number of e-folds, left to the end of inflation,
this is given by

P«
e[ o

In this ¢ is the pivot value and ¢enq the value of the field at the end of inflation.

do. (7.23)

7.3 Quadratic and quartic models

Before we move into the consideration of specific models and present our results, we fell it is
appropriate to briefly outline the approach taken in this section. Our predictions are based
on a study in which the Friedmann equations and the evolution equation (7.18) are solved
numerically without making any approximations. Before doing so, however, we consider
it useful to first apply the slow roll approximation, neglecting the contribution of the L -
terms. This is done for comparison with the numerical results which are the only reliable
source to reach physical conclusions. For the models considered in this thesis, the numerical
investigation shows that this approximation scheme is reasonable, since it is justified by the
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results of the numerical treatment. For this reason, it explains at a very satisfactory level
the results derived by our numerical treatment. It should be noted, however, that this is not
a generic property and may not hold for other models included in the Palatini R? gravity.

As for our numerical analysis, the approximation scheme used is also useful to obtain
a first estimate of the magnitudes of the parameters involved, consistent with the bounds
imposed by the measurements of the cosmological parameters. In our numerical approach,
we scan the parameter space starting from initial values of the parameters that fall within
the range proposed by this analysis.

7.3.1 Minimally coupled models with potentials ~ ¢"

In this section, we consider specific models using the formalism presented in previous sections,
and discuss their predictions. An interesting class of models is the one in which the potential
V is a monomial in the field ¢, V ~ ¢", where n is even integer, and g, M? are constants,
i.e. the scalar ¢ couples minimally to gravity. We set ¢ = 1 % and thus these models are
described by

(@) =1 M) = —

A
6o V(¢p) = —¢™ with n = positive even integer.  (7.24)
a n

So we are dealing with two parameters, a and A\, which are in principle unknown. Cosmologi-
cal data will constrain their allowable values, as we will see shortly. To facilitate the analysis,
we define the parameter ¢ defined by the combination,

8\
= 2
c - (7.25)
Then the functions K, L are given by
K(¢) = (L+c¢")™", L(9) = 2a(1+co™) ", (7.26)
while the potential U receives the form
_ 1 cop”
U(p) = — . 7.27
)= T (7.27)

For large values of ¢ this is ~ 1/8a therefore 1/8a, which is proportional to M?2, sets actually
the inflation scale.

To find the range of parameters a, A, or equivalently «,c, that is consistent with the
cosmological data, we first consider the amplitude of the power spectrum Ag. To do this, it is
sufficient to consider the simplified form given by (6.1), take ¢f ~ 1 and replace €y as given
by (7.22). Then, from the previously given analytic form of the potential and from (7.22) we
obtain the amplitude Ag of Eq. (6.1) in the form,

1 1 c 1 A
~ R +2 _ - +2
A = 2472 4n? <a> o= 1272 nf’)‘lSZ ’ (7.28)

where ¢, is the value of the field at t*. As it seems, the ratio ¢/«, or equivalently the
parameter A, that controls the magnitude of the amplitude A;. For the central value of Ag,
which is A5 ~ 2.1 x 1079, on account of (7.28) , we have

A2~ (25 x 107 ) or (C

«

) 2~ (2.0 x 107%)n?. (7.29)

2When the Planck mass is put back into the action, this corresponds to g = Mz.
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To further quantify the admissible range of parameters, we also need an estimate for ¢4. For
this purpose, we use (7.23) from which it follows that

1
N, = — (¢2 — ¢? .
* m (¢* ¢end) ’ (7 30)
which yields
¢ = 2nN, + ¢2.4. (7.31)

Pend 18 defined as the value for which ey = 1. For the specific models

n? 1
=—— 7.32
therefore qﬁznd is solution of the equation
+2 2 n?
Chpnd T Pend — 5 =0. (7.33)

For ¢ = 0 the solution is exactly qbgnd = n?/2 while for any ¢ > 0 the only real and positive

solution for ¢gnd is easily found to be bounded by n?/2. From this bound on dﬁnd and using
the fact that N, is about ~ 50, or so, it follows from (7.31) that ¢, is well approximated by

qb* = 2’[’LN* 9 (734)

provided that n << 4N,. This covers a large class of models ranging from n = 2 up to n = 10
or even larger. Using ¢, as given above, A, from Eq. (7.28) is written, in terms of Ny, as

A (n/2+1)
=5 (2nV,) . (7.35)

Ag ~

For As ~ 2.1 x 1072 we have that the coupling X is constrained to be

K1

A~ (4.97 x 1077 —

where n = 2k. (7.36)

Note that this is inversely proportional to N**1. For N, = 55 and n = 2, i.e. V ~ ¢, this
gives A ~ 4.11 x 10~ while for k = 2, i.e. V ~ ¢* we get A ~ 1.87 x 10713, Note that for
the n = 4 case Eq. (7.35) coincides with that given in [205].

For the parameter a a lower bound can be obtained from the observational bound on the
tensor-to-scalar ratio 7 (6.5). Using the analytic form of the potential one finds

1 co}

— 2.0 x 1077 7.37
8a 1l + co? < . ( )

Replacing ¢ in terms of « from (7.25), and using the value of ¢, given before in (7.34), we
have from (7.37), after some trivial manipulations,

N,
a>5x1o7<1.25— *) : 7.38
2 Yom (7.38)
For instance, for the quartic potential V ~ ¢* and for N, = 55 this yields o > 0.485 x 108,
resulting to an inflationary scale, lower than ~ 1075, or so.

The previously given constraints on the parameters are obtained from the amplitude of
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the power spectrum in combination with the bound on r, and define the range in which
acceptable values for A; can be obtained, However, the spectral index ng puts additional
constraints and in order to have an estimate of it we use the approximate formula given
by (6.2) The parameter ey is given by (7.32) and for ny we employ (7.22) from which it
follows that

~nn—1-(n/241)co")

= 7.39
w (1 + com) (739)
From this, and ey of Eq. (7.32), we get, on account of (6.2),
n?+2n
Replacing ¢ by ¢, = v/2nN, a rather simple expression for ng is obtained given by
n+ 2

=1- . 41
s 2N, (741)

Note that for n = 2 and N, = 55 the above formula gives ny = 0.9636 which is well within the
observational limits but for n = 4 a rather large value of N, is needed to get an acceptable
value for ng. In fact N, > 76 is required to have ng = 0.9607, the lowest allowed value when
using the data ns = 0.9649 £ 0.0042. This is a rather large value for the number of e-folds
N,. The situation gets even worse for models with n > 4.

In the context of this qualitative discussion, it is important to have estimates of the
variations in the quantities of interest as the parameters of the present models vary. Starting
from the amplitude of the power spectrum given by (7.35), it is a trivial task to see that such
variation yields

oA n+2 6]\7*) A, (7.42)

s, = (S + 1200
The first term stems from the explicit dependence of A; on A. With A fixed, and only
« varying, the second term contributes. In this case, one can see that, varying the e-folds
about the order of unity can lead to a significant change in Ag, of the same order of magnitude
as the errors accompanying the measurements of A;. Because of the prefactor (n + 2)/2, on
the RHS of (7.42), this is larger for models with larger n.
On the other hand, the corresponding variation of the spectral index ng is found, from
(7.41),

n—+ 2

ons = SNz

0N, . (7.43)
This is proportional to the relative change 6 N, /N, but is accompanied by an extra N, in the
denominator. As a result, one expects ns to change little as the number of e-folds changes.

To estimate the variations 0V, and thus 0 A, dns, when varying the involved couplings,
namely « and A for the models under study, one should start from Eq. (6.6) and vary N,
with respect to a, A for a fixed value of the reheating temperature. The only dependence on
these is through the logarithm of 3H2, which equals U(¢,) in the slow roll regime, and the
logarithm with penq. We skip the details of such an analysis. We simply note that the final
result is of the form.

oo o\
ON, = Efoc + Tf)\a (7.44)

where the factors f, » depend on the model under consideration.
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A final remark concerns the instantaneous reheating temperature Ti,s, which is determined
once we know pend, see Eq. (6.9) and the discussion that follows. With g, (Tien) = 106.75, we
have

Tins = 041114 (7.45)
which is generally true. However, penq depends on the details of the model under considera-
tion.

The end of inflation is determined by ¢; = 1, equivalent to p + 3p = 0. In the absence of
L - terms, this leads to penq = 0 U, where o = 1.5. However, in their presence a more refined
analysis is required. In this case, the equation €; = 1 can be trivially solved, using (7.15), to
obtain L¢? /K in terms of the potential U, both evaluated at the end of the inflation. This
makes it a fairly straightforward task to compute pend,

Pend = Uf(CS)U(q;end) . (746)

In this equation, to avoid confusion, we have denoted by ¢enq the value of the field at the
end of inflation. This implicitly depends on L and can only be extracted numerically. The
function f(cs) depends on the speed of sound squared, 2, evaluated at the end of inflation,
and is given by f(cs) = 8¢2/(9¢2 — 1). Due to the fact that 1/3 < ¢ < 1, as one can see from
(7.19), it is bounded by 1 < f(c¢s) < 4/3. If we had used the value ¢enq, as given by ey = 1,
Eq. (7.46) would have been expressed as follows,

pend = 0 fo U(bond) + f = fles) m . (7.47)

This says that the approximate result for penq as given by o U(¢end), is actually dressed by
the factor f,. In this factor the function f(cs) plays no important role because of the bounds
quoted earlier, but the ratio U(¢end)/U(¢ena) may deviate substantially from unity. This
ratio can only be calculated numerically. However, in all models considered, and in a wide
range of the parameters, we have found that it lies between ~ 0.5 and 0.65. Moreover, if
we take into account the bounds on f(cs), the factor f, is in the range 0.5 — 0.85. Thus,
the numerically derived result for penq is reduced by the factor f,, from the approximate
result, pend = 0 U(gbend). Things look much better for the instantaneous temperature, which
depends on the square root of penq. Therefore, the numerically derived Ti,s is smaller by a
factor in the range 0.84 — 0.95. Thus the approximate result peng = o U (¢ena), that we can
derive analytically, yields T;,s that are not far from the actual values.

For the models studied in this thesis, referred to as Model I, IT as well as Higgs Model,
using the equation relating Lé?/K to U at the end of inflation, Eq. (7.46) can be further
simplified given by,

g

md=c) (7.48)

Pend =
where the speed of sound is meant at the end of inflation. Simple as may be, the value of ¢?
depends implicitly on the parameters of the model and it can only be calculated numerically.
This is a rather elegant relation, showing that only cs; at the end of inflation is needed, to
derive penq. It also shows the prominent role of the Lg? /K, at the end of inflation, through
which ¢? is determined, see Eq. (7.19). Using (7.48), the instantaneous reheating temperature
can written into the form

Thns = 0.321a" V4 (1 — )4 (7.49)
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From this, using the fact that ¢2 > 1/3, an absolute upper bound can be derived, Ti,s <
0.290c~ /4, which holds for any model considered in this thesis. From (7.48), one can conclude
that for large o the instantaneous temperature falls as a4, In reality it can fall much faster,
due to the implicit dependence of 2 on the parameters involved.

Following the previous discussion, we can derive analytic expressions for T, that are
good estimates, using the approximate expression pend = 0 U(¢end). For the class of models
studied in this subsection, the latter follows from the solution of (7.33) which depends only
on the combination c. Using the analytic form of the potential one finds in a straightforward

way that,

o 2
Pend = S0 (1 - n2¢§nd> . (7-50)

Pend, and hence Tj,s, cannot be quantified further, at this stage, since for this purpose the
value of hepg is needed. In what follows, we will analyze in detail the predictions for this class
of models. As noted at the beginning of this section, in presenting our final results for each
model considered, we will solve the associated equations numerically with exact formulas,

without approximations, and take into account the temperature dependence of the number
of e-folds.

Model I :
We first consider the model ( Model I ) in which the functions g, M2 and V are as given
by (7.24) with n = 2, that is the potential V is quadratic in the field ¢,

2
m
For this case we prefer m?, instead of ), since it carries the dimension of mass® when Mp is
reinstated. Following what we have learned so far, we define, see Eq. (7.25), the constant ¢
as the combination

c=4ma. (7.52)
The value of ¢, in this case is given by, using (7.31),

by ~ 2¢/N, . (7.53)

Then from (7.36), which appear from the power spectrum amplitude, we get, for values
N, =50 — 60,

me (65+05) x1075 or <~ (1.7+£0.3) x 10710, (7.54)
o

The lowest (largest) limits correspond to N, = 60(N, = 50). Therefore, using reasonable

approximations we have derived fairly tight bounds on the parameter m. Recall that m? = X

and thus X is of the order of 107!, From the bound (7.38), we get for N, = 50 — 60, a lower

bound which is estimated to be in the range,
a>(0.32-0.37) x 10%. (7.55)

Here, the smallest value corresponds to N, = 60 and the largest to N, = 50. Thus, the
parameter o cannot be chosen arbitrarily. It should be ~ 10® or larger. In the following, due
to (7.55), we take the largest value as the bound set on a, i.e. a > 0.37 x 10%, which is valid
for any N, in the range of interest.



66 Chapter 7. R? Palatini inflationary models and reheating

Concerning the instantaneous reheating temperature, in this case, by solving analyti-
cally (7.33), and replacing ¢epq into (7.50), we get

o (1 \/1—|—86—1> ‘

Pend = — s (7.56)

8ar

We can consider two different regimes, the small ¢ and the large ¢, for which penq, and
consequently Ti,g, have different dependencies on the parameters involved, as we shall see.
Since from (7.54) the ratio c/a is of the order of ~ 10719 small ¢ values are obtained when
a < 10'°. On the other hand large ¢ values are obtained when a > 10'°,

For small ¢ - values one can expand (7.56), and using the fact that o = 1.5, the instanta-
neous temperature, as given by (7.45), receives the form,

Pend aﬁ —om? —  The = 0.455 x \/m. (7.57)
This, because of (7.54), leads to a temperature that is Tins ~ 2.82 x 105 GeV, for m =
6.5 x 1076, As we will see, this estimate is not far from the one obtained in our numerical
treatment. Perhaps more important is the fact that in the regime of small ¢ the power spec-
trum amplitude, which forces m to be within the limits suggested by (7.54), also determines
the maximum reheating temperature.

In the case of large ¢, pend, and hence Ting, have a completely different behavior. In fact
in this case, from (7.56) and (7.45), we get

Pond ~ — = Thns = 0.270 x a~ /4, (7.58)

S

that is, Tins is controlled by the value of «, since it is proportional to a4 and therefore
decreases as « increases.. Due to the fact that a > 10!, for being within the large c
regime, Ti,s results in smaller values lower than in the case of small c¢. For example, for
a = 5x 10! we obtain from (7.58) a temperature Tiys ~ 0.783 x 10° GeV and certainly even
lower temperatures for larger values of . Therefore, for the largest possible value for the
instantaneous temperature, of the order of ~ 105 GeV, we had better used values a < 100
so that we are in the small ¢ regime.

As advertised earlier, the cosmological predictions of all the models considered are based
on a numerical analysis in which no approximation is made. For the present model, predic-
tions for three different inputs, called A, B and C, are presented below. These correspond to
the values of the parameters o and ¢ given by (a,c) = (0.37 x 10%, 0.006 ), (10%, 0.016 ) and
(109, 0.16 ) respectively. These were not chosen at random. In fact, the parameter « for the
case A touches its lower bound discussed earlier, and ¢ was chosen so that m falls well within
the range suggested by (7.54). Indeed, we choose m ~ 6.32 x 1076, The rationale for this
particular choice for m will be discussed later.

