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Abstract
In this thesis, we first calculate the gravitino production rate, computing its one-loop thermal
selfenergy and we provide a convenient formula for it and its thermal abundance, as a function
of the reheating temperature of the Universe. The gravitino yield is compared to the observed
dark matter.

In the second part we consider quadratic gravity in the Palatini formulation of gravity
assuming the existence of scalar fields coupled to gravity in the most general manner. Once
the scalar fields develop vacuum expectation values the Planck scale is dynamically generated.
The effect of the quadratic in curvature terms is to reduce the value of the tensor-to-scalar
ratio. The inflationary predictions of all the models under consideration are found to comply
with the latest bounds set by the Planck collaboration for a wide range of parameters.
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Preface

This thesis gathers some of the main results I have obtained during my PhD studies, for the
Doctorate Degree in Physical Sciences, from November 2017 to July 2021. These studies have
been performed at the National and Kapodistrian University of Athens, under the supervision
of Vassilis C. Spanos.

The thesis is organised as follows:

• Chapter 1 is an introduction to the main subjects that follow in the next chapters, i.e.
to gravitino dark matter and to cosmic inflation in the Palatini formulation of gravity.

• In Chapter 2 we give a brief introduction to Supersymmetry and Supergravity. These
concepts are essential for understanding the calculation of gravitino abundance.

• Chapters 3-5, based on [1, 2], give the main results of the first part of this thesis. More
precisely in Chapter 3 we present the finite temperature effects that are taken place in
the calculation of the gravitino selfenergy. In Chapters 4 and 5 the gravitino production
rate and its abundance are calculated.

• In Chapter 6 we give the basic tools for the calculation of the cosmological observables
in the chapters that follow.

• In Chapter 7, based on [3], we discuss the inflationary predictions of basic models of
inflation with the presence of a R2 term in the Palatini formulation of gravity.

• Chapter 8, is based on [4, 5]. In this we study Scale-invariant models of inflation with
the presence of quadratic in curvature terms in the usual Einstein-Hilbert action, again
in the context of Palatini formulation of gravity. Also, in these models the Planck scale
is dynamically generated through nonminimal couplings between gravity and scalar
fields.

• Finally, in Chapter 9 we summarize and conclude.

Additional papers and conference proceedings:
During the last four years I have also participated in writing the papers [6–8] which did

not fit within the story line of this thesis and are not included. Furthermore, the conference
proceedings [9], based on [4, 5], have been presented in HEP–2021 and the [10], based on [1, 2],
have been presented in BSM–2021.

Author: Ioannis D. Gialamas
Student ID: 2017503

https://inspirehep.net/conferences/1882346?ui-citation-summary=true
https://inspirehep.net/conferences/1831986?ui-citation-summary=true
https://orcid.org/0000-0002-2957-5276
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Περίληψη

Οι επεκτάσεις του Καθιερωμένου Προτύπου στο πλαίσιο της υπερβαρύτητας μας παρέχουν ένα

υποψήφιο σωματίδιο σκοτεινής ύλης (ΣΥ), το βαρυτίνο, τον υπερσυμμετρικό εταίρο του βαρυ-

τονίου. Αλληλεπιδρά με τα άλλα σωματίδια καθαρά βαρυτικά κι έτσι αποφεύγει φυσικά την

άμεση ή έμμεση ανίχνευση του, όπως προτείνεται από τα τρέχοντα πειραματικά και παρατηρη-

σιακά δεδομένα αναζήτησης ΣΥ. Επομένως, η ακριβής γνώση της κοσμολογικής αφθονίας του

είναι απαραίτητη για την εφαρμογή κοσμολογικών περιορισμών σε αυτά τα μοντέλα. Τα βαρυτίνα

μπορούν να παραχθούν με διάφορους τρόπους: (i) μη θερμικά, από τη διασπάση του ίνφλατον

[11–18], (ii) πολύ αργότερα κατά την περιόδο της νουκλεοσύνθεσης, μέσω της διάσπασης α-

σταθών σωματιδίων [19–22] και (iii) τέλος, θερμικά μέσω ενός μηχανισμού παραγωγής ψύξης

καθώς το Σύμπαν ψύχεται από τη θερμοκρασία επαναθέρμανσης (Treh) μέχρι τώρα [16, 23–37].

Συγκεκριμένα, υπό την προϋπόθεση ότι η υπερσυμμετρία σπάει μέσω ενός διαμεσολαβητή βαθ-

μίδας, ένας διαφορετικός μηχανισμός παραγωγής πρέπει να χρησιμοποιηθεί [38–41]
1
. Πρόσφατα,

ένα εναλλακτικό σενάριο που περιλαμβάνει τη λεγόμενη ῾῾καταστροφική᾿᾿ μη θερμική παραγωγή

αργών βαρυτίνων έχει προσελκύσει την προσοχή [60–67].

Αξίζει να σημειωθεί ότι ανάλογα με την ιεραρχία μαζών των μοντέλων υπερβαρύτητας, στην

περίπτωση της διατήρησης της R ομοτιμίας, το βαρυτίνο μπορεί είτε να είναι το σταθερό ελα-

φρύτερο υπερσυμμετρικό σωματίδιο (ΕΥΣ) που παίζει τον ρόλο της ΣΥ (όπως υιοθετείται σε

αυτήν τη διατριβή) ή μπορεί να είναι βαρύτερο από το ΕΥΣ και επομένως ασταθές. Στην τε-

λευταία περίπτωση, είναι σημαντικό να υπολογιστεί το πλάτος της διάσπασης του βαρυτίνου στο

ελαφρύτερο ουδέτερο φερμιόνιο βαθμίδας, το οποίο στην περίπτωση αυτή είναι το ΕΥΣ [68–79].