For the other cases, larger values of a’s have been chosen, but the values of ¢ are tuned
so that in all cases we have the same value for m, i.e. m ~ 6.32 x 1076, In this way, we
can check how the predictions change when the parameter « is changed, since we have kept
a fixed m value. Note that from all the cases presented, the case A has the lowest allowed
value of o and therefore the Planck upper bound on the tensor-to-scalar ratio parameter r is
almost saturated. For the other cases B, C smaller values for r are expected.

Figure 7.2, at the top, shows for the cases A (left) and C (right), the primordial tilt n
versus the reheating temperature Tyq, for different values of the equation-of-state parameter
from w = —1/3 to w = 1.0. The shaded region marks the range ns, = 0.9649 + 0.0042 that
is allowed by observations.
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Figure 7.2: The primordial tilt ns (top) and the number of e-folds N, (bottom), vs. the reheating tem-
perature Tien, in GeV, for a scale k, = 0.05 Mpc~!, and for different values of the equation-of-state
parameter, for the cases A (left) and C (right) of Model I, discussed in the text. The shaded region marks
the allowed values for the primordial tilt ny, = 0.9649 + 0.0042 while the vertical dashed line indicates the
instantaneous reheating temperature.

All lines intersect at a common temperature, the instantaneous reheating temperature Tiyg,
marked by thin vertical dashed lines, which for case A equals to T, = 2.337 x 10'° GeV,
and for case C to Tins = 2.099 x 10" GeV. Values for Ty beyond this point, are shown,
but are not allowed. The data shown correspond to a pivot scale k, = 0.05 Mpc—'. Note
that the ns data by themselves are not a constraint on the reheating temperature as long
as the equation-of-state parameter is in the range 0.25 to values slightly below ~ 1.0. For
these values of w, any temperature is allowed. For w < 0.25 a lower reheating temperature
is specified which is larger for smaller values of w. For example for the canonical reheating
scenario, w = 0, this is ~ 107 — 10? GeV while for w = —1/3 this is ~ 10" GeV. At the
bottom of the same figure, and for the same set of inputs, the corresponding numbers of
e-folds, N,, are shown, for cases A (left) and C (right).

Notice that both ng and Ny, shown in the figures, are very similar for both cases A and
C. In particular, both observables move slightly downward as one goes from A (left) to C
(right), i.e. , by increasing the value of o from 0.37 x 10® to 10%, leaving the other parameter
fixed. In fact, varying only the parameter o, keeping A = m? fixed, which is the case for the
inputs we are using, we obtain from (7.44),

SN, = %a fo. (7.59)
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Figure 7.3: The amplitude 10° A, vs. the reheating temperature T,ep, in GeV, for k, = 0.05 Mpc™!,
for different values of the equation-of-state parameter. The shaded region marks the allowed values
10 A, = 2.10 £ 0.03 . Case A is shown on the left and case C on the right. The instantaneous
temperatures are marked by thin dashed vertical lines in each case.

For our input values, we find that the factor f, is of order unity and negative. It follows that
as the value of the parameter « increases, the relative change 0N, /N, is negativ and thus
decreases due to (7.43), ns. This decrease is small, as we have already discussed, what is
indeed imprinted on this figure.

The amplitude of the scalar power spectrum impose tighter bounds on Ty, than ng, as
shown in Fig. 7.3. In this figure we plot the amplitude 10? x A, vs. the reheating temperature
Tren, in GeV, for k, = 0.05 Mpc—!, and for different values of the equation-of-state parameter,
as in the previous figure. The shaded area marks the allowed range 10° x A, = 2.10 4 0.03 .
Case A is shown on the left and case C on the right. The lines are as in Fig. 7.2. It can be
seen that for case A the values w 2 1/3 are completely excluded by the data of A, while for
w < 0.25 bounds are set for the minimum and maximum allowed temperature. In this case,
the maximum temperature, for any allowed value of w, can never reach the instantaneous
temperature. For the C-case, right panel, one sees, by comparing this figure with the n, plot,
top and right panel of Fig. 7.2, that the bounds on the reheating temperature are tighter.
In particular, for values of w, different from w ~ 1/3, a lower reheating temperature is set,
much higher than that imposed by the ng data.

Comparing the two cases, A and C, we find that A, is in accordance with (7.42), and the
fact that A, or equivalently m, is fixed and d N, /N, is negative. However the change in A; is
relatively large, unlike ng, in the sense that its variation reaches the order of magnitude of
the observational error of Ay, as discussed earlier.

It is worth noting that for given a value for the parameter « there is a fine-tuned value of
m, in the range suggested by (7.54), for which the case w = 1/3 falls within the allowed range
by A, observations®. In this case, the instantaneous reheating temperature is reached for each
value of w in the range —1/3 < w < 1. However, in this case, for each w that differs from the
value 1/3, a lowest temperature is determined that is close to the instantaneous temperature.
This includes the values 0.0 < w < 0.25, which are preferred in some reheating scenarios.
This is clearly seen, for example, in Case C, where for o = 10? the value m = 6.32 x 1076
forces the line w = 1/3 within the Ay boundaries, as shown on the right panel of Fig. 7.3.
Keeping « fixed, any slight change in the value of the parameter m, which essentially controls
As, causes the line w = 1/3, to be shifted down or up out of the allowed range, and in this case

3This assumes that the case w = 1/3 is compatible with N, in the range ~ 50 — 60, which is always the
case unless the parameter o takes extremely high values.
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Table 7.1: Example outputs for Model |, for inputs corresponding to cases A, C (see main text), for
the cosmological observables ng,r, A; and Ny, for different values of the equation-of-state parameter.
The values shown for the reheating temperature Tyen, in GeV, correspond to the minimum (top rows)
and maximum (bottom rows) allowed when the observational limits for A; ~ (2.10 & 0.03) x 1072 and
ng = 0.9649 + 0.0042 are respected. Blank entries indicate that there are no values for the specific value
of w that are compatible with the observational bounds set on n, and A,.

Model I ( pivot scale k. = 0.05 Mpc™" )

A - case C - case
w- value w = 0.0 w = 0.25 w=1.0 w = 0.0 w = 0.25 w=1.0
10° A, 2.07 2.07 2.07 2.07 2.13
N 0.9637 0.9637 0.9637 0.9637 0.9642
r 0.0616 0.0616 0.0040 0.0040 0.0038
N, 55.25 55.25 55.65 55.65 56.43
Tren 8.542 x 1012 1.547 x 103 1.138 x 10*®  9.741 x 10 3.667 x 10'*
10° A, 2.13 2.13 2.08 2.08 2.08
s 0.9642 0.9642 0.9638 0.9638 0.9638
r 0.0602 0.0602 0.0039 0.0039 0.0039
N, 56.03 56.03 55.85 55.85 55.85
Tren 8.861 x 10'®  1.855 x 108 2.099 x 10'®  2.099 x 10*®  2.099 x 10'°

the instantaneous reheating scenario is no longer supported. At the same time, depending
on the value of m, lower and upper limits of reheating temperatures are imposed, which are
different for each w. However, some values of w are completely excluded. By increasing m,
the line w = 1/3 is raised and moves above the upper observational limit on Ag. In this case,
all values in the range 1/3 < w < 1 are excluded. On the other hand if one decreases m, the
line w = 1/3 moves below the lower bound of A; and values —1/3 < w < 1/3 are excluded.
Further Increasing or decreasing the value of m excludes all possible cases —1/3 < w < 1.
Thus, there is a range of m outside of which no agreement with the data of As; can be
obtained, for any value of w, in the interval —1/3 < w < 1. This range is indeed narrow and
falls within the range given by (7.54). Within this range there are fine-tuned values for which
the reheating can be instantaneous. Note that the sensitivity of the primordial tilt ng to
the value of m is not so dramatic, and the ns; data leave more room to satisfy observational
requirements. Therefore, the conclusion is that for a given «, the value of m should be
in a very narrow range, to match the power spectrum data. Moreover, if the reheating is
instantaneous, it should be appropriately fine-tuned. This is also true, as we shall see, for
other popular models, in particular the Higgs model, which we will discuss later.

Following the numerical procedure already outlined, we show in Table 7.1 example results
of the considered model for the choice of parameters corresponding to the inputs A, and C for
a pivot scale k, = 0.05 Mpc—!. The predicted cosmological observables ng,r, A, are shown
for different values of the equation-of-state parameter w corresponding to the minimum (top
rows) and maximum (bottom rows) allowed reheating temperatures Tye, when the limits
Ag ~ (2,10 £ 0.03) x 107?, and ns = 0.9649 + 0.0042 are satisfied. The corresponding
predictions for the number of e-folds N, , are also shown. Blank entries indicate that there
are no values for the specific value of w that are compatible with the observation bounds for
ng, As. Note that for the C - case the maximum reheating temperature is the instantaneous
reheating temperature, Tins = 2.099 x 10 GeV. At this temperature, the predictions are
independent of w, since Tj,s marks the intersection of all w-lines. For the same case, the lower
bounds for T, are also shown. For the cases w = 0.0, 0.25 and w = 1.0, these are not very
far from Tiyg, in agreement with Fig. 7.3, right panel, as discussed earlier. For the A - case ,
on the other hand, both the minimum and maximum reheating temperatures are smaller than
the corresponding values for the C - case. Note in particular the predictions for w = 0.25, for
which the temperature range allowed by all observations is Tyen ~ (1.5 X 102 —1.9 x 108) GeV.
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Figure 7.4: The tensor-to-scalar ratio 7g.gp2 vs. the primordial tilt ns for Model |, for the data sets A (
red line), B (green line) and C (blue line) corresponding to different inputs of the parameters (see main
text). A pivot scale k, = 0.002 Mpc~1! is used, allowing a direct comparison with the corresponding Planck
2018 data. The value of the equation-of-state parameter for the upper figure is w = 0.0, while for the
lower figure w = 0.25. The tiny circle (in magenta), the small one (in orange) and the large one (in
green) correspond to the reheating temperatures close to BBN, Electroweak and Leptogenesis scenarios,
respectively, while the largest one (in yellow) marks the instantaneous reheating temperature. In each case,
the numbers indicate the e folds when k, = 0.002 Mpc—!.

In Fig. 7.4, for Model I, the tensor-to-scalar ratio rggge is plotted against the primor-
dial tilt ns for data sets A (red line), B (green line), and C (blue line). A pivot scale
k., = 0.002Mpc~', was used in drawing this figure so that it can be directly compared
to the corresponding Planck 2018 limits [82, 87], which are also plotted. The tiny circle
(in magenta), the small one (in orange) and the large one (in green) correspond to the
reheating temperatures close to BBN, Electroweak and Leptogenesis scenarios, given by
T, = 1MeV, Tew = 10> GeV and Tiep = 10° GeV, respectively. The largest circle (in yellow)
marks the instantaneous reheating temperature, see Eq. (6.9), for each case shown. The num-
ber next to each circle indicates the corresponding number of e-folds remaining at the pivot
scale k, = 0.002 Mpc~'. The value of the equation-of-state parameter for the upper figure is
w = 0.0, while for the lower one w = 0.25. In the latter, only the e-folds corresponding to T
and instantaneous reheating are shown to be clearly visible. In both cases shown, w = 0 and
w = 0.25 ,one obtains the smallest values for the tensor-to-scalar ratio r in the C - case, i.e.
for the largest values of the parameters «,c. Recall that the ratio ¢/a was kept fixed. For
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smaller values of the parameters, r becomes larger and saturates the Planck upper bound in
the A - case, corresponding to the smallest allowed values of «, ¢, as we have already noted.

We note that in the drawing of Fig. 7.4 the As-constraints have not been included. When
they are included, the allowed line segments shown in the figure are reduced considerably,
since Ty is further constrained by the Ag data. For example, for the C - case, which is
well within the range allowed by all observations and also gives the smallest value for r,
much of the segment with ends corresponding to temperatures T and the minimum allowed
temperature as read from Table 7.1 for each w-case, is cut out. Only a tiny part of it, close
to the maximum reheating temperature 7Ti,g, will remain.

Model 11 :
As a second model (Model II) worth studying, is the one in which the functions g, M? are
as in (7.24), as in Model I, but the potential is quartic in the involved scalar field, i.e.

V(o) = 2ot (7.60)

that is n = 4. We have already noted from the qualitative arguments presented earlier that
this model, as well as all those with n > 4, do not satisfy the spectral index observations
unless one has a large number of e-folds, probably larger than N, > 76, or so. However, a
more detailed investigation is needed to reach a firm conclusion that also takes the reheating
temperature into account.

Applying the general results given at the beginning of this section to this model, we get,

¢x = /8N, (7.61)

Also on account of (7.36) the coupling A is

_g 3.11
A~1078 N3 (7.62)

which for e-folds in the range N, = 50 — 60, yields
A~ (1.45 — 2.50) x 10713 (7.63)

the lowest value corresponding to N, = 60. Therefore, the coupling A must be quite small to
satisfy the requirements imposed by the observations. For the parameter a, which sets the
inflation scale, employing (7.38), we have a lower bound given by

o > (0.47 — 0.50) x 108, (7.64)

not much different from the bounds given in (7.55).

For Tiys, as in the case n = 2, we must compute ¢eng and use (7.50) adapted to the
case n = 4. Although an analytical solution for ¢enq is possible by Eq. (7.33), we will not
present it. Instead, we will discuss its behaviour for small and large c-values. For small
c-values, omitting the O(c?) terms, we find ¢2 4 ~ 8(1 — 64 ¢). Then from (7.50) the leading
contribution is,

8
Pond = 08 = 160N —  Tins = 0.909 x A4 (7.65)
«

With A = 2 x 107 !3, the central value in the range (7.63), there is an instantaneous
reheating temperature around Tins ~ 1.48 x 10'® GeV. As in the previously studied model, in
the case of n = 2 case, the power spectrum determines the maximum reheating temperature,
in the regime of small ¢. In the case of large c, d)ind behaves like ¢~/3 and therefore contributes
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Figure 7.5: The primordial tilt ng, vs. the reheating temperature Ty, in GeV, for a scale k, =
0.05 Mpct, and for various values of the equation-of-state parameter, for cases A (left) and B (right)
of Model Il discussed in the text. The shaded regions mark the allowed values for the primordial tilt
ns = 0.9649 4+ 0.0042 and the vertical dashed lines the instantaneous reheating temperatures.

little to Eq. (7.50). If we then keep only the leading term in penq, we get the same result (7.58)
as in the previous model, and Tj,s is again proportional to a4,

For this model, we will also present example results of our numerical treatment, consider-
ing a fixed value A = 2.0 x 10713, in the middle of the range proposed by (7.63), and values of
« in the range a = 5 x 107 — 5 x 10? , thus respecting the bound (7.64). The value a = 5 x 107
corresponds to the lowest allowed value, and we call it for the future A - case, while 5 x 10°
is arbitrarily taken two orders of magnitude larger, which we call B - case. Although in
principle one can also consider larger « - values, it is not necessary to do so for reasons that
will be briefly explained.

The left panel of Fig. 7.5 shows the predictions for the primordial tilt ns, for the cases
A (left) and B (right), as a function of the reheating temperature for different values of
the equation-of-state parameter w. Note that there is not much difference between the two
cases, although the parameter « differs by two orders of magnitude. The explanation is
the same as for Model I. Note that the lines on the right have been shifted imperceptibly
downwards. That is, the trend is toward lower ng values as the o parameter increases. As
for the instantaneous reheating temperature, for the taken values of «, A, for the A - case
it is Tins = 1.223 x 1015 GeV, while for the B - case this is Tins = 1.129 x 10'® GeV. These
are marked by vertical thin dashed lines, as in the previous figures. As noted for this model,
agreement with ns observational data is difficult to achieve. In both cases, it is clear from this
figure that values for ns that are just acceptable can only be obtained for very small reheating
temperatures and only for w = 1. In this case, the number of e-folds is large N, > 70, as is
shown in Fig. 7.6 where the number of e-folds is plotted. We did not consider larger values
of o because, as explained, they would predict lower ng, leading to larger deviations from the
data.

Although no agreement with n, data can be obtained in this model, we give a brief account
of the predictions for the amplitude of the power spectrum for the sake of completeness.
Agreement with Ay data requires values of w smaller than 0.25 for the A - case, while for the
B - case the value w = 0.25 is narrowly accepted. Values smaller than w ~ 0.25 are allowed.
In any case, such values for the equation-of-state parameter as shown in Fig. 7.5lead to even
smaller values of ny, smaller than ~ 0.945 or so, and thus unacceptable. Models with n > 4
give predictions that are also difficult to reconcile with the data according to our general
arguments.

From this it is concluded that from the class of models whose initial potential is of the
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Figure 7.6: As in Figure 7.5 for the number of e-folds N, .

monomial form V ~ ¢", and with constant values for the coefficients of the terms R and R?
in Palatini gravity, only the case n = 2, which belongs to the class of cosmological attractors
[364], can lead to successful inflation whenall observational constraints are taken into account.

7.3.2 Nonminimally coupled models

Nonminimal coupling arises when the constants g and/or M? are field-dependent in the
models studied so far. A particularly interesting case is the model in which
1 Y

gh) =1+ &l M) = o V(h) =]

o ht. (7.66)

This belongs to the class of models (7.24), with quartic potential, but the scalar h is non-
minimally coupled to the scalar curvature R, in the Palatini framework, since g is field
dependent, in the particular way shown above. This model actually follows from the Higgs
coupling (hence we use h instead of ¢ for the scalar field) to Palatini gravity

M2+ 26, H H

2 2

9\ 2
R+ %RQ FIDHP? — A, <|H|2 - %) , (7.67)
where uy, ~ 246 GeV is the Electroweak scale. In Planck units, this is very small u; ~ 10716
and plays no significant role in inflation. Thus, setting u = 0 and working in the unitary
gauge, HI = (0,h//2), (7.67) is actually the model described by g, M? and the quartic
potential as given in (7.66).

The Higgs coupling to gravity and its role as an inflaton, in the metric formulation,
was proposed in [365, 366] and it has been widely studied since then [7, 179, 181, 203—
205, 357, 367-388] both in the context of the metric formulation and in Palatini formulation.
The importance of the term R? in (7.67) was discussed in [179, 203-205]. In this thesis we
will show that the quartic coupling A\, as in the minimally coupled quartic model studied
previously, corresponding to &, = 0, is strongly constrained by cosmological data, in particular
the power spectrum amplitude Ag. This limits the available options, especially when the
reheating of the Universe after inflation is considered.

The functions K, L and U in this model are given below, in the limit v = 0,

1+ &h? L(h) = 201
(14 &, h?)2 4 cht’ (1 +&h?)2 4 cht?

K(h) = (7.68)
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while the potential U receives the form

_ 1 ch*
h) = — )
utn) 8a (1 + &,h?)2 + cht

(7.69)

As in the simple quartic potential, the parameter ¢ is the combination ¢ = 2a)\;. Note,
however, that there is a non-trivial £;-dependence and therefore the Higgs model is different
from the simple quartic model studied earlier. Obviously, if §, = 0 the functions (7.68), (7.69)
smoothly go into (7.26), (7.27).

For large values of h the potential (7.69) approaches a plateau ~ 1/8(c + £2/2)), and
hence an inflation scale p can be established. Specifically, reintroducing units, this is de-

fined by p = Mp/\/6(cc+ &2 /2\,). Then the potential for large field values approaches

U ~ 342 MI% /4. For comparison, in the Starobinsky model the inflaton potential reaches
3 ,LL%MI% /4, where ug is the scalaron mass, and in this case cosmological data determine its
size, given by pg ~ 107° Mp. In the considered model, the size of u will be discussed later
when bounds are set for the parameters &, A\;, and a.

In the same way as in the models studied before, the slow roll parameters ey, ny are given
by, as functions of h,

B 8(1 4 & h?) _A [ 3424n  6(1+6 b7 (7.70)
VT Ra v (@ ot VTR T Ik T U+ &b teht)

Although the parameter 7y has a rather complicated form, both the primordial tilt and
amplitude of the power spectrum have rather simple expressions. In fact, they are given by

16 8
R [P — 71
. 2Rt &) (7.71)
and
An h (7.72)

As = ’
2472 32(1 + £,h2)

where we have replaced the field h with its pivot value h,. These agree with (7.40) and (7.28),
respectively, for n = 4, when &, = 0, as they should. However, the presence of the &, changes
the predictions for the cosmological observables, as we will see.

To get further, we need the pivot value h,. In this case, the number of e-folds N, is given
by

N, == (h2—h2,). (7.73)

end

oo | =

This does not explicitly depend on the parameter &, and is identical to (7.30) if n = 4. Hence

h% =8N, + h? (7.74)

end »

which is functionally the same as (7.31), but the value of hepq is different. The latter depends
on both &, and the combination ¢ = 2a.)\, and is given as the solution of equation

chdiq + (14 &hlig) (h2na(1+ &h2q) —8) = 0. (7.75)

This is a cubic equation in k2 ,, which we prefer to cast in the form (7.75) for reasons that

will become clear below. Note that in the limit &, = 0 this equation becomes (7.33), if we
put n = 4 in the latter. In the form represented by (7.75), we see that at ¢ = 0 the solution
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for hgnd is easily obtained, since it becomes a quadratic equation for hgnd. This observation is
useful when we want to study the predictions of the model for small ¢, expanding in powers
of ¢ around the zero-order solution.

Since this is a cubic equation for hznd, one can obtain an analytic solution, and in our case
there is only one real and positive solution. The value of this solution can never be greater
than 8 for hgnd. In fact, this value is obtained when hgnd is less than ~ 1073. For larger
values, the root of this equation is smaller. It follows that hgnd in (7.74) can be neglected
and h, can be approximated by

hy ~ /3N, (7.76)

as in the simple quartic model. Replacing this value in (7.71) and (7.72) we get

9 1
e=1-=_-— - 7.77
" N, N.(1+ 8&,Ny) (7.77)

and
_ 2 N (7.78)

372 (148N,

As expected in the limit £, = 0 these smoothly go to (7.41) and (7.35) when in the latter we
put n = 4.

However, the role of the parameter &, is very important and can improve the case, as far
as the primordial tilt ng is concerned. In the simple quartic model, the predictions for ng
are difficult to reconcile with the cosmological observations, unless one considers large values
of the e folds, N, ~ 70 or so, as discussed earlier. Such large values of e-folds may not be
acceptable, as they require very low values for the reheating temperature, at least in the
standard reheating scenarios. If one accepts a large number of e-folds, N, > 70, this may be
consistent with alternative reheating scenarios, which can be interesting in their own right,
but we would like to take a more conservative stance in this thesis.

As for &,, we assume that it is positive. Then one sees from (7.77) that ns is larger
than the one obtained in the quartic potential studied before, which corresponds to &, = 0.
Moreover, for any N, the observable ns increases as £, grows and therefore values within
limits may be obtained for sufficiently large values of &,. From (7.77) it can be seen that for
values &, ~ 0.06 the primordial tilt can be within observational limits, for e-folds in the range
N, >~ 52 — 60. That is for this value of &, a large portion of e-folds, in the range 50 — 60,
is covered, which is broadened for larger &, allowing, also, for values of IV, lower than 52.
Values of &, < 0.06 are also acceptable, but at the cost of significantly shrinking the range
of allowed e-folds, that are compatible with the observational limits imposed by n,. For
example, for &, ~ 0.004 one obtains ns; = 0.9607, at the edge of the lower observational limit,
which pushes N, to N, ~ 60. From these arguments, it is apparent that a reasonable range
to deal with in our numerical procedure is to focus on values of &, of the order of O(10~2),
or larger. In what follows, we will take &, = 0.06 on the grounds that this is likely to cover
a wider range of e-folds, as we explained above.

From (7.78), and accepting that A, is ~ 2.1 x 1077, the quartic coupling is bounded as
follows

10-8 1+ 8&, Ny

Ap ~ 3.11
h X Nf

(7.79)

In the limit &, = 0 this coincides with (7.62), as it should. From this it can be seen that the
allowed values for Aj, depend on the parameter &, and also that in this case there are larger
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values of the coupling Ay, than in the simple quartic model. However, even in this case the
quartic coupling is small. For &, = 0.06, it is of the order ~ 1072, For )} to reach values of
order > 1079, one needs large values &, > 10* when N, ~ 50 — 60.

As for the parameter «, as discussed in the previous models, a lower bound for it can be
given by (6.5),

7.80
200 ( )

a>5x 107 (1.25 _ M+ thN*)> .

This bound on « depends on &, it is quadratic in V,, and there is a critical value of &,
beyond which it becomes negative, which means that in this case any positive value of « is
actually allowed. Since we prefer to work with values &, > 0.06 the RHS of (7.80) is negative,
for N, ~ 50 — 60, and for our purposes there is virtually no lower bound on the parameter
a. The lack of a lower bound can be important because « in this case can be chosen either

larger or smaller than the ratio {,% /2Ap. In the regime
& > 20\, (7.81)

an upper bound on « is imposed, for given & , A\p. Of particular interest, within this regime,
is the case where £ > 2a\,. In this limit, one sees from (7.68) and (7.69) that the functions
K (h) and the potential U(h) do not depend on the parameter . Rather, K (h) depends only
on &, and U(h) depends on &, \,. Although the function L(h) depends on «, its influence
in the equations of motion is small for the cases of interest here, as we have already noted.
Therefore, in this case the results are independent of the parameter «, as long as 5;% > 2a )\

holds. In this case the inflation scale u, as previously defined, becomes p ~ /\p,/ 35}% Mp and

lies in the range ~ (2 x 107® — 5 x 10~7) Mp, for values of &, in the range 0.06 — 100.0 and
for N, between 50 — 60, with the smaller (larger) scales being obtained for higher (lower) &,
and N, values. Obviously, the previously mentioned arguments are no longer valid when the
parameters in regime

£ <2a\,. (7.82)

Then we have a lower bound for «, for given &,, Ap. Also in this case, the predictions depend
on « and &, Ap. In particular, if f}% < 2a )\, the inflation scale is u ~ Mp/v/3a, i.e. it is
determined solely by a.

The lower and upper bounds of the parameter «, for having a > £2/2\;, and a < £2 /2,
are given in the fourth and fifth columns, respectively. In preparing this table, the values of
N, were taken as usual in the range N, ~ 50 — 60.

To obtain an estimation of the instantaneous reheating temperature, which is given
by (7.45), we need to know the energy density at the end of inflation. Following similar
arguments as for the previously studied models, we find that in this case it is given by

gia (1 _ hgnd(l +8€h hgnd) ) = gLaF<£hac) ) (783)

Pend =

Recall that 0 = 1.5. The function F'(&, ¢) is too complicated to be presented, although there
is an analytic expression for the unique positive solution hgnd of Eq. (7.75). We will actually
use this for the computation of peng by (7.83). Replacing « by ¢/2\,, where )\, is given
by (7.79), we obtain from (7.45),

1/2 1/4
i;’) (fh 4227 %1073 j’j’) RYA4(&,, 0), (7.84)

*

Tins = (0.968 x 1073) (



7.3. Quadratic and quartic models 77

Tins(GeV)

25x101°

2.0x10"°

15%101°

1.0x101°

50x10"4

DT =247x

102 1000 10 10! 102 10° 10 100 108

&n
Figure 7.7: In the ¢, &, plane we show the instantaneous reheating temperature, given by Eq. (7.84), for
N, = 55. Light colors correspond to larger temperatures. The largest temperature, T ~ 2.47 x 10'° GeV,
is in the yellow region at &, ~ 0.1, whose limit is the blue dashed line. The red line is the locus of the
points with & = 5 x 107.

where R(&p, ¢) = F(&p,¢)/c. This gives it a very simple form in certain regions, and interest-
ingly, this includes the region where Tj,s gets its largest value.

The first region of interest is when ¢/€2 < 1. As we noted earlier, Eq. (7.75) is easy to
solve when c¢ vanishes, since in this case it reduces to a quadratic equation for hgnd. For
non-vanishing ¢, within the regime c/f}% < 1, we can treat this ratio as a small parameter,
to find the desired solution as a deviation from the zeroth-order solution, corresponding to
¢ = 0. This is easy to implement and leads to a function R(&,c) that is independent of ¢ to
the lowest order in ¢/ {,21. In particular, it is found that,

1416, — VI F328,\°
16 &7

R(&p,c) = < = P(&) . (7.85)

The function P(&,) is regular at &, = 0, with limit P(0) = 64. Using this, we find from (7.84)
Ths = (0.968 x 107%) (& P(&)"* . (7.86)

In this we have set 55/N, ~ 1, and also assume that &, > 0.01, which is actually the
region we are interested in. Note that (7.86) is valid in the regime ¢/&7 < 1 and it is a very
convenient relation. Within the regime ¢ < 5,% the maximum temperature is reached when
&nP(&p) reaches its maximum. This occurs at &, = 3/32, i.e. very close to ~ 0.094, and for
this value Tins =~ 2.47 x 10'® GeV, in natural units. This is independent of ¢ as long as c is
much smaller than 5}21. Away from this maximum, Ti,s decreases with increasing &, increases

and behaves like Tis ~ (0.968 x 1073) §;1/4. Another interesting region is when c¢ is large
and ¢ >> ¢2. In this region the function F(£,c) that controls penq in (7.83) is very close
to unity. Note that the size of ¢ alone is not sufficient to have F'(§,,c) ~ 1, despite the fact
that hgnd is small. We must additionally require that ¢ >> 5}%. Then it turns out that penq is
inversely proportional to o, and thus the instantaneous reheating temperature is proportional
to a~ /4, or equally proportional to (A, /c)'/4. The latter is proportional to (&, /c)"/* if (7.79)
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40

is used. Then the analytic result for Ti,s in this case is trivially found from (7.84),
&\
Tins =~ (0.968 x 1073) () : (7.87)
c

This applies to large ¢ values, satisfying the condition ¢ > 5,21, and so cannot be arbitrarily
large. The largest value within this regime is about ~ 10'® GeV, which is slightly smaller
than the corresponding temperature of the ¢ << f}% region. This is obtained for ¢ ~ 102,
which is relatively large, and values of fg about an order of magnitude smaller than c¢. Any
other pair of values, for these parameters, within this particular regime, leads to lower values
of Tips.

Unfortunately, there are no simple mathematical expressions to deal with outside of the
above, and we will rely on a numerical treatment of (7.84). In fact, scanning the two-
dimensional parameter space c, 5,21, we found that the approximate formulas given earlier
agree with the values obtained from (7.84) with very good accuracy in the corresponding
regions. In Fig. 7.7 we show the instantaneous reheating temperature, as given by Eq. (7.84),
for N, = 55. Light colors correspond to higher temperatures. From this figure, it is clear
that the larger temperatures are obtained for values of the parameters within the small
yellow region, located at the bottom and left. The region with the largest temperature Ting
is centered around &, ~ 0.1, and values ¢ < 1074, having as boundary the blue dashed line
corresponding to Ti,s = 2.47 x 10 GeV. The maximum temperature reached is very close
to it, confirming our previous arguments. Within this region &, ~ 0.1, and since Eq. (7.79)
is used, \;, ~ 107'2. Therefore a = ¢/2);, < 5 x 107 is needed for having the largest possible
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Figure 7.9: The primordial tilt ng, left, and the power spectrum amplitude Ay, right, vs. the reheating
temperature Tep, for the Higgs model, for inputs &, = 0.06, A\, = 5.6 x 10712 and a = 5 x 10! (case -
A).