Οι προσπάθειες για τον υπολογισμό της θερμικής αφθονίας των βαρυτίνων χρησιμοποιώντας

διάφορες τεχνικές, μεθόδους και προσεγγίσεις έχουν επεκταθεί τις τελευταίες τέσσερις δεκα-

ετίες. Δεδομένου ότι τα βαρυτίνα παράγονται κυρίως θερμικά σε πολύ υψηλές θερμοκρασίες,

χρησιμοποιήθηκε αρχικά η αποτελεσματική θεωρία των ελαφρών βαρυτίνων, η λεγόμενη προσέγ-

γιση χωρίς παραγώγους που περιλαμβάνει μόνο τις συνιστώσες γκολντστίνο με ιδιοστροφορμή

1/2. Σε αυτό το πλαίσιο, δεδομένου ότι ορισμένα από τα πλάτη παραγωγής παρουσιάζουν υ-

πέρυθρες (ΥΕ) αποκλίσεις, κανονικοποιήθηκαν εισάγοντας είτε μια πεπερασμένη θερμική μάζα

γλουονίου είτε μια γωνιακή κλίμακα ανακοπής. Με αυτόν τον τρόπο, στο [24] οι βασικές διαδι-

κασίες παραγωγής βαρυτίνων 2→ 2 καταγράφηκαν και υπολογίστηκαν για πρώτη φορά. Αυτός

ο υπολογισμός βελτιώθηκε περαιτέρω στα [26, 27].

Η μέθοδος Braaten, Pisarski, Yuan (BPY) [80, 81] που κατέστησε δυνατό τον υπολογισμό

της θερμικής αφθονίας του αξιονίου, στο [29] εφαρμόστηκε στο βαρυτίνο, με το κίνητρο του

γεγονότος ότι το αξιόνιο που έχει κοινά στοιχεία με το βαρυτίνο, αλληλεπιδρά εξαιρετικά ασθενώς

με το υπόλοιπο του φάσματος. Παρόλο που στο [30] χρησιμοποιήθηκε η προηγούμενη τεχνική

κανονικοποίησης ΥΕ, στα [31, 34] χρησιμοποιήθηκε η μέθοδος BPY λαμβάνοντας επιπλέον

υπόψη τη συμβολή της συνιστώσας του βαρυτίνου με ιδιοστροφορμή 3/2.
Τελικά στο [36] η μέθοδος υπολογισμού βελτιώθηκε σημαντικά. Εκεί υποστηρίχθηκε ότι η

βασική απαίτηση για την εφαρμογή της μεθόδου BPY, δηλ. g � 1, όπου g είναι η σταθερά

σύζευξης βαθμίδας, δεν ικανοποιείται σε ολόκληρο το εύρος θερμοκρασιών του υπολογισμού,

ιδίως όταν το g είναι η ισχυρή σταθερά σύζευξης g3. Ως εκ τούτου, οι συγγραφείς υπολόγισαν τη

θερμική ιδιοενέργεια του βαρυτίνου σε επίπεδο ενός βρόχου πέραν της προσέγγισης του σκληρού

1
Δείτε επίσης τα [41–59] για διάφορους υπολογισμούς παραγωγής βαρυτίνων.
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θερμικού βρόχου, έχοντας το πλεονέκτημα ότι αυτό περιλαμβάνει τις διεργασίες 1 → 2 πέραν

των διεργασιών 2→ 2.
Επιπροσθέτως, βρέθηκε ότι το λεγόμενο αφαιρούμενο τμήμα, δηλαδή τμήματα των τετραγω-

νικών πλατών 2 → 2 τα οποία δεν αντιπροσωπεύονται από την ιδιοενέργεια, είναι πεπερασμένα

στο ΥΕ. Το κυρίως αριθμητικό αποτέλεσμα στο [36] σχετικά με τον ρυθμό παραγωγής βα-

ρυτίνων διαφέρει σημαντικά, σχεδόν με έναν συντελεστή 2, σε σύγκριση με τα προηγούμενα

αποτελέσματα [34, 37]. Δυστυχώς στο [36] τα κύρια αναλυτικά αποτελέσματα φαίνεται να είναι

ανεπαρκή. Συγκεκριμένα οι εξισώσεις σχετικά με τη συνεισφορά της ιδιοενέργειας για το ρυθμό

παραγωγής βαρυτίνων στην ενότητα IV A φαίνεται να έχουν ασυνέπεια ως προς τις διαστάσεις.

Επιπλέον, λόγω των περιορισμένων υπολογιστικών πόρων εκείνης την εποχής, η αριθμητική ε-

κτίμηση αυτής της ιδιοενέργειας υπολογίστηκε μόνο εντός του κώνου φωτός. Τέλος, δύο από

τα τέσσερα μη μηδενικά αφαιρούμενα τμήματα στον πίνακα Ι του [36] αποδεικνύεται ότι είναι

μηδέν.

΄Εχοντας αυτό ως κίνητρο, υπολογίζουμε εκ νέου [1] τη θερμικά διορθωμένη ιδιοενέργεια

του βαρυτίνου χωρίς αριθμητικές προσεγγίσεις σε επίπεδο ενός βρόχου. Τέλος, δεδομένου

ότι το τελικό μας αποτέλεσμα για τον ρυθμό παραγωγής βαρυτίνων είναι αριθμητικό όπως στο

[36], παρουσιάζουμε μια εύχρηστη παραμετροποίηση ακολουθώντας το [16]. Το τελικό μας

αποτέλεσμα διαφέρει από αυτό που εμφανίζεται στο [36] κατά περίπου 10 %. Υπολογίζουμε

επίσης τη θερμική αφθονία των βαρυτίνων και συζητούμε πιθανές φαινομενολογικές συνέπειες.