Tins- This can also be seen by plotting the location of the points for which the parameter «
has a constant value, @ = 5 x 107. This is just above the range given above. Lower values,
a < 5 x 107, will move this line downwards, crossing the largest Ti,s region, and thus the
maximum 7;,s is obtainable.

Note that the analytic expressions for T, given so far, serve as an estimate of the
magnitude of the instantaneous temperature. As we have already pointed out, the actual
values are extracted by solving the pertinent equations of motion numerically. However,
the numerical analysis reveals that these estimates are accurate enough. In fact, the results
derived are lower by less than about 10 %. Only in a small region, for ¢ < 10~ and for &,
values in the vicinity &, ~ 0.1, this difference augments to about 15 %, or so. This is in accord
with the discussion following Eq. (7.47). As a result the maximum instantaneous reheating
temperature mentioned before, Tins = 2.47 x 10'° GeV, drops to Tins = 2.07 x 10 GeV.

Our numerical study can be summarized by the selection of the following representative
inputs:

For the value &, = 0.06, which according to the previous discussion sets the threshold for a
sufficient number of e-folds, we choose the quartic coupling A, = 4.875 x 10~'2. From (7.79)
we can see that for N, = 50 — 60 the quartic coupling ranges between 4.29 x 10~!2 (for
N, = 60) and 6.22 x 107!2 (for N, = 50), so the chosen value is indeed in a reasonable
range. However, this fine-tuned value was chosen such that the predicted amplitude A; is
within the observational limits, and such that instantaneous reheating is feasible. It should
be noted that the approximate formula used for As; may differ from the one provided by the
numerical method. The latter gives more accurate results, since the exact numerical solution
for the field h is used, and also because it incorporates corrections, which, although small in
some cases, are of the same order of magnitude as the observational errors. For this reason,
fine-tuning is necessary to make the instantaneous reheating mechanism a realistic possibility.

For these inputs §,%/2)xh ~ 3.7 x 108, and thus for values o < 5 x 107 we are in the regime
a K f,% /2\, and, as we have discussed, the predictions are insensitive to the choice of «a.
Therefore, any value of a leads to the same results provided o < 5 x 107. We have verified
this with our numerical code. For definiteness we take o = 5 x 10° which is three orders of
magnitude smaller than §}2l /2Ap, as given above.

In Fig. 7.8, at the top, we show the primordial tilt and the power spectrum amplitude.We
see that agreement with the ng data is achieved for each temperature when the parameter
w is ~ 0.25 or larger but smaller than 1.0. However, for canonical reheating, w = 0.0,
however a lower bound is imposed Ty, = 10'° GeV, while for w = 1.0 the lower bound is
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Figure 7.10: The same as in Figure 7.9, for inputs &, = 10.0, A\, = 8.85 x 1071 and a = 5 x 10! (case
B).

Table 7.2: Predictions of Higgs Model, for the input values shown above, for the cosmological observables
ng,r, As, N, and for various values of the equation-of-state parameter w. The values shown for the
reheating temperature T}ep, in GeV, correspond to the minimum (upper rows) and maximum (lower rows)
allowed when the observational limits for A; and ng are imposed.

Higgs Model ( pivot scale k, = 0.05 Mpc~! )
Input values &, = 0.06 A\, = 4.875 x 10712 a=>5x10°

w - value w = 0.0 w = 0.25 w=1.0
10° A, 2.07 2.07 2.13
N 0.9634 0.9633 0.9639
r 0.0102 0.0102 0.0100
N, 55.67 55.67 56.45
Tren 2.562 x 1014 6.695 x 1010 1.569 x 10%°
109 A, 2.12 2.12 2.12
N 0.9638 0.9638 0.9638
r 0.0100 0.0100 0.0100
N, 56.36 56.36 56.36
Tren 2.027 x 1015 2.027 x 1015 2.027 x 1015

about Tien 2 100 GeV . Looking at the As plot we observe, as advertised, that instantaneous
reheating can occur, for the given &, A, inputs. We also observe that the constraints are
more stringent than those imposed by ns. Indeed, values of w > 1/3, allow temperatures
very close to Tins. At the same time, a lower reheating temperature is imposed for the case
w = 0.25, Then = 101 GeV, while for the canonical scenario the lower bound imposed by A,
is pushed to a much higher value, close to Tins. At the bottom of the same figure, the number
of e-folds is shown. Although values of e-folds N, as large as ~ 70 for low T}, are allowed, by
ngs data, when 1 > w > 0.25, the A; measurements restrict the allowed temperature range in
such a way that N, is forced to fall within the range ~ 55.70 — 56.30, as shown in Table 7.2.
In this table the predictions for Ag,ng,r, Ny, corresponding to the minimum (upper rows)
and maximum (lower rows) reheating temperature, are also shown. The maximum reheating
temperature is the instantaneous temperature, Ti,s = 2.027 x 10 GeV, and for this reason
the predictions for the various w, in this case agree.

As a second example, we consider values of £, in the range &, = 0.06 — 10.0 when the
parameter « is increased to & = 5 x 10'. These cases fall in the regime a > f;%/”\h if Ay, is
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Figure 7.11: The tensor-to-scalar ratio 7 gg2 vs. the primordial tilt ns for the Higgs model. As in Fig 7.4
the numbers shown correspond to the e-folds and the circles denote different reheating temperatures. For
the top line (in red) the parameters are @ = 5 x 10° , &, = 0.06 and A\, = 4.875 x 10712, while for the
bottom line (in blue) a = 5 x 10!, &, = 0.06 and \;, = 5.60 x 10~!2. Shown are only the cases for the
canonical scenario, w = 0.

within the range suggested by (7.79). Following the same reasoning, we can consider values
for the quartic coupling such that agreement with the As data is achieved while allowing
the maximum reheating temperature to reach the instantaneous temperature Tj,s. For the
smallest value of &, in this range, &, = 0.06, the quartic coupling can be assumed to be
An = 5.60 x 107'2, while for the largest, & = 10, the value A, = 8.85 x 107!? meets our
needs. For illustrative purposes, we call these cases A and B, respectively.

Note that by changing a, from o = 5 x 10° to a = 5 x 10!, the predicted values for the
cosmological parameters also change, and thus readjustments of )\, are necessary to obtain
a match with the data of A, while having Ti,s as the maximum temperature. This is the
reason why the values of \; for the case &, = 0.06 are slightly different for & = 5 x 10° and
a=5x 10

In Figs. 7.9 and 7.10 we show the predictions for the primordial tilt and the power spec-
trum amplitude for the cases A and B, respectively, discussed before. Comparing Fig. 7.9
with Fig. 7.8 (on top), we first see that Tiys is lowered, in comparison to the A - case. Indeed,
from Tins = 2.027 x 10 GeV it slides down to 6.522 x 104 GeV. Also the lowest reheating
temperatures change a little. For instance for w = 0.25 this is 1.065 x 10'! GeV, i.e. it has
been slightly increased from the corresponding o = 5 x 10° case, which was 6.695 x 10'° GeV
(see Table 7.2). Figure 7.10 shows the corresponding predictions for the B - case. In this
case, Tins = 6.647 x 10 GeV. That is, it is slightly larger than the A - case. Holding o fixed,
the tendency for Ti,s is to decrease, with increasing the parameter &, as long as a > 5,21 /2,
where the quartic coupling is set to match the data of As.

In Fig. 7.11, we show the tensor-to-scalar ratio rg g2 versus the primordial tilt ns for
the Higgs model. The numbers of the e-folds are shown, and the circles denote different
reheating temperatures, exactly as in Fig. 7.4. The upper line (in red) corresponds to the
parameters o = 5 x 10° | &, = 0.06 and \j, = 4.875 x 1072 while for the lower one (in blue)
the parameters are o = 5 x 1011 | &, = 0.06 and A, = 5.60 x 107'2. Shown are only the
cases for canonical reheating, i.e. w = 0. Note that in drawing this figure, the constraints
arising from A; have not been taken into account. If they are, we are left with a small
segment with temperature Tis. In any case, we see from these figures that as the parameter
ais increased, the tensor-to-scalar ratio becomes smaller and the predictions move downward
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and the mechanism of the instantaneous reheating temperature is in full agreement with the
Planck 2018 cosmological constraints.
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Chapter 8

Scale-invariance, dynamically induced
Planck scale and inflation

In this section we construct a model of scale-invariant quadratic gravity in which the Planck
scale is dynamically generated by the VEVs of a scalar field ¢ and the Higgs h, which are
nonminimally coupled to gravity by terms of the form &®2 R, where ®; = ¢, h. The additional
scalar field ¢ comes from a general U(1) x extension of the SM gauge structure, which includes
an additional gauge boson X, and three right-handed neutrinos N} that can generate masses
for the SM neutrinos via a type-I seesaw mechanism. The model can naturally accommodate
DM and we outline three different possibilities. Moreover, the mass of the Higgs and the
electroweak scale is generated by a portal coupling between ¢ and h of the form Ah¢h2¢>2.
Thus, the addition of the extra scalar field ¢ is necessary to preserve the scale invariance
of our model, since the well-known Higgs mass term contained in the SM Lagrangian is not
scale invariant.

8.1 Scale-invariant inflation in Palatini gravity

We begin the discussion of our model by describing the scale-invariant U(1)x extension of
SM, which we use [389-407], containing a complex scalar field ®, a gauge boson X, and three
right-handed neutrinos N}é. We also outline three different ways in which the model can
accommodate dark matter candidates. We then focus on the gravitational part of the theory
and study it in the Palatini formalism.

8.1.1 U(1l)x extension of the Standard Model

We consider the U(1)x extension of SM based on the gauge group SU(3).x SU(2)r xU(1)y x
U(1)x. In Table 8.1 we present the matter fields of this model, which in addition to the SM
matter fields also contains three generations of right-handed neutrinos Nj (i = 1,2,3) and a
complex U(1)x scalar field ®, whose VEV generates the mass of the vector boson X, as well
as the masses of the right-handed neutrinos. This U(1)x extension can be recognized as a
linear combination of the U(1)y and the U(1)p_1, gauge group, with the latter being free of
gauge and gravitational anomalies. The existence of the three right-handed neutrinos plays
a crucial role in this anomaly cancellation. Following [408], we introduce the real parameters
xg and xg used in the determination of the U(1)x charge of the field ®, which is given by

Qx =Yzy +QpL v, (8.1)

where Y and @)y, are its hypercharge and B — L charge, respectively. Two interesting choices
for the parameters z and x4 are the choice (zg,x4) = (0, 1), which is consistent with the
U(1)p—r, model, and the choice (zp,zs) = (—2,1), which is consistent with the SM with an
additional U(1)g symmetry.
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Table 8.1: The matter fields of the U(1)x extension of the SM with the associated charges. In addition to
the SM particle content (i = 1,2, 3), three right-handed neutrinos N%, (i = 1,2,3) and a U(1)x complex
scalar field ® are introduced. The U(1)x charge is determined by the two real parameters, zy and x4, as
Qx =Yz + Qpr e with its hypercharge Y and B — L charge Qg1

SUB). SUR)L Uy U)x

qr, 3 2 1/6 (1/6)zy + (1/3)re
up, 3 1 2/3  (2/3)zm + (1/3)ze
diy 3 1 -1/3  (=1/3)zy + (1/3)ze
o 1 2 -1/2  (=1/2)xg + (-)ze
e 1 1 -1 (—Dzg + (—1)zg

H 1 2 1/2 (1/2)xg

N 1 1 0 (—-Dzg

) 1 1 0 (+2)ze

The covariant derivative associated with the U(1)y x U(1)x gauge interaction is defined
as

DM :8“ —Z(g1Y—|—§Q)() Bu—ingqu, (82)

where ¢g; and gx are the U(1l)y and U(1)x gauge couplings, respectively. In (8.2), the
possible kinetic mixing between the two U(1) gauge bosons can be neglected for simplicity if
one assumes that the mixing coupling ¢ vanishes on the U(1)x symmetry breaking scale.

To the well-known SM Yukawa sector we need to add the BSM Yukawa sector resulting
from the U(1)x extension, which reads.

LM =yl HNY, — %W@Nﬁ? Nk + hec., (8.3)
where yp and yps are the Dirac and Majorana Yukawa couplings respectively. Without
loss of generality, we also assume that the Majorana Yukawa couplings already diagonal
in our basis. Furthermore, it is interesting to note that in this setting, lepton asymmetry
can be produced by decays of the heavy right-handed neutrinos into SM leptons at high
temperatures. Then the lepton asymmetry can be converted into a baryon asymmetry via
electroweak sphalerons [409, 410] (see also [396, 411, 412]).

Assuming that the complex U(1) x scalar field ® develops a nonzero VEV vy4 and working
in the unitary gauge, we have that

o — \}iw +ug). (8.4)

Thus, the BSM scalar Lagrangian and the gravity Lagrangian are given by

1 1 1
E?cill\gr = 59MV8M¢8V¢+ZA¢¢4+1)\h¢h2¢27
1 v o B y
Loty = 5 (669" +6h%) g Ry + 5 B+ SRy R, (8.5)

where h is the Higgs field also written in the unitary gauge, and &4, &, are the nonminimal
couplings between gravity and matter. Note that the Ricci tensor depends only on the
connection I' since we are working in the Palatini formalism. Moreover, there are no mass
terms for either ¢ or h, since the theory must respect classical scale invariance. The reduced
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Planck mass Mp is dynamically generated when ¢ and h develop their VEVs,
M3 = €503 + &ho}. (8.6)

In connexion with U(1)x and electroweak symmetry breaking, the U(1)x gauge boson X,
and the right-handed Majorana neutrinos N}, obtain their masses as

i
Mx = \/(21‘@9)(%)2 + (zrgxvn)’ = 2wagxvs, My = yj]%%- (8.7)
The part of the JF action that contains the scalar ¢ and the Higgs h is

1
SJF = /d4$\/jg{2 |:(£¢¢2 —|—£hh2> guVR;LV + OZRQ +BR(MV)R(MV):|

1 1
+5gﬂ”aﬂ¢ay¢ + igl“jﬁﬂh&,h — vy, h)} , (8.8)

with the tree-level potential given by
1
VO, h) = 7 (Aos' = Moh®d® + Anh) . (8.9)

Note that the coupling constants Ay, A\p and A4 are dimensionless, assumed to be posi-
tive, and the minus sign is introduced in front of the portal coupling term to account for
spontaneous symmetry breaking due to the running of the coupling constants.

With the goal of eventually reshaping the action (8.8) in the EF where the gravitational
sector consists only of the Einstein-Hilbert -term, we begin by performing a Weyl rescaling
of the metric of the form

g P, QP = 648? + Eh2. (8.10)

The quadratic in curvature terms are invariant under the rescaling (8.10) unlike the Einstein-
Hilbert term which rescales as R — Q2R and thus the action takes the form®

1 1
SIF = /d4$w/ —g {2 |:g/“’RMV + CVRZ + BR#VRMV} - 292 guyaﬂ(ﬁallgb
1o VO (¢, )

Following the notation of [5] we will call this frame the “intermediate frame” (IF) to account
for the fact that, even though we have eliminated the nonminimal coupling that appears in
the JF, we have not dealt with the quadratic terms yet.

8.1.2 Potential dark matter candidates

An interesting property of the U(1)x model under consideration is that it can provide us
with viable dark matter candidates in a minimal and natural way.

o A first possibility is that the extra gauge boson X, constitutes dark matter [413-415].
The U(1)x gauge group contains an intrinsic discrete Z; symmetry, that makes X,
automatically stable. Note, however, that this statement holds only if the U(1)x is
sequestered and has no tree-level mixing with the hypercharge. In this case, no one-
loop level mixing can be generated either.

'From now on we consider only the symmetric Ricci tensor R,y and in order to speed up notation we
discard the parentheses.
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e A second possibility arises by introducing a Z, parity and imposing one of the three
right-handed neutrinos to be odd, while the others are even [416, 417]. This makes the
odd right-handed neutrino stable and a possible DM candidate. he remaining right-
handed neutrinos are sufficient to produce the observed neutrino oscillations.

o A third possibility arises by adding an additional Dirac fermion (, which is singlet
under the SM gauge group and having a generic U(1)x charge Qx [418]. It is worth
noting that the addition of the Dirac fermion does not disturb the anomaly cancellation
of the U(1)x extended SM. The ( field interacts with the SM particles due to U(1)x
gauge interactions and its relic freeze-out abundance is determined by the processes

¢¢ <ﬁ> ff, where f is a SM fermion. On the other hand in [419], a freeze-in DM
scenario is studied, where either X, or the right-handed neutrinos easily be on the
order of 100 MeV to 1 GeV.

8.2 Gildener-Weinberg approach

Classically scale-invariant models containing multiple scalar fields are usually studied using
the Gildener-Weinberg formalism [420]?. In this approach, perturbative minimization at a
certain energy scale is realized by the running of the coupling constants in the full quantum
theory. First, one identifies the flat directions (FD) of the tree-level potential in the field
space. These are directions along which the first derivatives of the potential with respect
to each of the fields vanish. The flatness of the tree potential has the consequence that the
dynamics of the system is governed by the one-loop corrections that dominate along the FD.
In this way, the flatness is perturbatively removed and the physical vacuum of the theory
is lifted out of the valley of degenerate minima along the FD. In this section we use the
Gildener-Weinberg formalism and finally end with an inflationary single-field action.

8.2.1 Tree level minimization

The tree-level potential after the Weyl rescaling of the JF action is given by

VO (g, h Aot — N h262 + A hd
v 6.y = V0 )=(¢¢4(£¢ & +Z’hh2)2h ). (8.12)

The first derivatives of U(O)(gb, h) with respect to the two fields vanish along the trajectories
in field space that satisfy the following conditions

(0) _ 2_ (Aot 208 o
0pUY (¢,h) =0 = h (Ah¢£h+2)\h§¢ ¢ (8.13)

(8.14)

HUO (G h) =0 = ¢2:<th+%hf¢> b2

Ao E¢ + 206 &n

A trajectory is equivalent to an FD if it simultaneously satisfies the Eqgs. (8.13) and (8.14).
Note that in our model the two extremization conditions give the same constraint and con-
sequently correspond directly to FDs of U(O)(gb, h). The two different signs correspond to the
two independent FDs of the tree-level potential. We consider ¢ and h to be positive definite

2See also [116, 390, 397, 399, 400, 421-460] for various applications of the formalism.
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and therefore the relevant FD for our analysis is the one given by the condition

>\h¢ £¢ + 2)\¢ &n
Vp = | ———————— Vg, 8.15
g \/Aw Eh+ 20, &5 ¢ (8.15)

where the fields are at their VEV along the FD since this corresponds to the minimum of
the potential. Note that for §, < 1, when vy ~ Mp and Aj ~ 0.1, the portal coupling must
be extremely small, A\py ~ 10739, After applying Eq. (8.15), we can calculate the value of
U(O)(gi), h) along the FD in terms of the coupling constants of the model

ANy — A2 ) M
U0 — o (4o — X5 ) M

e (woron) = 15 [Ms€7 + €6 npln + Anés)] (8:16)

Note that the minimum of the tree level potential (8.16) can be negative, zero or positive
depending on the value of the combination 4\,As — )\,2“1). If we had instead applied the
Gildener-Weinberg approach to the JF tree-level potential (8.9), the identification of the re-
sulting extremization conditions would impose the constraint )\%L 6= 4\p Ay and consequently,
the minimum of (8.9) would be fixed to zero. This freedom in setting the minimum of the
potential will play an important role in the next section, where the one-loop corrections will
be considered.

Having identified the FD of the tree-level potential we can proceed to the computation of
the mass matrix. Its elements are given by

2 92U (0)

(IJ":U(I)Z',(I)J =Vgj

where we denote ((I)l, <I>2) = (¢, h) and vg: are their respective VEVs. Using the ratio of the
two VEVs, we can define the mixing angle w, which corresponds to the angle between the
h = 0 axis in the field space and the FD (see Fig. (8.1)) as follows:

A 2\
w = arctan | -2 | = arctan Aohbo 209 Ch , (8.18)
Vg )‘¢h En + 20, §¢
where we have inserted the condition (8.15) in the last equation. We can now perform an
orthogonal rotation given by the transformation

¢\ _[cosw —sinw S
< h > - (sinw cos w ) ( o ) ’ (8.19)

in order to move from the initial field frame (¢,h) to the “FD frame” (s,o), where the
direction of the so-called “scalon” field s is identified with the FD and o is the perpendicular
direction.

Then we can write the potential in terms of the FD frame fields to compute the mass
matrix directly in this frame with (®!, ®2) = (s, o). The advantage of performing the rotation
in the FD frame before calculating the mass matrix is that the resulting matrix is diagonal.
Therefore, the mass eigenvalues for the fields (s, o) lie on the main diagonal and are given by
the following expressions:

m? = 0, (8.20)

m2 = MEQuon + 2086) (Ao + Ansbo)” [(Mns +220) & + (20 + o) ] g )
z 802 M2 + €6 (nsn + M) |
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where we have once again employed Eq. (8.15). As expected, the mass of s is exactly zero
at tree level since it corresponds to the pseudo-Goldstone boson of the broken classical scale
symmetry. However, as we will see below, it acquires a non-zero mass when quantum correc-
tions are taken into account. Moreover, we identify the mass m, with the measured value of
the Higgs boson mass.
Along the FD (o = 0), the only relevant DOF is the scalon s, which is related to ¢ and
h via
s2=¢?+h*,  s= ¢ _ ,h . (8.22)

COS W S18000V)

The above relations can be easily verified by a simple inspection of the field space in Fig. (8.1).
Using Eqgs. (8.22) we can rewrite the noncanonical kinetic terms for i and ¢ in terms of s as

Il 1 1
02

’“’8“¢3y¢+ g“”ﬁ ho,h =0 [1 "9,,s0 s} ;

where, the nonminimal coupling functional expressed in terms of s has the following form:

1 _ 1 _ 1 8.93
Q27 P2+ Gh2 Es? (8.23)

In the last equation, we have defined an “effective” nonminimal coupling constant for the
scalon as

& =6y cos? w + &, sinw . (8.24)

Finally, we perform the following field redefinition in order to render the kinetic term of s

canonical:
s 1 ds 1 s

=——In—.
\/5: \/g Us
The field s, is the one that drives inflation in our model and thus we shall refer to it as the
inflaton field.

(8.25)

S¢ = Ve =

8.2.2 One loop effective potential

The one-loop corrections along the flat direction for the canonical field s. at the scale A can

be written as 2

UM (se) =Ast+Bs? mE, (8.26)

where in our model

1 Al ME 3 A MZ 5 (. M%Z 5
A = 647-‘-21);1{Mh <1H 02 —5 6MW In 'Ug _6 +3MZ In 1)2 —6

S S

M2 ]\42 M2
+3My (m UQX - 2) — 6My, (m UZZYR - 1) —12M} (m v; —1)¢,(827)

4
b= ﬁ . M= My +3My + 6Myy + 3M7 — 6My, — 12M]'. (8.28)

Minimizing (8.26), we can determine the scale A as

A 1] (8.29)

A =vsexp [2183 1
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Then, we can express the one-loop correction as

4 2
UD(s) = g llnsc - 1] . (8.30)

= s
64m20d | 02 2

One sees that the addition of the U(1)x gauge symmetry, and in particular the mass of the
extra gauge boson X,, can make M* positive if 3M% — 6M4R > (317 GeV)*, which in turn
implies that the one-loop potential is bounded from below at large field values. From the
one-loop corrections we can obtain the radiatively-generated mass for the s scalar

M
m; = S720? " (8.31)
Note that the one-loop correction (8.30) is negative in the minimum. This observation justifies
the choice to consider the one-loop corrections in the “intermediate frame” (8.11) rather than
in the JF action (8.8). If we had chosen the latter, the extremization conditions for the
tree-level JF potential would set its value to zero along the flat direction, as we mentioned
earlier, and thus the full one-loop effective potential (tree level + one loop) would correspond
to an anti-de Sitter vacuum. This problem can of course be easily circumvented by including
a positive cosmological constant in the effective potential to achieve a Minkowski vacuum,
although in this case the model is no longer scale invariant and is instead characterized as
quasi-scale invariant.

We now require that the full one-loop effective potential is zero at vs which can be realized

once we assume that 4\p\y — /\%ub > 0, so that U9 > 0. Then we may write

min

Uit (v5) = U + UD(0,) =0, (8.32)

which finally yields

4 4 2
Uit (s0) = 2 [5 (2 In %¢ — 1) +1]. (8.33)

12872 | v v2

Note that the condition (8.32) effectively means that the cosmological constant can potentially
be generated from two or higher-order loop corrections.

The VEV of the inflaton s, is associated with the reduced Planck mass via the value of
the effective nonminimal coupling constant (8.24) as

2 _ M3
S gs J
and thus, it is evident that in principle vs; can be super-Planckian for £; < 1. Indeed, as we
will see in Sec. 8.4, this is exactly the case in our model since observationally viable inflation
requires & < O(1073).

Finally, the effective action along the FD, written explicitly in terms of the inflaton field,
is as follows

v (8.34)

1 1
S = /d4ac\/—g {2 [g“”RW +aR?+ BR,,R" | — §g’“’8”scal,sc — Ueﬁ‘(Sc)} . (8.35)

In the next section, our goal is to identify and apply the appropriate transformations to
remove the higher order curvature terms and finally reformulate the effective action (8.35) in
the EF where the gravity sector consisting solely of the Einstein-Hilbert term.
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8.3 Einstein frame representation

In this section, in order to obtain the predictions of the model for the cosmological observables,
we will move from the “intermediate frame” of Eq. (8.11) or (8.35) to the EF using the
procedure which was outlined in [219] (see also [461]).

8.3.1 The Legendre transformation

The action (8.35) can be cast in the form

1
S = / Aoy =g [20(9HV,RW) b Lon(Gpars Ses Fuse)| (8.36)
where we have defined the “curvature” function
C(guvs Ryw) = 9" Ry + aR* + BR,,, R (8.37)

and the matter Lagrangian density
1
L (Guvs Ser Ouse) = Eg“ 0uscOuse — Ueg(5e) - (8.38)

From this point on, the dependence of 9,5, in the argument of L, is ignored for brevity.
After introducing the auxiliary field ¥,,, the action becomes

1 oC

iaTW (Ryw — 2uw) + Lo (Guvs s¢) | - (8.39)

1
S = /d4a:w/—g lQC(gltWZHV’SC) +
It is trivial to see that the variation 65/0%,, = 0 gives that ¥,, = R,,. The advantage of
action (8.39) is that it is linear in the Ricci tensor, so it is one step closer to the final EF
action. We introduce the new variable ¢*”, which is defined as

oC
V—49"" =V/—g : (8.40)
0%

where ¢ = det(gu,) and ¢*’q,x = 0”. Using (8.40) we can solve the ¥, in terms of the g,,,
sc and @y, so that the action can be written as

Y V= oC

S = /d4 { —4q " Ry — Tg WZNV(Q:U’V’QMV”SC) — C(qu Y 5¢) — 2£m(guy,sc)]} .
uv

(8.41)

The gravitational sector of (8.41) is the typical Einstein-Hilbert term for the metric g,.
Varying the action (8.41) with respect to g,, (see Appendix D) will give us g,,, as a function
of ¢, sc and 9,5.. In this way we obtain that

1 45 1 vV—aq .

Ve R e L
1q o
+15, ¢ ( 24" 97 Gpu Gy — n 4aq5”gapq“gngu>
1 1 1 &g A\ > q 1 Ao 0p :|
+5 g;w |:,3+40é < + =3 86 —-q g)\aq gp5 g86q q " gré9op

1 1 1
+§9W (29 7008:055¢ + Ueﬁ(sc)) — §8M508,,sc =0. (8.42)
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which will help us to solve the metric g,, in terms of the metric ¢,, and the inflaton field?.

8.3.2 The disformal transformation

Another useful type of metric transformation is the disformal transformation [462-466], a gen-
eralisation of the well-known conformal transformation. It can be used to bring complicated
actions, e.g. (8.35), into the EF. This is of the form

Juv = A Quv + B a,uscaz/sc , (8.43)

where the coefficients A and B are functions of s. and X, with
1 v
X, = 54 Ousc0ysec - (8.44)

The relation correlating the determinants of the metrics g,,, and ¢, can be easily obtained by
substituting the general form of the disformal transformation (8.43) into det (¢"?g,,,) = ¢ 'g.
That is,

g=qA®(A-2BX,) . (8.45)

For our computation we also need the inverse metric g*”. Following [467] we obtain that

g = Ag" + qu‘qwﬁkscﬁgsc , (8.46)
where ) B
A=l B 4
A A2 _2ABX, (8.47)

Finally, using (8.44) and (8.46) it is quite trivial to prove that the kinetic terms for the metric
g can be expressed in terms of the kinetic terms for the metric g, as

X, = AX, - 2BX,?. (8.48)

Now, we can substitute (8.43) and (8.48) in (8.42). This substitution gives us two algebraic
equations. Each equation follows from the requirement that the coefficients of g, and
0u5:0, 5. must vanish identically. These equations are given below:

1 , 2
163(da + B)Rs (4(4a + B)A% — 4BAV/R5 — 40 ARy — (4o + B)Rs + 48R + aR3)
Uett(se) Xg
5 % =0, (8.49)
1
e (Mot ARy = ABRWEs — daRyRy — (a4 §)BRy + 49BRs

BUg(s¢) B BX, 1
2 2 2

+aBR}) + =0, (8.50)
where the functions R; are given in the Appendix D. Equations (8.49) and (8.50) accorded
well with Egs. (6.44) and (6.45) of [219]. Our goal is to solve the system (8.49)-(8.50), but
this is a very difficult task. However, we can approximate the solutions by assuming that
in the slow roll approximation the higher-order kinetic terms are negligible at least during

3Equation (8.42) has been also derived in [219], with a missing 1/2 factor in the parenthesis in the third
line. We think that this is only a misprint as our final results are in absolutely agreement with these of [219].
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Figure 8.1: The normalized tree-level potential U (¢, h)/Ur(n(‘)i)n (8.12) and its flat direction (cyan line).

We also plot the normalized one-loop corrected potential along the flat direction Ueg(s:)/Uenr(0) (8.33)
(red curve) and the normalized inflaton potential U(s.)/U(0) (8.53) (green curve). The values of the
parameters are & = 107, £, = 1073, and M ~ 0.0357. For illustrative purposes we have chosen the values
of the couplings Ay, An, Ang such that the mixing angle (8.18) has the unrealistic value of w ~ 0.732.

inflation [210], but also during reheating [217]. Thus, the approximate solution has the form

A = a+aX,+ O(Xg) ,
B = b+bX,+0(X])). (8.51)

By substituting (8.51) into the system (8.49)-(8.50) and expanding in terms of the kinetic
term (8.44), we can solve for the coefficients a;, and b; after forcing that the coefficient of
each order vanishes identically. These coefficients are listed in Appendix D.