Η συνδυασμένη ανάλυση των πιο πρόσφατων κοσμολογικών δεδομένων που βασίζεται σε δι-

άφορες παρατηρήσεις όπως το κοσμικό υπόβαθρο μικροκυμάτων, οι δομές μεγάλης κλίμακας, τα

δεδομένα των σουπερνόβα, κ.α. ευνοεί [82] την ύπαρξη ένος επιπέδου, ομογενούς και ισοτροπικο-

ύ Σύμπαντος. Ο κοσμικός πληθωρισμός [83–86] όχι μόνο εξηγεί φυσικά τις παραπάνω ιδιότητες

του Σύμπαντος, αλλά το πιο σημαντικό είναι ότι όταν αντιμετωπίζεται κβαντικά, παρέχει επίσης

έναν μηχανισμό για τη δημιουργία των απαραίτητων αρχέγονων ανισοτροπιών που εξυπηρετούν

τη δημιουργία των δομών μεγάλης κλίμακας που παρατηρούμε σήμερα. Τα δεδομένα της αποστο-

λής Planck [87] έχουν περιορίσει σοβαρά τον παραμετρικό χώρο των πληθωριστικών μοντέλων,

ουσιαστικά αποκλείοντας πολλά από αυτά, συμπεριλαμβανομένων των απλούστερων όπου ένα

βαθμωτό πεδίο συνδέεται ελάχιστα με τη βαρύτητα. Από την άλλη πλευρά, πιο περίπλοκα μον-

τέλα, όπως το Starobinsky [88], όπου ένας όρος R2
προστίθεται στη δράση Einstein-Hilbert,

φαίνεται να βρίσκονται εντός της επιτρεπόμενης περιοχής. Αυτός ο τύπος μη ελάχιστα συ-

ζευγμένων μοντέλων ανήκει στη γενική κατηγορία θεωριών βαθμωτού-τανυστή [8, 89–103]. Σε

τέτοια μοντέλα, το βαθμωτό πεδίο φ συνήθως συνδέεται με τη βαρύτητα μέσω ενός όρου της

μορφής ξφφ
2R, όπου το ξφ είναι μια σταθερά σύζευξης χωρίς διαστάσεις και R είναι το βαθμω-

τό Ricci. Αξίζει να σημειωθεί ότι αυτός ο τύπος σύζευξης επιτρέπει στην κλίμακα Planck να

δημιουργείται δυναμικά όταν το φ πάρει την αναμενόμενη τιμή του κενού του.

Η δυναμική παραγωγή της κλίμακας Planck επιτυγχάνεται συνήθως σε θεωρίες αναλλοίω-

της κλίμακας [4, 5, 9, 104–149] στις οποίες το ῾῾τρέξιμο᾿᾿ της τεταρτικής σταθεράς σύζευξης του

ίνφλατον προκαλεί ένα σπάσιμο συμμετρίας αλά Coleman–Weinberg. Η αναλλοιώτητα κλίμακας

υπαινίσσεται ότι η Λανκρανζιανή μιας θεωρίας δεν πρέπει να περιέχει παραμέτρους μάζας επί

τούτου. Εκμεταλλευόμενος την περιοριστική ισχύ της αναλλοιώτητας κλίμακας, μπορεί κανείς

να δημιουργήσει τρεις επιπλέον όρους που σέβονται τη συμμετρία: τον όρο Starobinsky αR2

και τους όρους βRµνRµν και γRµνσλRµνσλ, όπου Rµνσλ και Rµν είναι ο Riemann και ο Ricci
τανυστής αντίστοιχα και α, β και γ είναι αδιάστατες σταθερές. Αυτή η θεωρία της βαρύτη-

τας ονομάζεται τετραγωνική βαρύτητα και τελευταία λαμβάνει μεγάλη προσοχή ως μία πιθανή

θεωρίας κβαντικής βαρύτητας [116, 128, 143, 149–159]. Φυσικά, οι εκτεταμένες θεωρίες της

βαρύτητας εγείρουν το ερώτημα της σωστής διατύπωσης, δηλ. εάν θα χρησιμοποιήσουμε τον

μετρικό ή τον Palatini φορμαλισμό κατά τη μεταβολή της δράσης.

Είναι γνωστό ότι ο Palatini φορμαλσιμός [160, 161] της γενικής θεωρίας της σχετικότητας

(ΓΘΣ) (φορμαλισμός πρώτης τάξης) είναι μια εναλλακτική εκδοχή του πιο διαδεδομένου μετρικού

φορμαλισμού (φορμαλισμός δεύτερης τάξης). Στον τελευταίο, η σύνδεση του χωροχρόνου είναι
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η συνήθης Levi-Civita, ενώ στον Palatini φορμαλισμό η σύνδεση Γλµν και ο μετρικός τανυστής

gµν αντιμετωπίζονται ως ανεξάρτητες μεταβλητές. Στα πλαίσια της ΓΘΣ, οι δύο φορμαλισμοί

είναι ισοδύναμοι στο επίπεδο των εξισώσεων πεδίου, με τη σύνδεση Levi-Civita να ανακτάται

μετά την ελαχιστοποίηση της δράσης στον Palatini φορμαλσιμό. ΄Οταν λαμβάνονται υπόψη μη

ελάχιστες σταθερές σύζευξης μεταξύ της βαρύητας και της ύλης [8, 102, 103, 145, 162–199]

ή/και f(R) θεωρίες
2 [3–5, 9, 149, 158, 200–218], οι προκύπτουσες εξισώσεις πεδίου δεν είναι

πλέον οι ίδιες κι έτσι οι δύο φορμαλισμοί οδηγούν σε διαφορετικές κοσμολογικές προβλέψεις.

΄Ενα αξιοσημείωτο παράδειγμα είναι το μοντέλο πληθωρισμού Starobinsky [88], όπου η προ-

σθήκη ενός όρου R2
στη συνηθισμένη δράση Einstein-Hilbert μεταφράζεται σε έναν νέο δια-

διδόμενο βαθμωτό βαθμό ελευθερίας (ΒΕ) που παίζει το ρόλο του ίνφλατον. Στον Palatini
φορμαλισμό δεν υπάρχει επιπλέον διάδοση ΒΕ, επομένως το ίνφλατον πρέπει να προστεθεί εκ

των προτέρων στη δράση. Το πλεονέκτημα του Palatini φορμαλισμού είναι ότι η προσθήκη του

όρου R2
μπορεί να χρησιμοποιηθεί για τη μείωση του λόγου τανυστή-βαθμωτού r [202], κάτι που

είναι συνέπεια ενός πιο επίπεδου βαθμωτού δυναμικού στο πλαίσιο Einstein. Αυτό επιτρέπει σε

διάφορα μοντέλα στα οποία ο πληθωρισμός καθοδηγείται από ένα βαθμωτό πεδίο να καταστούν

συμβατά με τις παρατηρήσεις και πάλι [203, 204]. Επιπλέον, η προσθήκη ενός συμμετρικού τα-

νυστή Ricci στο τετράγωνο R(µν)R
(µν)

στη δράση Einstein-Hilbert έχει το ίδιο αποτέλεσμα με

τον απλό R2
όρο (βλέπε [219, 220]), τουλάχιστον όσον αφορά την τροποποίηση του βαθμωτού

δυναμικού και κατά συνέπεια οδηγεί στη μείωση του λόγου τανυστή-βαθμωτού [202]. Η κύρια

αλλά όχι σημαντική διαφορά μεταξύ αυτών των δύο τετραγωνικών όρων αναλλοίωτης κλίμακας

είναι ότι στο πλαίσιο Einstein ο όρος R2
οδηγεί επίσης σε έναν κινητικό όρο δεύτερης τάξης,

ενώ ο R(µν)R
(µν)

όρος αποδίδει μια σειρά κινητικών όρων ανώτερης τάξης. Ωστόσο, αυτοί οι

κινητικοί όροι ανώτερης τάξης είναι αμελητέοι, τουλάχιστον κατά τη διάρκεια της αργής κύλισης.

2
Σε αυτήν τη διατριβή χρησιμοποιούμε διαφορετικά σύμβολα για τη βαθμωτή και την τανυστική καμπυλότητα,

τα οποία στον μετρικό φορμαλισμό δηλώνονται με R, ενώ στον Palatini με R.
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Chapter 1

Introduction and summary

Extensions of Standard Model (SM) in the context of supergravity (SUGRA) provide us with
a candidate particle for dark matter (DM), the gravitino, the superpartner of the graviton.
It interacts with other particles purely gravitationally and thus naturally eludes direct or
indirect detection, as suggested by current experimental and observational data from the
DM search. Therefore, accurate knowledge of its cosmological abundance is essential to
apply cosmological constraints to these models. Gravitinos can be produced in several ways:
(i) nonthermally, from the inflaton decays [11–18], (ii) much later around the time of big bang
nucleosynthesis, through the decays of unstable particles [19–22] and (iii) last but not least,
thermally, through a freeze-in production mechanism as the Universe cools down from the
reheating temperature (Treh) until now [16, 23–37]. In particular, under the assumption of
gauge-mediated supersymmetry breaking a different production mechanism (freeze-out) must
be used [38–41]1. Recently, an alternative scenario involving the so-called “catastrophic”
nonthermal production of slow gravitinos has attracted attention [60–67].

It is worth noting that depending on the mass hierarchy of the SUGRA models, in the
case of R-parity conservation, the gravitino can either be the stable lightest supersymmetric
particle (LSP) playing the role of the DM (as it is assumed in this thesis), or it can be heavier
than the LSP and thus unstable. In the latter case, it is important to calculate the width of
the gravitino decays to the lightest neutralino, which in this case is the LSP [68–79].

Efforts to calculate the thermal gravitino abundance using various techniques, methods,
and approximations have spanned nearly the last four decades. Since gravitinos are mainly
thermally produced at very high temperatures, the effective theory of light gravitinos, the
so-called nonderivative approach, involving only the spin 1/2 goldstino components, was
initially used. In this context, since some of the production amplitudes exhibit infrared (IR)
divergences, they were regularized by introducing either a finite thermal gluon mass or an
angular cutoff. In this way, in [24] the basic 2 → 2 gravitino production processes were
tabulated and calculated for the first time. This calculation was further improved in [26, 27].

As the Braaten, Pisarski, Yuan (BPY) method [80, 81] succeeded in calculating the axion
thermal abundance, in [29] it was further applied to the gravitino, motivated by the fact that
the gravitinolike axion, interacts extremely weakly with the rest of the spectrum. Although
in [30] the previous IR regularization technique was used, in [31, 34] the BPY method was
employed, taking in addition into account the contribution of the spin 3/2 pure gravitino
components.

Eventually, in [36] the method of calculation was considerably improved. There it was
argued that the basic requirement for the application of the BPY prescription, i.e. g � 1,
where g is the gauge coupling constant, is not satisfied in the whole temperature range of the
calculation, in particular when g is the strong coupling constant g3. Therefore, the authors
calculated the one-loop thermal gravitino selfenergy numerically beyond the hard thermal
loop approximation, with the advantage that this includes the 1→ 2 processes in addition to
the 2→ 2 processes. More importantly, it was found that the so-called subtracted part, i.e.