Having done all the preliminary work, we can put the solution (8.51) with the coeffi-
cients (D.7) to the matter sector (D.3) and expand it again in the kinetic term. This gives
us the final EF action

1 _
SEF = /d4x\/—q [iquW + K(s¢)Xq —Ul(se) + O(Xg) , (8.52)

with

1 _
K(s))= ——————— and U(se) =
(5e) =TT aUm(ey 204 Ulse)

Ueff(sc>

—_ 8.53
1+a Ue{-f(sc) ( )

where we have defined the “effective” higher-curvature coupling & = 25+ 8. To avoid ghosts
we assume that K > 0 and hence & > 0. his is the case when both a and 8 are positive,
but also when § > —4a. As for the size of the parameter &, according to [217] unitarity
considerations suggest that ais < 102!,

We have mentioned various potentials so far, and to demonstrate their qualitative differ-
ences we plot them together in Fig. 8.1.The area with the color gradient corresponds to the
normalized two-field tree-level JF potential U©) (¢, h)/ Ur(noi)n as given in Eq. (8.12). Its FD,
which we identified using the GW approach, is shown with the cyan line. After accounting
for quantum corrections, we obtain the one-loop corrected potential (8.33) with a unique
minimum singled-out from the valley of degenerate vacua along the FD, and we plot it with
the red curve in its normalized form Ueg(s.)/Ues(0). Finally, the normalized inflationary
potential U(s.)/U(0) for our model (8.53) is shown with the green curve. Notice that U(s.)
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Figure 8.2: The predictions for the tensor-to-scalar ratio () and the tilt of the scalar spectrum (ns) as &
range from & < 1 to & > 1 for various values of &. For each of the curves, the black dot corresponds
to the & — 0 limit (see Table 8.2) and & increases monotonically as we move away from it along each
one of the two directions on the curve. The upper (lower) part of a curve with respect to its & — 0 limit,
corresponds to the predictions of large (small) field inflation. On the left (right) panel, the predictions are
shown in linear (logarithmic) scale.

has plateaus on both sides of the minimum and thus it is suitable for both small field inflation
and large field inflation i.e. excursions of the inflaton field in the regions s. < vs and s, > v,
respectively.

In the end, after starting with a general scale invariant action involving adimensional
matter-gravity and matter-matter couplings, we have obtained an action with a noncanonical
scalar field minimally coupled to the usual Einstein-Hilbert action at the cost of negligible
higher-order kinetic terms and a modified potential, which, as we will see next, is suitable for
successful inflation in agreement with the observations.

8.4 Slow roll approximation and contact with observations

To constrain the parametric space of our model, in this section we compare its predictions for
the cosmological obervables with the corresponding latest observational bounds established
by the Planck collaboration.

The number of e-folds elapsed during the inflationary phase can be obtained in terms of
the potential U(s.) and the kinetic term coupling function K (s.) using the equations (6.6)
and (7.23)

Scx
Ny=Niso) = [ K5 L8 g, (8.54)
Sc,end U,(Sc)
To be more precise, we should calculate penq by considering that the HFF parameter ¢; =
-H /H? is exactly ¢; = 1 at the end of inflation. This condition gives that penq = 3U (Sc,end)/2-
Using this, and a pivot scale k, = 0.002 Mpc™!, we can make explicit the dependence of the
number of e-folds on the parameter &, 7.e.

(8.55)

N, =643+ - 1n (we*ff?(l + dUSfld))
Sty

UL (1 + aUZ%)?

In [3, 5], the higher-order kinetic terms appearing in the action (8.52) have been taken
into account in the computation of penq, but as shown there there is only an insignificant
correction in the numerical factor of the number of e-folds. Moreover, in [3, 218] the reheating
mechanism in R? Palatini inflationary models has been studied, but beyond the case of
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Table 8.2: The predicted values for the tensor-to-scalar ratio (r), tilt of the scalar spectrum (ng) and
number of efolds (IV,), in the limit & — 0 for various values of &.
a 0 107 108 1.85x10% 10 101 10M 10'2

r0.13090 0.12526 0.09022  0.07134  0.02368 0.00282 0.00029 0.00003
ng 0.96727 096726 0.96717  0.96711  0.96681 0.96621 0.96563 0.96517
Ny 60.6 60.6 60.4 60.3 59.8 58.8 58.0 97.3

instantaneous reheating, allowing a wider range for the number of e-folds for different values
of the equation-of-state parameter.

Before performing the full parametric space study for the inflationary predictions of the
model, we mention some asymptotic limits in terms of the value of the effective nonminimal
coupling &. For £ < 1 and & = 0 we find that the predictions for both small filed inflation
(SFI) and large field inflation (LFI) are equivalent to those of quadratic inflation,

(8.56)

3
for both SFI and LFI, while
16
ro & (for LFI), ro~0 (for SFI), (8.58)

*

Note that the first limit corresponds to the prediction of quartic inflation. When & # 0, the
predictions for ng remain the same but r is changed as [5, 202]

70 70

_ - , 8.59
"TItauy - 1+ in%ad.r (8.59)

therefore, the presence of the parameter & results in a suppression of the value of tensor-to-
scalar ratio.

Table 8.3: For & < 108267 ~ 1.85 x 10®, only small field inflation yields viable values for r and n (see
Fig. 8.2). Here, we give the minimum and maximum values of & for which we obtain viable predictions
for various &. We also give the values of M, r, ns and N, for these marginal values of &;.

Small field inflation
fsmin) M r Ng N,

a

0 0.0006267 0.0502432 0.0729636 0.968159 60.3
10°  0.0005830 0.0510926 0.0730490 0.968233 60.3
10 0.0002017 0.0651665 0.0732724 0.968439 60.3
a fs(max) M r N N,
0 0.0041417 0.0297085 0.0161109 0.957741 59.6
10” 0.0041389 0.0297168 0.0160355 0.957747 59.6
10%  0.0041367 0.0297308 0.0152745 0.957739 59.6

Let us now turn to the full analysis of the parametric space of our model in terms of its
predictions for the cosmological observables. For each given set of values for the parameters
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Figure 8.3: The normalized potential (_](sc) for & = 0.001 and various values of @. In the limit & > 1,
the potential becomes symmetric about its VEV and consequently the predictions for small and large field
inflation are identical.
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Figure 8.4: The parameter M* as a function of &, for the viable range of values for & as given in Table 8.3
for small field inflation. For & > 103267 ~ 1.85 x 108, the & — 0 limit is located in the observationally
viable 95% CL region of the r-ng plot and thus there is no lower cutoff for the value of &. Consequently
in this case there is no upper cutoff for M?*.

& and &, we used equation (8.55) to obtain the number of e-folds consistent with the
constraints from reheating, while the value of M was fixed in each case so that we always
have Ay = 2.1 x 1072 at k, = 0.05 Mpc ™! in agreement with the bounds set by the Planck
collaboration. For both SFI and LFI, we have considered various values of & and a wide
range of values for & ranging from & < 1 to & > 1 and in Fig. 8.2 we plot the corresponding
predictions for the tensor-to-scalar ratio and the scalar tilt against the 68% (dark blue) and
95% (light blue) CL regions for ng and r at k. = 0.002 Mpc ™! as obtained with the combined
data of Planck+BK15+BAO [87].

The various curves correspond to fixed values of &, while & moves along the curves, with
the black dot on each curve being the & — 0 limit. These dots also denote the transition
point between the predictions of SFI and LFI with the lower (upper) part of each curve
corresponding to small (large) field inflation. Obviously, in the limit of small & the predictions
of SFI and LFI are identical. As we move away from the & — 0 limit along a given curve
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Table 8.4: For various & > 108267 ~ 1.85 x 108, and for both SFI and LFI, we give the corresponding
maximum values of & that yield predictions that comply with the observational bounds. We also give the
values of M, r, ng and N, for these marginal values of &.

Small field inflation
fs(max) M T Tig N,

10°  0.0040967 0.0299033 0.0103843 0.957734 59.4
1010 0.0039033 0.0306853 0.0024263 0.957835 58.8
101 0.0036767 0.0316817 0.0002763 0.957919 58.0
10'2  0.0035200 0.0324432 0.0000280 0.957921 57.3

(o}

Large field inflation
a §s(max) M T N N,
109 0.0028733 0.0245332 0.0248280 0.958142 60.0
1019 0.0025667 0.0259176 0.0027631 0.957819 59.0
101 0.0020250 0.0286194 0.0002796 0.957922 58.1
102 0.0017108 0.0306805 0.0000280 0.957918 57.4

in both directions & increases monotonically with the top end of the curves having & values
of O (10%) and the bottom end (more evident in the right panel of Fig. 8.2) to values of
O (1071).

The effect of & on inflationary predictions is to suppress the value of r (cf. Eq. (8.59)).
This effect becomes important for values & > 10% — 107. As the right panel of Fig. 8.2
shows, for sufficiently large values of & the predictions of SFI and LFI are identical along
an extended range of values of &. This can be understood via the shape of the inflationary
potential, which becomes symmetric about the location of the VEV for & > 1, see Fig. 8.3.

Further inspection of Fig. 8.2 shows that for values of & < 10%267 ~ 1.85 x 108, LFI is
not viable since its predictions are outside the 95% CL region for the measured values for r
and ns. On the other hand, SFI agrees with observations for a finite range of values of &,
where the smallest (largest) viable value of & gives the largest (smallest) predicted value for
r for a given @&, see also Table 8.3. This range is 2 x 1074 < &, < 4 x 1073 and consequently,

~

via (8.34) the VEV of the inflaton is restricted to 15 Mp < vg < 70 Mp. Moreover, the finite
range of admissible values for & implies a corresponding finite range of viable values for the
parameter M as can be seen in Fig. 8.4.

For values of & > 103267 ~ 1.85x 108 the & — 0 limit is located within the observationally
viable 95% CL region of the r-ns plot (see Fig. 8.2) and thus SFI and LFI have only an upper
cutoff, & < 4 x 1073, for the viable values of & as it is shown in Table 8.4. This in turn
implies a lower cutoff, 15 Mp < v, for the VEV of the inflaton.

In summary, v, must be super-Planckian in all cases, implying that v, ~ vg as v, ~
O(10716) Mp. Tt is then obvious that the mixing angle as defined in Eq. (8.18) will satisfy
w ~ 0 and thus the flat direction, for values of the parameters lying in the viable regions of
the parametric space is almost identified with the direction of the field ¢ in the field space,
see Fig. 8.1.

8.5 Coleman-Weinberg inflation in Palatini gravity

In this section we study the predictions of nonminimal Coleman-Weinberg (CW) inflation [468]
in presence of an %RQ term in the Palatini formulation of gravity, as in Chapter 7. As in
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Sec. 8.1 a dynamical generation of the Planck scale takes place due to the inflaton nonminimal
coupling.
We consider the following scalar potential

V(g) =A@+ AL (3.60)

containing a running* quartic coupling A\(¢) and a cosmological constant A which is adjusted
so that at the minimum the potential value is zero, i.e.

1
V(ve) = Z)\(%)vé +A'=0, (8.61)

where vy is the VEV of the inflaton. We assume the following nonminimal coupling to gravity
(see (7.8)):
9(9) = &50° . (8.62)

Therefore, the Planck scale is dynamically generated by a non vanishing inflaton VEV that
satisfies

Mg

Vp = —=—.

V&
Note that such a relation automatically implies that {4 can only take positive values. We
discuss now the possible scenarios that arise from the minimization of the scalar potential. A
complete discussion was already presented in [168], however for the sake of clarity we review
the relevant details. Given the scalar potential in Eq. (8.60), the general minimum equation
is

(8.63)

i,@(%) + A(vg) = 0, (8.64)

where [(u) = ,ua%)\(u) is the beta-function of the quartic coupling A(u). Therefore, several
possibilities are open according to how we solve the equation:

a)  Blvg) = Alvg) =0, (8.65)
b) B(vg) >0, A(vg) <0, (8.66)
¢) Bvy) <0, A(vg) > 0. (8.67)

It is easy to show that c) is actually a local maximum of the potential, so the only admissible
solutions are a) or b). Using Eq. (8.61), the first option also implies that A = 0, thus realizing
a fully classical scale invariant setup, while the second option requires A # 0 (it can be proven
that the scale invariance is only softly broken i.e. A < 1 [168]). The quartic coupling pre-
factor in Eq. (8.60) can be model-independently written as a Taylor expansion around the
VEV

1 1
AM®) = Avg) + B(vg) ln% + aﬁ'(%) In? —+ aﬁ"(%) In? % e (8.68)

where /(1) and 8”(u) are respectively the first and second derivative of 3(u) with respect
to t = Inp and we assumed without loss of generality that ¢ > 0. Therefore for case a)
described in Eq. (8.65) we have that the leading order expression is

~ 6/(,0(75) 11’12 ﬂ

A4 (o) 5 v (8.69)

4The careful reader might notice that also &4 and « are subject to quantum corrections. However, it can be
proven that their running is suppressed and can be safely ignored because of the constraint on the amplitude
of scalar perturbations [87, 469] and perturbativity of the theory (e.g. [122, 140, 152, 470] and refs. therein.)
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Figure 8.5: The scalar IF potential U(s.) for the 1st order CW model (red line) with x = A~* and for the
2nd order CW model (blue line) with = £3/8" (left). The scalar EF potential U(s.) of Eq. (8.53) for
the 1st order CW model (red line) and for the 2nd order CW model (blue line) (right).

while for case b) we get

A (@) = Nwy) + B(vg) lnj; : (8.70)

In the following subsections we discuss separately each case, starting from case b). In order

to avoid a cumbersome notation, from now on we omit the argument “(v,)” and restore it
only when needed.

8.5.1 1st order Coleman - Weinberg potential
By using egs. (8.61), (8.63) and (8.70) the potential can be rewritten as [113, 168]

4o (¢> - 1] ¢j} | (8.71)
Vg Ud)

In presence of the nonminimal coupling to gravity (8.62) but before the effect of the R? term,
the inflaton potential in the IF becomes [113, 168]

Us(se) = A? (4\/5]\;‘;1 4o Ve 1) : (8.72)

Vi) = A4{1+

where s. is the canonically normalized field in the IF. We can immediately appreciate two
relevant limit cases [113, 168]. For £, > 1 and s, > 0, the potential becomes

Ui(sc) = asse, (8.73)
with ag = 43—:. On the other hand for {4 < 1, the potential reduces to

2
Ul(sc) ~ %5027 (874)

with m =m; = 42—:. Therefore in the IF, the model includes linear and quadratic inflation
as limit solutions respectively for big 4 and small &4.

In order to have an understanding of the overall shape of the potential, in Fig. 8.5, red
line, we plot the 1st order CW potential as a function of s. for the reference values {4 = 10,
A = 0.0015. In the left panel we show Uy, i.e. the potential in the IF, while on the right panel
we show U; (see (8.53)), d.e. the potential in the EF after the effect of the $R? term, with
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Figure 8.6: The predictions for the tensor-to-scalar ratio (r) and the spectral index (ns) for the 1st order
CW potential (left) and for the 2nd order CW potential (right).

a = 109 We can nptice that since U; is asymmetrical under the transformation s. — —s,,
the same holds for Uj.

8.5.2 2nd order Coleman - Weinberg potential
By using eqgs. (8.61), (8.63) and (8.69) the potential can be rewritten as [112]

vx@=;ﬂ&hf<i> (8.75)

and the nonminimal coupling satisfies again Eq. (8.63). In the IF the model reproduces the
quadratic inflationary potential (8.74),
/M2
Ua(sc) = F My s2. (8.76)
8¢y

where now [112]

/M2
m? = m3 = ZME
484

In Fig. 8.5, blue line, we plot the 2nd order CW potential as a function of s. for the reference
values §{, = 10 and ' = 1072, In the left panel we show Uy, i.e. the IF potential, while on
the right panel we show Uy, i.e. the potential in the EF, with ov = 10'°. We can notice that
since Uy is now symmetrical under the transformation s, — —s., the same holds for Us. We
can also appreciate that the asymptotic limit of U — 1/8a holds for both models regardless
of the starting potential (provided that their asymptotic limit is U — c0), in agreement with
[202].

(8.77)

8.5.3 Inflationary predictions

Finally, in Fig. 8.6 we present the inflationary predictions for the 1st (left) and 2nd (right)
order potentials, for various values of the parameter a. For each curve, in the 1st order
potential, the black dot corresponds to the £, — 0 limit. The parts of the curves in the left
of the black dots correspond to small field SFI, while the right ones to LFI. For the 2nd order
CW potential, the predictions are vy independent as they depend only on the mass parameter
given in (8.77), which is constrained from the amplitude of the scalar power spectrum. The
number of e-folds in both models are predefined by Eq. (6.6) for k, = 0.05 Mpc~t.
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Chapter 9

Conclusions

In the first part of this thesis, Chapters 3-5, we calculated the thermal gravitino abundance
using the full one-loop thermally corrected gravitino self-energy. After correcting the main
analytical formulas for the gravitino production rate, we calculated it numerically without
approximation. We provide a simple and useful parameterization of our final result. In
the context of minimal supergravity models that assume unification of the gaugino masses,
we have updated the bounds on the reheating temperature for certain gravitino masses. In
particular, the saturation of the current LHC gaugino mass limit mg 2 2100GeV, we find
that a maximum reheating temperature Tye, ~ 10° GeV is compatible to a gravitino mass
mg/e =~ 500 — 600 GeV.

It should be noted that attempting to constrain the reheating temperature by applying
the cosmological data to gravitino DM scenarios illuminates for us whether or not thermal
leptogenesis is a possible mechanism for producing the baryon asymmetry. Successful thermal
leptogenesis requires a high temperature, Ty, 2 2% 109 GeV [471-473], which is slightly larger
than the maximum reheating temperature obtained in our model using the lowest m; /, mass
demonstrated in the recent LHC data [313, 314]. In any case, there are many alternative
models for baryogenesis. Moreover, as mentioned earlier, thermal gravitino abundance is
generally a part of the total DM density and the inclusion of other components will affect
the phenomenological analysis.

In the second part of this thesis we have examined various models of inflation in the
context of the Palatini formulation of gravity. In Chapter 7, we have carried out this inves-
tigation without invoking any particular reheating temperature mechanism,and show that
the measurements of the amplitude of the primordial power spectrum impose very stringent
constraints.These, in combination with the constraints imposed by the measurements of other
cosmological observables, in particular the primordial tilt ns and the tensor-to-scalar ratio r,
significantly constrain these models.

For the quadratic model V = %2¢2 we have seen that amplitude of the scalar power
spectrum A, puts constraints on the parameter m, and agreement with the data is obtained for
values of this parameter that lie in a narrow range. The maximum reheating, or instantaneous,
temperature T}y, is of order ~ 10'® GeV, and this is achieved for fine-tuned values of m, within
this range. For these fine-tuned values, the range of the allowed temperatures is quite narrow
and depends on the effective equation-of-state parameter w, with a lowest temperature not
far from the instantaneous temperature. For the canonical scenario, this is smaller but of
the same order as Tj,s. If we allow small deviations from these fine-tuned values, agreement
with the data is still possible. However, these deviations, while not significantly perturbing
the observable ng, should be in a narrow range outside of which agreement with A, data is
difficult to achieve. In these cases, the allowed temperatures are well below Ti,s and rapid
thermalization is not possible. Moreover, depending on the value of m, not every value of w
in the range —1/3 < w < 1 is allowed. The conclusion for this model is that agreement with
all cosmological data is possible for values of the potential coupling m that are in a narrow
range. Instantaneous reheating is possible at the cost of a very fine-tuned value of m.
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The model with the quartic potential V' ~ ¢ is at odds with the spectral index data n.
Only marginal agreement with the primordial tilt can be obtained, with ns ~ 0.960, but this
occurs for very low reheating temperatures close to Nucleosynthesis Ty, ~ MeV, and for
values of w close to w = 1.0. On the other hand, the amplitude Ay favors smaller values of
the equation-of-state parameter w < 0.25. The conclusion is that, this model is difficult to
reconcile with ng, the measurements of the scalar power spectrum and reheating temperatures
that are reasonably larger than T, ~ MeV so that we do not run into problems with Big
Bang Nucleosynthesis. As our qualitative arguments have shown, the situation is even worse
for the descending models, V' ~ ¢™ with n > 4, the situation is even worse.

The situation with the quartic potential is rescued in the Higgs model when the scalar
field couples to gravity in a nonminimal manner, specified by a parameter &,. This helps in
that, as we have explicitly shown, the value of ng depends on &, allowing for larger values
of ns. Consistency with ns observations requires that &, be no smaller than, say, ~ 0.06.
For a given &, the measurement of the primordial spectrum in the Higgs model strongly
constrains the quartic coupling Ap. The larger the value of &, the larger the values of the
allowed \j,. The quartic coupling is small, smaller than ~ 107°, for values &, not exceeding
~ 10%. Higher )j values are allowed in principle, but these require very large values of &,
leading to instantaneous reheating temperatures smaller than ~ 10'5GeV.

In Chapter 8 we have studied scale-invariant models, again in the context of the Palatini
formulation of gravity. The Planck scale is dynamically generated via the Coleman-Weinberg
formalism by the VEVs of the scalar field ¢ and the Higgs field h. These scalar fields have
been nonminimally coupled to gravity via terms of the form &®?R, where ®; = ¢, h. The
additional scalar field ¢ comes from a U(1) x extension of the SM, which contains an additional
gauge boson X, and three right-handed neutrinos N}é. The Higgs mass was produced by the
portal coupling )\h¢h2¢2. This is exactly the meaning of the addition of the extra scalar
field ¢. Without it, the necessity of the existence of a Higgs mass term with a dimensionful
coupling would have broken the scale invariance of our model. A possible additional Zs
symmetry facilitates the stability of the potential dark matter candidates in the framework
of our model. As discussed, these can be either the new fermions of the model e.g. the
right-handed neutrinos or the additional Dirac fermion (, or the additional U(1)x gauge
boson.

We have used the Gildener-Weinberg approach, the generalisation of the Coleman-Weinberg
mechanism to the case of multiple fields, to identify the flat direction of the tree-level poten-
tial. Along the flat direction, the theory effectively becomes single field and by calculating the
quantum corrections we obtain the one-loop effective potential, stabilised by the additional
U(1)x gauge boson. In the effective single-field description, two parameters are important
for our analysis namely the effective nonminimal coupling &, which is composed of the non-
minimal couplings of ¢ and A and their mixing angle w, and the effective higher-curvature
coupling & which corresponds to a combination of the coupling constants of the quadratic
curvature corrections in the action. These quadratic in curvature terms are the usual scale
invariant terms R? and R(W)R(“”). The fact that their effect on the inflationary observables
can be jointly described by the common coupling & shows that their contribution to the final
EF potential is the same. On the other hand, the higher order kinetic terms generated in EF
are not of the same form, since the R? term gives us only a second order kinetic term, while
the R(W)R(‘“’ ) term gives higher than the second order terms. The study of such kinetic
terms was beyond the scope of this thesis, since they are negligible at least during slow roll.

Transforming the action into the EF and comparing the predictions of the model with
the observations, requires the use of both conformal and disformal transformations. The one-
loop corrections are taken in the IF, i.e. after the conformal transformation is performed,
which decouples the scalar fields from the Einstein-Hilbert term, but before the disformal
transformation, which removes the quadratic in curvature terms from the gravitational sector.
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In this IF, we can have an one-loop effective potential with a minimum at zero without using
a cosmological constant term that would make our model “quasi scale invariant”. After
transforming the action to EF, we obtain a modified effective potential U(s.) in terms of a
canonical scalar field s, playing the role of the inflaton. The shape of the potential U(s.) has
plateaus on both sides of the minimum and thus both SFI and LFI can be accommodated in
our model. The additional higher-order kinetic terms that appear in the EF are negligible in
the slow roll approximation, and so we have retained only liner order terms in our analysis.
By applying the cosmological data on inflation we were able to constrain the size of the VEV
of these scalar fields, and consequently the masses of the extra gauge boson and right-handed
neutrinos.

To constrain the parameter space, we have considered the most recent bounds on cosmo-
logical observables established by the Planck collaboration and we have found that our model
agrees with observations for a wide range of parameters. More specifically, for values of the
parameter & in the range & > 1.85 x 10%, both SFI and LFI support viable inflation when
& < O(1073). In the large @ limit, the inflationary potential becomes symmetric about its
minimum and consequently the predictions for the SFI and LFI observables are identical.

When & < 1.85 x 10%, and regardless of the value of &, LFI is not feasible because
the predicted values for the tensor-to-scalar ratio and the tilt of the scalar power spectrum
are outside the 95% CL region. On the other hand, SFI exhibits regions in the parametric
space that are viable for any & with &, interpolating between a maximum and a minimum
value. Finally, the largest viable value for £ in our model arises in the context of SFI and
is approximately & ~ 4 x 1073, corresponding to a minimum value for the VEV of s, near
15 Mp.

Finally, at the end of Chapter 8 we studied the Coleman-Weinberg model of inflation
in the presence of a R? term. We show that this model can also be compatible with latest
observational data, for a wide range of the parameters used.
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Appendix A

Conventions and notation

In flat spacetime the metric is given by
g = diag(+1, -1, -1, 1), (A.1)

where pu,v =0,1,2,3.
We define the Pauli o matrices with lower Lorentz indices o, = (I, 0;) = (09, 0;) where

_ (1 0 (0 1
90=10 1/ 91=11 0}
(A.2)
(0 —i (1 0
UQ:(’L 0), U3:<O _1>

The raising and lowering of spinor indices is made using the e—tensors

w=(0 ) e=(G ) (A3)

The spinor index structure of the matrices o, is such that o, = (0,),,, and the indices may
be raised as

@) = e (0,)5
(Op)ae = Eaplap (Eu)ﬁﬁ . (A4)
Also, we define
v — i —Va v —=ua
(O—M )aB = 1 (O—Had JVO(/B — 0 s Uuaﬁ) ’
(E,u,z/)o'z. — 3 (E,uo'za o’ . _Euda ot ) (A 5)
B~ 4 a aB) " )
It is easy to see that o3 = 0¢ and 7; = —o; with ¢ = 1,2,3. Using the Pauli ¢ matrices we

can define the Dirac v matrices which in the Weyl basis read

0 ou (I 0
T = (Uu 0) ) V5 = (0 —]I) . (AG)

A.1 Weyl, Dirac and Majorana spinors

1
2

SO(3,1) Lorentz group, while the right-handed one &, is in the conjugate representation

A two-component left-handed Weyl spinor &, transforms in the ( 0) representation of the



106 Appendix A. Conventions and notation

(0 1). These spinors are hermitian conjugate, i.e. (fa)Jr = £, and (Ed)T = &, and their

’2
spinor indices are pulled using (A.3), namely,
o =capt’, €1 =e"gg, (A7)
o= cagl s £ = g, (A.8)

A Dirac spinor can be written in terms of a left and a right-handed Weyl spinor as

_ [
- (5) "

Toz o = (&) (A.10)

Using the projectors Pr, = %(]I +75) and Pr = %(]I — 75) left and right-handed Dirac spinors

are given by
e = (2 2)()-(5).
Ur = Pty = (3 ‘H)) (,f) - (f) . (A1)

For the adjoint spinor (A.10) one obtains v, = 1, Pg and ¥ = 1, Pr.
The charge conjugate Dirac spinor reads

and its adjoint as

Y5 = Cipy, = (Z“) , (A.12)

where the charge conjugation matrix is written as C = iy?4°. Majorana spinors 1)y, are equal

to their own charge conjugate, so
OV Sa) (A.13)
€a

A.2 Structure constants

The structure constants f(® % for the three gauge groups are given by

f(l) abe  _ 0,

f(2) abe  _ 6abc ’

f(3) abc  _ fabc ’ (A14)
where €% is the totally antisymmetric Levi-Civita symbol with €'23 = 1. The corresponding

SU(3). totally antisymmetric structure constants are given by

f123 - 1 ,
FUT_ _pI56 _ g6 _ p257 _ g345 _ _ 367 _ 1 ’
pU8 678 @ (A.15)

2 )

and all the other % not related to these by permuting indices are zero.
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Appendix B

Basic integrals for spectral densities

In the previous sections of the main text we have used the basic integrals:
d*K  §(K?) 1 [ dk
LbB(py = / K :_7/ L_(k k B.1
1 ( ) (27_[_)3 (K _ P)QnF7B( ) 4]) 0 (271')2 ( )nF7B( )7 ( )

4 2
LHBp) = /((éﬂl;ko(]g(fp))2np’B(K)

1 o dk
- 7/ =k {—QInM—i—LJF(k)
w_—

nr (k) , (B.2)

4p Jo (2m)?
4 2 00
Ly Py = / (C;;; K If,(f{P))QTLF,B(K) - —41p /0 (2(175)2k2L_(k)nF7B(k), (B.3)
4 2
PP = [ e ke e ()
1 e dk P? pok
= /O @)y [4k+ %L (k) — . (21 n=" - L+(l<:))] nrp(k), (B.4)
4 2
IPB(p) = /(‘;fjp.x(lj“lj) nip(K)
_ 4/00 dr l4k+L (k)] nepk), (B.5)
where
Li(k) = mZiZj iln::zj, (B.6)
wr = %(Po +p) (B.7)
In addition we define
L = 1—%1]{1%, (B.8)
M(F) = (k+ws)(k+w)ln ]]z 1 (k- wy)(k—w ) i S (BY)
Moreover, one gets ,
M(k) = (Z + k2> L_(k)+ kpoL (k). (B.10)

Actually L5F’B(P) can be evaluated using the relation P - K = kopo — p - k, as LsF’B(P) =
po Ly P (P) — LYP(P).
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For illustration we will calculate Lf’B(P) in (B.1). To perform the integration we use
that

d*K = 2nk’dkodkdny,

S(K?) = 2|2|[(k:+k0)+5(k ko)l (B.11)

where i, =P - kand K- P = kopo — mepk. We remind that p, k denote the measures of the
corresponding momentum 3-vectors, eg. p = |p| and the same for k. In addition we get

(K — P)> = P? — 2K - P = 2nkp — 2kopo + P2, (B.12)

assuming that particles in the loop are massless K2 = 0. Thus we proceed as

Lf’B(P) / 'K §(K?)