1See also [41–59] for various gravitino production calculations.
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parts of the 2→ 2 squared amplitudes for which the selfenergy may not account for, are IR
finite. The main numerical result in [36] on the gravitino production rate differs significantly,
almost by a factor of 2, compared to the earlier works [34, 37]. Unfortunately, in [36] the
main analytical results seem to be insufficient. In particular, the equations on the selfenergy
contribution for the gravitino production rate in section IV A even seem to be dimensionally
inconsistent. Moreover, due to the limited computational resources at the time, the numerical
estimation of this self-energy was computed only within the light cone. Moreover, two of the
four nonzero subtracted parts in the corresponding Table I in [36] turn out to be zero.

Motivated by this, we recalculate [1] the thermally corrected gravitino selfenergy without
numerical approximations at the one-loop level. Finally, since our final result for the gravitino
production rate is numerical as in [36], we present an updated handy parametrization of it
following [16]. Our final result differs from that shown in [36] by about 10%. We also calculate
the thermal gravitino abundance and discuss possible phenomenological consequences.

The combined analysis of the latest cosmological data based on various observations such
as the cosmic microwave background (CMB), large scale structures, supernova data, etc.
favor [82] a flat, homogeneous and isotropic Universe. Cosmic inflation [83–86] not only
naturally explains the above properties of the Universe, but, most importantly, when treated
quantum mechanically, it also provides a mechanism for the generation of the necessary
primordial anisotropies that serve as seeds for the generation of the large-scale structures we
observe today. The Planck mission data combined with earlier observation [87] have severely
constrained the parameter space of inflationary models, essentially ruling out many of them,
including the simplest ones where a scalar field is minimally coupled to gravity. On the other
hand, more complicated models such as the Starobinsky [88], where a R2 term is added to
the Einstein-Hilbert action, seem to be within the allowed range. This type of nonminimal
models belongs to the general class of scalar-tensor (ST) theories [8, 89–103]. In such models,
the scalar field φ typically couples to gravity via a term of the form ξφφ

2R, where ξφ is a
dimensionless coupling constant and R is the Ricci scalar. It is worth noting that this type
of coupling allows the Planck scale to be dynamically generated when φ evolves a vacuum
expectation value (VEV).

Dynamical generation of the Planck scale is usually achieved in scale-invariant theo-
ries [4, 5, 9, 104–149], in which the running of the inflaton quartic coupling induces symmetry
breaking à la Coleman–Weinberg. Scale invariance postulates that the Lagrangian of a theory
should not contain any ad hoc mass parameters. Exploiting the restrictive power of scale
invariance, one can form three additional terms that respect symmetry: the Starobinsky term
αR2 and the terms βRµνRµν and γRµνσλRµνσλ, where Rµνσλ and Rµν are the Riemann and
Ricci tensors, respectively, and α, β and γ are dimensionless constants. This theory of gravity
is called quadratic gravity and has recently received much attention as a possible realization
of quantum gravity [116, 128, 143, 149–159]. Of course, extended theories of gravity raise the
question of the correct formulation, i.e. whether to use the metric or the Palatini formalism
when varying the action.

It is well known that the Palatini formulation [160, 161] of general relativity (GR) (first-
order formalism) is an alternative to the well-known metric formulation (second-order formal-
ism). In the latter, the spacetime connection is the usual Levi-Civita, while in the Palatini
approach the connection Γλµν and the metric gµν are treated as independent variables. In
the context of GR, the two formalisms are equivalent at the level of field equations, with
the Levi-Civita connection recovered on-shell in the Palatini approach. When nonminimal
couplings between gravity and matter [8, 102, 103, 145, 162–199] or/and f(R) theories2 [3–
5, 9, 149, 158, 200–218] are considered, the resulting field equations are no longer the same

2Throughout this thesis we use different symbols for the curvature scalar and tensors, which in the metric
formulation we denote by R, while in the Palatini approach by R.
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and thus the two formalisms lead to different cosmological predictions. A notable example
is the Starobinsky model of inflation [88], where the addition of a R2 term in the usual
Einstein-Hilbert action is translated into a new propagating scalar degree of freedom (DOF)
which plays the role of the inflaton. In the Palatini formalism there are no extra propagating
DOF, therefore the inflaton has to be added ad hoc in the action. The advantage of consid-
ering the Palatini formulation is that the addition of the R2 term can be used to reduce the
tensor-to-scalar ratio r [202], as a consequence of a flatter scalar potential in the Einstein
frame (EF) This allows various models in which inflation is driven by a scalar field to be made
compatible with the observations again [203, 204]. Moreover, the addition of a symmetric
Ricci tensor squared term R(µν)R

(µν) in the Einstein-Hilbert action has the same effect as
the pure R2 term (see [219, 220]), at least as far as the modification of the scalar potential
is concerned, and consequently leads to the reduction of the tensor-to-scalar ratio [202]. The
main, but not significant, difference between these two quadratic scale-invariant terms is that
in the EF the R2 term also leads to a second-order kinetic term, while the R(µν)R

(µν) term
yields a series of higher-order kinetic terms. However, these higher order kinetic terms are
negligible, at least during slow roll.

In this thesis we use natural units, by setting ~ = c = kB = 1. We also useMP = (8πG)−1/2 =
1 in most formulas except when we want the dimensionality to be explicit.
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Chapter 2

Supersymmetry and supergravity

Supersymmetry (SUSY) (see [221] for a review) is an extension of the SM that aims to fill some
of the gaps. It provides us extra particles that can play the roll of DM, predicts a unification of
all fundamental forces of nature (see Fig. 2.2), and manages to solve the hierarchy problem as
analyzed in Sec. 2.1. SUGRA (see [222] for a review) is a supersymmetric theory of gravity,
or a theory of local SUSY. It involves the graviton described by GR, and extra matter,
in particular a fermionic partner of the graviton called gravitino. A natural framework to
connect these theories with particle and/or cosmological experiments are the no-scale SUGRA
models [223–227], with many applications to cosmic inflation [228–239]. The predictions of
such inflationary models [240–275] mimic those of the Starobinsky model [88].

2.1 Supersymmetry
The SM of particle physics, provides a remarkably successful description in a plethora of
known phenomena. Although the SM has demonstrated great successes in providing experi-
mental predictions into the TeV range, it leaves some phenomena unexplained and thus needs
to be extended at higher energies up to the Planck scaleMP = (8πG)−1/2 = 2.435×1018 GeV,
where quantum gravity arises. The electroweak sector of the SM contains within it an ex-
perimentally calculated parameter, namely the electroweak scale vh ' 246 GeV which is
related to the VEV of the Higgs field written in the unitary gauge H† = (0, vh + h)/

√
2.

The well known hierarchy problem [276–278] of particle physics, i.e. the fact that the ratio
vh/MP ' 10−16 � 1, lead us to explore physics beyond the SM. In order to analyze the
hierarchy problem in more detail we recall the SM higgs field classical potential

V = µ2(H†H) + λh(H†H)2 . (2.1)

The requirement of a non-vanishing VEV for the Higgs field at the minimum of the poten-
tial (2.1), occurs if λh > 0 and µ2 < 0, resulting in a VEV v2

h = −µ2/λh and in a Higgs
mass mh =

√
2λhv2

h. If µ2 > 0 the VEV is at the origin in field space, which would imply
vh = 0, in which case all particles would remain massless. It has been almost a decade
since the discovery of the Higgs boson with a mass mh ' 125 GeV in the Large Hadron
Collider (LHC) [279, 280]. This experimental value of the Higgs mass implies that λh ' 0.13
and µ2 ' −(90 GeV )2. The problem is that µ2 and thus m2

h receives enormous radiative
quantum corrections which are generally proportional to a cutoff energy scale Λ, that is used
to regulate the fermion loop integral given on the left of Figure 2.1. Assuming the Yukawa
interaction between Higgs and fermions LY ukawa = −λfHf̄f , the left Feynman diagram in
Figure 2.1 yields a correction

∆µ2 = −|λf |
2

8π2 Λ2 + · · · (2.2)

where the ellipses represent terms proportional to the fermion mass squared, which grow
at most logarithmically with Λ. If Λ ∼ MP or even much smaller, the 1-loop correction in
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H H

H H

f S

f̄

Figure 2.1: The one-loop quantum corrections to the Higgs mass parameter µ2, due to a fermion f (left)
and a scalar S (right).

Eq. (2.2) is vastly greater than the electroweak scale which is the order of magnitude of the
mass parameter µ. The observed hierarchy between the electroweak scale and the Planck
scale must be achieved with extraordinary fine tuning.

A possible solution to this comes by assuming a complex scalar particle S that couples to
the Higgs boson as −λhs|H|2|S|2. This four-point interaction which is illustrated in the right
Feynman diagram in Figure 2.1 would give a new correction to the mass µ2 which reads

∆µ2 = λS
16π2 Λ2 + · · · . (2.3)

Now, if there is one scalar boson for each of the two spin states of the SM fermions, then
the quadratic in Λ quantum corrections of (2.2) and (2.3) will neatly cancel, provided that
λhs = |λf |2 [281–285]. Such bosons could arise in supersymmetric theories as we will see
next.

A SUSY transformation relates bosonic and fermionic states in such a way that

Q |boson〉 = |fermion〉 , Q |fermion〉 = |boson〉 , (2.4)

where Q is an anti-commuting Weyl spinor that generates such transformations. The N = 1
Super–Poincare algebra for the 4−momentum generator of spacetime translations Pµ, the
generators of the Lorentz group (boosts + rotations) Mµν and the SUSY generators Q are
summarized in the following,

[Pµ, Pν ] = 0 ,
[Mµν ,Mρσ] = i (gµσMνρ − gµρMνσ + gνρMµσ − gνσMµρ) ,

[Mµν , Pρ] = i (gρνPµ − gµρPν) ,
[Qα, Pµ] =

[
Qα̇, Pµ

]
= 0 ,

[Qα,Mµν ] = (σµν) β
α Qβ ,[

Qα̇,Mµν

]
= (σµν) β̇

α̇ Qβ̇ ,{
Qα, Qα̇

}
= 2 (σµ)αα̇ Pµ ,

{Qα, Qβ} =
{
Qα̇, Qβ̇

}
= 0 , (2.5)

where [ , ] and { , } stand for the commutator and anti-commutator respectively. The defini-
tions of the Pauli σ matrices along with the used metric signature in this thesis are presented
in Appendix A. In the same appendix the notation of Weyl, Dirac and Majorana spinors is
displayed. The supersymmetric extension of the SM as described by the algebra (2.5) will
extend the known SM particle spectrum with new particles. More precisely each of the “old”
particles must have a superpartner with spin differing by 1/2 unit.
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2.2 Minimal supersymmetric Standard Model
The minimal supersymmetric Standard Model (MSSM) is the most “economical” extension
of the SM that realizes SUSY. It is called “Minimal” as considers only the minimum number of
new particles and interactions consistent with phenomenology. As discussed in Sec. 2.1, SUSY
pairs bosons with fermions, so every SM particle has its own superpartner. Unfortunately,
LHC has not yet discovered any supersymmetric particle, as of the writing of this thesis.