2mp (& — pre )
2rk*dkodkdm, 1 6(k + ko) + 3(k — ko)
- K B.13
/ (2m3)  2|ko| 2mikp — 2kopo + P? () (B.13)

—/dkk/d[ + . ni (k)
N (2m)22 /1 1Mk 2npkp + P2 —2kpy  2npkp + P2 + 2kpg BB

We will apply

1 any+b a b—a’

+1
/ dme 1, bra (B.14)

with @ = 2pk and b2 = P? F 2kpg at the first (second) term respectively. Therefore we
obtain

F.B . OO dk k bl + CL bg +a
Ll (P) - 0 27‘( (27)2 2a {ln bl — CL bg - :| nRB(k)
dk [ (po — p)(po + p — 2k) (po +p)(po — p + 2k)
= In + In n k
o 2m)%2 [ (po +p)(po — p — 2k) (po — p)(po + p + 2k) ra(k)
1 o0 dk: k — w+ k‘ 4+ w_
= 1 k
0 {nk w_ k‘+w+ nrp (k)
1 o dk
= —— ——L_(k k B.15
" /0 g b (In (). (B.15)
which is the final result. Similarly one can obtain the Egs. (B.2)-(B.5).
We have also used the integrals'
/OO ﬁlm (k) = ~ and - ﬁlm (k) = r (B.16)
o 2m2 T Ty o 2w PV T g '
B,F I e
1P (00.p) = [ AL (k. po,p) n e ), (B.17)
B,F o0 2
1 (o0.p) = [ AREL- (k. po,p) nr ), (B.18)
and -
197 (0p) = [ dBKL. (k. po,p) i (K). (B.19)

!The real and imaginary parts of logarithms are given by In(z) = In |z| — in©(—=).
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Calculation of the collision term

For the process a + b — ¢+ G the collision term is given by

1 d®p;1 d3p2 d®ps d®p
2n)8 | 2B, 2B, 2B; 2E

C = 5P+ Py — Py — P)IMPfafo(1+£ fo). (C.1)

Firstly, our aim is to calculate the quantity C?Tcp, where d3p = p?dp dQ), = d3p d€2,. Thus,

dac 1 d*p1 d°p2 d’ps3
d3p  2978E | 2E, 2F, 2E4

/de S P+ Po— Py — PYMPfufs(1 £+ £.).  (C.2)

This calculation will be done in the so-called t-frame, in which the reference momentum is
the t-channel momentum k = p; — p3. Of course the results are frame independent. Thus
we will express the other momenta defining first k = 2,
k = k(0,0,1),
p = E(0,sin, cos f) (C.3)
p3 = Es3(cos ¢sinf, sin ¢sin b, cosh) .

In this frame the Mandelstam variables are

s= (P, + Py)* = (P3+ P)? = 2E F3(1 — cos 0 cos  — sin fsin fsin ¢) ,

C4

t=(P,—P)*=(P—-P)*=(F, — E3)* — k>. (C4)
Before we continue with the computation of (C.2), we will prove some useful identities. We
will use the identity

d3p1

Y d*Py 6*(PE)O(E,) = dE; d®py 6*(PE) O(EL) , (C.5)
1

and we will insert [ d®k 0%(k — p1 + p3) = 1, then

d3
251 = /d3k 53(k — py1 + ps)dE d®p154(P2)O(Ey)
1 (C.6)
= [ @8 (c=p1 + pa)dErd’pad (F — [p1*O(Ey).
and after integrating over d®py using the 6—function we get
d’py 2 2 3
= 6(E7 — [k + p3|")O(E1)dE1d k. (C.7)

2FE,
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Another usefull identity is

d3
2153) - = dEd*p1d! (P7)O(E1)
1
= dE1d°p1d* (B} — |p1*)O(E) (C.8)
0(E1 —
= 7( L |p1|)@(E1)dE1d3p1,
2|p1|

which after multiplying by 6*(P; + P> — P3 — P) becomes

d3p1

o5 P +P,—P;—P)=0((E3+FE —Ey)?— [k+p3)O(Es + E—E).  (C.9)
1

In this calculation, we will use (C.7) as it is and (C.9) expressed in terms of ps and Es

d3P2

¥ Y P +P,—P;—P)=06(Es+E—FE)*—|p—k|*)O(Es + E - E). (C.10)
2

Now, the next step is to rewrite the d—functions in terms of cos 6 and cosd. We have
0 (E% — |k + P3|2> =9 (E% — E% — k%2 — 2Fsk cosH)

2 g2 g2 (C.11)
L s(eoso- ELZE TR
2E3k

and
5 ((B+Bs—Ei)° —p—X) =6 ((BE+ B3~ Er)? — B> — k* + 2Bk cos )

1 - E24k?—(E+ E3— Ep)* (C.12)
6| cosfh — .

= 2Fk 2Fk

Substituting (C.7), (C.10), (C.11) and (C.12) in (C.2) we get

1 o
j?f; ~ S [ deosfdddcosd dod s dEy dk g,
T
Ef —E§ & 5 B4k — (E+E3— By’ (C.13)
X5<C089—2E3k 0| cosf — T

X \MPfafs(1£ f.)O(E)O(E3)O(E + Es — E1).

Nothing depends on d¢ and dQ, so after these integrations we get an additional 872 factor.
After the 6 and 0 integrations we have to substitute

E} - F3 -k - E24 k2 (E+ E3— Fy)?
cosf = W and cosf = = (QE;: & ) . (C.14)
From the integrations over the d—functions, we find that
Es—E<k<E,+FE
—1<cosf<1={ " L= b (C.15)
Ey—E3<k,
~ B - E3<k<2E+FE3—F
—1<cosf<1={ ' 3RS 2b b ! (C.16)
E3 - El < ka
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which yield the ©—functions O(k — |Ey — Es|), ©(E1 + E3 — k) and ©(2E + E3 — Ey — k).
After performing the remaining angular integrations we find that

= W/dEl B3 dqdg | M2 fu fy(1 %+ £.)(Theta), (C.17)
where
Theta = O(k — |E1 — E3|)O(E1 + E3 — k) (C.18)
O2E + E3 — Ey — k)O(E + E3 — E1)O(E,)O(E3) '
and in |M|? we have substituted 6 and  from (C.14). Now, we use the identities
@(El—l-Eg—k) = 1—@(k}—E1 —Eg), (Clg)
and
O(k — By — E3)0(k — |Ey — E3]) = ©(k — E1 — E3), (C.20)
in order to split (C.18), that is,
Theta = @(k — ‘El — E3|)@(2E + FE3 — Fy — k)@(E + FE3 — E1)®(E1)®(E3) (C 21)

— O(k— By — E3)O(2E + E3 — By — k)O(E + E3 — E)O(E)O(E3) .

Now, we insert

1=0(FE — E3)+0(E; — Ey),
SO

Theta = @(k - E1 + E3)@(2E + E3 - E1 - k)@(E + E3 — El)@(El - E3)@(E1)@(E3)
+ @(k‘ + B — E3)@(2E + FE3 — F1 — ]C)@(E + FE3 — El)G(Eg — El)@(El)@(Eg)
— Ok — By — E3)02F + B3 — By — k)O(E + B3 — E1)0(E)0(E3) .
(0.22)
Note that
@(k) — B — E3)@(2E + FE3 — E1 — k) = F < F, (C.23)

so we have to include the corresponding ©—function. It is obvious that we will need to
calculate 3 different integrals because of the 3 different combinations of ©—functions in (C.22).
We have

Theta = Theta; + Thetas + Thetas , (C.24)
where
Thetay = @(/{? —FE1+ Eg)@(QE + E3 — E1 — k‘)@(E + E3 — E1)®(E1 - Eg)@(El)@(Eg) ,
Thetas = @(k} + F — E3)9(2E + E3 — E1 — k‘)(“)(E + E35 — El)@(Eg - El)@(El)@(Eg) ,
Thetas = —O©(k — Ey — E3)©(2E + E3s — E) — k)O(E + E3 — E1)O(E — E1)O(E)O(E3).
(C.25)
After splitting the Theta into three terms as in (C.24) we can write
dC|M|2 |./\/l|2
Ty 2 gy s (C.26)

where |M|? = {s,t,52 12,5t} and A = {1,2,3}. We have defined

| M2 1 OOdE E+E3dE i 27Td M2 Thet o
9a —rﬁaEz/o 3/0 1/ /O @M fave Thetaa, (C.27)
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Table C.1: The integration limits for k for the various cases.
A k-limits

1 E1—E3s<k<2FE+FE3s—F;
2 FE3—FE1<k<2E+E3—F;
3 E1+E3<k<2FE+FE3—FE;

and the statistical factor is

Jave = Ja(E1) fo(E2)(1 £ fe(E3)). (C.28)

The integration limits for the dk integration are dictated by the theta functions in (C.25). As
we have mentioned we will calculate five different amplitudes |M|? for completeness. These
are |[M|? = s,t,52,t> and st. Moreover, since we will integrate analytically over k and ¢, it
will be useful to define the function

2 1 2T
BB = o [k [ oM (C.29)
Thus from (C.27) and (C.29), we obtain that

M2 L e BB M
ga = W /O dE3 /0 dE1 9ga (E, El, Eg) fabc ThetCLA . (030)

Using now the limits from the Table C.1 based on (C.25), we are ready to calculate
2
gL{V" (E, E1, E3). In details we have

e For |[M]?2=s
s 4 2
glzg(E—El—i-Eg) (E+2E1—|-E3),
s 4
5 = §E2 (E +3E3) ,
4

3 = 5(E — E1) (E* +3E3(E + 1) + FE, — 25%)
o For [M]2 =t
~t 4 2
Gi1=-3E-Ei1+E3)" (2B + Er - B)

4
3 = _§E2 (2E — 3E) + 3E3)

i 4
5 = —3(E = E1) BEs(E + B1) + (B~ E1)2E + E1)) .
e For [M|? = s*
16
gt = 1o (B~ By + By’ (E? +3EE, +2EF; + 6E? + 3E F3 + ) |
16
~s2 Va3 (12 2
B = F (E +5EE3+10E3) ,
16

i = = (5E3(E4 —AFEF} + 3E}) + 10E3(E? — E}) 4 (E* + 3EE, + 6E?)(E — E1)3) .
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Table C.2: The values of the collision term normalised by 1/7, for the possible statistical factors
and the five basic squared amplitudes.

|M? BBF BFB FFF
s 0.25957-10~3  0.27138-10~3  0.15116-103
t —0.12978 - 1073 —0.13286 - 1073 —0.75581 -10~*

52 0.53955-1072  0.54574-10"2  0.41807-10~2
12 0.17981-10"2  0.18055- 1072 0.13937 - 102
st —0.26977-1072 —0.27144-10"2 —0.20903 - 102

e For ’./Vl|2=
o 16
gt = 2 (6B + 3E(Ey — B3) + (By — E3)°) (B~ By + B3)°
”t2—16E5(6E2 15E(Fs — Ey) + 10(E; — F3)?
% =15 +15E(E3 — E1) + 10(Ey — E3)7)
2 16

¥ =1z (6E5 + 15E4(F3 — Ey) + 10E3(E| — F3)* — E3(E? — 5E1F3 + 10E§)) .

e Finally, for [M|? =

16
gi' =~ (B — B+ By)° (3 + BE(E: + Bs) + (Ey — E3)(3E: +2E3))
16
Gt =— 15E3 (3E2 —5E(Ey — 2E3) + 10E3(E3 — El)) ;
16
B (10E3 (E* - E}) + 105 (E? + BBy + BY) (E — E1)* + (3% + 4EEy + 3E}) (B - E1)*) .

Based on the previous analytical results for the QW‘Q(E , E1, E3) we will use the relation
M2 _ b
el = s / dE / dE; / dE, Z{g “(E,E1, E3) Thetaa) fare,  (C.31)

in order to perform numerically the integrations over E1, F5 and E. The Theta is taken
from (C.24) and the statistical factor fup. can be fppr, ferp or frrpp. For all these cases
the numerical values for the collision terms, normalised by 1/T° are summarized in the
Table C.2. For our calculation of the subtracted rate we need only the numerical factors
Csppr = 0.25957 x 1073 and Cl,,, = —0.13286 x 1073.

Table C.3: The C’ collision term normalised by 1/7°, where the statistical factor f. has been
neglected. The percentages in the parentheses are the deviations from the value of C, namely

c —C)/C%.

M ? BBF BFB FFF
5 0.29511 - 1073 (+13.69%)  0.22133- 1073 (—18.44%)  0.16600 - 10~ (4+9.82%)
t —0.14755-1073 (+13.69%) —0.11067-1073 (=16.70%) —0.82999 - 10~* (+9.81%)

52 0.57419 - 1072 (+6.42%) 0.50242 - 1072 (—7.94%) 0.43961 - 1072 (+5.15%)
t2 0.19140 - 1072 (+6.45%) 0.16747 - 1072 (—7.24%) 0.14654 - 1072 (+5.14%)
st —0.28710-1072(+6.42%) —0.25121-1072(~7.45%) —0.21981 1072 (+5.16%)
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Moreover ignoring the statistical factor for the accompanying particle of gravitino, that
is 1 £+ f.(F3) = 1, we can calculate the collision factor C’ defined as

C' = (P1 + Py — P3 *P)|M|2fafb, (032)

1 /d3P1 d®p2 d®ps d3P54
(27‘(’)8 2E1 2E2 2E3 2F

analytically. The numerical values for C’ along with the deviations from the value of C are
given in Table C.3.
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Details on the variations

Substituting (8.37) in (8.40) gives us that the auxiliary field ¥,, in terms of ¢, and g,

reads ) )
v —q O/ —
21/_ K v 14 K vV D.1
" qu AGrugn 25+8a< qu 9A>9u (D.1)
and its trace is A )
v B V=4 k)
Y =g"¥, = o - D.2
9w = 35 8 T 235 180 =g I (D.2)

The part of the Lagrangian density that has to be varied with respect to g, is

1 oC
V—9L; = —\/—g< v C L >
g 205, i
1
= —v—g (222 + gzuyzuy + §gw/8u868ysc + Ueff(sc)> . (D3)

Varying (D.3) we obtain that

1
6 (V=gLy) = ——g {aZéZ‘ + 89" 0 (67 5,) + 28usc(9,,scég"”]
1 a 1
—5 V9909 [ - 522 — gzwzw — Uest(5c) — 2g'{)‘aﬁsca)\sc} (D.4)

Substituting (D.1) and (D.2) in (D.4) and after manipulations we have that

1 45 1 V=4

V=g~ T A(B+4a) y=g" I

L L (o a s A
4,3 <qa q° g 6YpvYGou — 3 _1_4&(] pgﬁpqa Gougrv

1 1 1 a q gl 5p }
+5 g;u/ [ﬁ T da < + = 85 C] g)\aq gp5> g 85(1 q "gxs9op
1

1 1
+§QMV (29 Uax\scaasc + Ueff(sc)> - iaﬂscaVSC =0. (D5)

The functions R; which has been displayed in Egs. (8.49)-(8.50) are listed below

R, = B(24-2BX,),

Ry = 4A-2BX,,

Ry = 4A® —4ABX,+4B’X],

Ry = A(Ri+ AB)-2BR1X,,

Rs = A®(A-2BX,). (D.6)
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The coefficients a;, and b; which has been displayed in Eq. (8.51) are!

1
“ T ¥l
by — (B-a)
(1+ aUes)(1 + SUes)
m o=
2(1 + BUest)
- (B—a) (38 —2a+ (28 - &)(G + A)Uer + a5*U%) | o)

(1 + &Ueﬁ)(l + B(]eff)3

where we have defined @ = 28+ 8«, = 48+ 8« and Uepg = Uest(sc). As it seems, for & = B,
the coefficients by and by, like the rest higher order b coefficients of the same series (8.51),
are equal to zero. This is expected, as the equality of the tilted factors is translated to an
elimination of the R, R term and so the disformal transformation is reduced again to the
usual conformal.

!These coefficients have been also found in [219].
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