Before continuing with more formal work, we would like to indicate our notation follow-
ing [37]. The matter fermions are described in terms of the left-handed four-spinors χiL and the
corresponding scalar superpartners are denoted as φi, where i runs over all chiral superfields.
Gauge multiplets consist of gauge bosons Aaµ and their superpartners, the gauginos, which
are Majorana fermions are denoted by λa, with a = 1, . . . , “dimension of the gauge group”.
The gravity sector that contains the graviton and its superpartner gravitino will be analyzed
in the next section. In terms of the above particles, the gauge part of the Lagrangian is given
by

L(α)
gauge = D(α)

µ φiD(α)µφ∗i − 1
2g

2
α

(
φ∗iT

(α)
a, ijφ

j
)2

+i χiLγµD(α)
µ χiL −

1
4F

(α) a
µν F (α) b, µν + i

2λ
(α) a

γµD(α)
µ λ(α) a

−
√

2gαλ
(α) a

φ∗iT
(α)
a, ijχ

j
L −
√

2gαχiLT
(α)
a, ijφ

jλ(α) a , (2.6)

where the index α = 1, 2 or 3 indicating the U(1)Y , SU(2)L or SU(3)c gauge group. Accord-
ingly the gauge couplings gα are given by g1 = gY , g2 = g and g3 = gs with hypercharge
coupling gY and the weak and strong couplings g and gs, respectively. In Table 2.1 are dis-
played the gauge fields of the MSSM. In the second column are presented the gauge bosons
of the SM, while the third one shows the supersymmetric gauginos. In Table 2.2 the full
particle content of MSSM is displayed. The generators T (α)

a, ij in (2.6) for the SM gauge groups
are given by

T
(1)
a, ij = 1

2Yiδijδa1 ,

T
(2)
a, ij = 1

2σa, ij ,

T
(3)
a, ij = 1

2λa, ij , (2.7)

where Yi is the hypercharge as given in the fourth column of Tables 2.1 and 2.2. The Pauli σ
matrices are given in (A.2) and λa are the eight Gell-Mann matrices. The covariant derivatives
for bosons, fermions and gauginos are

D(α)
µ φi = ∂µφ

i + igαA
(α) a
µ T

(α)
a, ij φ

j ,

D(α)
µ χiL = ∂µχ

i
L + igαA

(α) a
µ T

(α)
a, ij χ

j
L ,

D(α)
µ λ(α) a = ∂µλ

(α) a − gαf (α) abcA(α) b
µ λ(α) c , (2.8)

where the structure constants f (α) abc for the three gauge groups are given by

f (1) abc = 0 ,
f (2) abc = εabc ,

f (3) abc = fabc .
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Table 2.1: Gauge fields of the MSSM and the corresponding quantum numbers for the three gauge groups.

Name Gauge bosons A(α) a
µ Gauginos λ(α) a (

SU(3)c, SU(2)L, U(1)Y
)

B-boson - bino A
(1) a
µ = Bµ δ

a1 λ(1) a = B̃ δa1 ( 1 ,1 , 0)

W-bosons - winos A
(2) a
µ = W a

µ λ(2) a = W̃ a ( 1 ,3 , 0)

gluon - gluino A
(3) a
µ = gaµ λ(3) a = g̃a ( 8 ,1 , 0)

See Appendix A for more details about the totally antisymmetric structure constants εabc
and fabc. In detail, we present the three covariant derivatives for the bosons φi

D(1)
µ φ = ∂µφ+ i

g1
2 BµY φ ,

D(2)
µ

(
φ1

φ2

)
=

((
∂µ 0
0 ∂µ

)
+ i

g2
2

(
sWAµ + cWZµ

√
2W+

µ√
2W−µ −sWAµ − cWZµ

))(
φ1

φ2

)
,

D(3)
µ φr = ∂µφ

r + i
g3
2 g

a
µλ

a
rsφ

s , (2.9)

where r, s are color indices. We have already substituted Bµ = cos θWAµ − sin θWZµ, W 3
µ =

sin θWAµ + cos θWZµ, W 1
µ = (W+

µ +W−µ )/
√

2 and W 2
µ = i(W+

µ −W−µ )/
√

2, in order to get
the physical gauge bosons Aµ, Zµ,W+

µ andW−µ . With θW we denote the mixing angle. The
corresponding gaugino mixtures are the so-called photino, zino and winos. The field strength
tensor F (α) a

µν reads

F (α) a
µν = ∂µA

(α) a
ν − ∂νA(α) a

µ − gαf (α) abcA(α) b
µ A(α) c

ν , (2.10)

so for the three gauge groups we get

F (1)
µν = ∂µBν − ∂νBµ ,

F (2) a
µν = ∂µW

a
ν − ∂νW a

µ − g2ε
abcW b

µW
c
ν ,

F (3) a
µν = ∂µg

a
ν − ∂νgaµ − g3f

abcgbµg
c
ν . (2.11)

As already mentioned, in Table 2.2 are presented the matter fields of the MSSM, namely

leptons :


ν IL = ( νe− , νµ− , ντ− )
e− IL = ( e−L , µ−L , τ −L )
e− c IR = ( e− cR , µ− cR ,τ − cR )

 , sleptons :


ν̃ IL = ( ν̃e− , ν̃µ− , ν̃τ− )
ẽ− IL = ( ẽ−L , µ̃−L , τ̃ −L )
ẽ−∗ IR = ( ẽ−∗R , µ̃−∗R ,τ̃ −∗R )

 , (2.12)

quarks :


uIL = (uL , cL , tL )
u c IR = (u cR , c cR , t cR )
dIL = ( dL , sL , bL )
d c IR = ( d cR , s cR , b cR )

 and squarks :


ũIL = ( ũL , c̃L , t̃L )
ũ ∗ IR = ( ũ ∗R , c̃ ∗R , t̃ ∗R )
d̃IL = ( d̃L , s̃L , b̃L )
d̃ ∗ IR = ( d̃ ∗R , s̃ ∗R , b̃ ∗R )

 . (2.13)

In the forth column the weak hypercharge Y is given by Y = 2(QEM−T3), where QEM is the
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Table 2.2: Matter fields of the MSSM and the corresponding quantum numbers for the three gauge
groups. The family index I refers to one out of three generations of leptons, sleptons, quarks and squarks
for I = 1, 2, 3 respectively.

Name Bosons φi Fermions χiL
(
SU(3)c, SU(2)L, U(1)Y

)
Sleptons - leptons L̃I =

(
ν̃IL
ẽ− IL

)
LI =

(
νIL
e− IL

)
( 1 ,2 ,−1)

Ẽ∗I = ẽ−∗ IR Ec I = e− c IR ( 1 ,1 , 2)

Squarks - quarks Q̃I =
(
ũIL
d̃IL

)
QI =

(
uIL
dIL

)
( 3 ,2 , 1/3)

Ũ∗I = ũ∗IR U c I = uc IR ( 3 ,1 ,−4/3)
D̃∗I = d̃∗IR Dc I = dc IR ( 3 ,1 , 2/3)

Higgs - higgsinos Hd =
(
H0
d

H−d

)
H̃d =

(
H̃0
d

H̃−d

)
( 1 ,2 ,−1)

Hu =
(
H+
u

H0
u

)
H̃u =

(
H̃+
u

H̃0
u

)
( 1 ,2 , 1)

electric charge and T3 is the third component of the weak isospin, being ±1/2 for doublets
and 0 for SU(2)L singlets. The Higgs part of the MSSM is slightly complicated in comparison
with the one of the SM by the fact that there are two complex Higgs doublets Hd and Hu

instead of one in the SM. The corresponding fermionic superpartners are also two complex
doublets called Higgsinos. The MSSM is specified by the superpotential

W = y IJu Ũ∗ I Q̃J ·Hu − y IJd D̃∗ I Q̃J ·Hd − y IJe Ẽ∗ I L̃J ·Hd + µHu ·Hd , (2.14)

where the antisymmetric symbol εαβ (see (A.3)) is used in order to tie up the indices of the
SU(2)L structure. The µ−term in Eq. (2.14) is the SUSY verison of the Higgs boson mass
introduced in Eq. (2.1). Since the heaviest fermions in the SM are the top quark, the bottom
quark and the tau, the Yukawa couplings y IJ can be approximated as

yIJu '

0 0 0
0 0 0
0 0 yt

 , yIJd '

0 0 0
0 0 0
0 0 yb

 , yIJe '

0 0 0
0 0 0
0 0 yτ

 . (2.15)

In the calculation of the thermal gravitino production in Sec. 4 we will consider only the top
quark contribution as first done in [36].

The idea [286] that the three gauge couplings should unify at a common high energy
scale does not, in fact, prove to be the case in the SM, but it works very convincingly in
the MSSM [287–291]. The evolution of the gauge couplings is determined by the gauge and
matter content of the MSSM that has been already analyzed. The 1−loop renormalization
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Figure 2.2: Gauge coupling unification in the MSSM at the scale MGUT ' 2× 1016 GeV.

group equations (RGE) for the MSSM gauge couplings g1̃ =
√

5/3 g1, g2 and g3 are1

d
dtgα = 1

16π2 bαg
3
α, (b1, b2, b3) = (33/5, 1,−3) , (2.16)

where t is the logarithm of the energy scale and bα are coefficients related to the particle
spectrum. In the SM the coefficients (b1, b2, b3) = (41/10,−19/6,−7) are smaller, because of
the less particles in the loops, so the unification at some energy scale is not achieved. Solving
Eq. (2.16) we obtain

g2
α(T ) = g2

α(MGUT)
1− bα

8π2 g2
α(MGUT) ln(T/MGUT)

, (2.17)

where the grand unification scale, MGUT ' 2 × 1016 GeV is defined at the point where the
normalized hypercharge coupling g1̃ =

√
5/3 g1, the weak coupling g2 and the strong coupling

g3 meet, having the common value g1̃,2,3(MGUT) =
√
π/6. In Fig. 2.2 we present the running

of the gauge couplings from low energies ∼ 1 GeV till the MGUT.
For future use we will also give the running of the gaugino masses. The 1−loop RGE for

the three gaugino masses mλ(α) = {M1,M2,M3} in the MSSM are

d
dtmλ(α) = 1

8π2 bαg
2
αmλ(α) , (b1, b2, b3) = (33/5, 1,−3) . (2.18)

It follows that the ratios m2
λ(α)/g

2
α are RG scale independent (up to small two-loop correc-

tions). A popular but not imperative assumption is that the gaugino masses also unify at
the scale MGUT, with a value called m1/2, thus

mλ(α)(T ) =
(

gα(T )
gα(MGUT)

)2
m1/2 . (2.19)

In Fig. 2.3 we present the gaugino masses form1/2 = 750 GeV (left) andm1/2 = 4 TeV (right).
In both sides of this figure, the solid lines correspond to a universal gaugino mass unification
at the scale MGUT ' 2 × 1016 GeV, while the dashed ones coincide with a non-universal
scenario assuming that M1/2 = M2/2 = M3 = m1/2 at MGUT.

1In Eq. (2.16)-(2.19) with α = 1 we invoke the normalized hypercharge coupling g1̃ =
√

5/3 g1.
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Figure 2.3: The three gaugino masses of the MSSM for m1/2 = 750 GeV (left) and m1/2 = 4 TeV
(right), assuming a universal gaugino mass unification at the scale MGUT ' 2 × 1016 GeV (solid lines)
and a non-universal scenario with M1/2 = M2/2 = M3 = m1/2 (dashed lines).

2.3 The gravitino field
In this section we begin to assemble the ingredients of SUGRA by studying the free spin−3/2
field, the so-called Rarita-Schwinger field or gravitino.

The SUGRA model contains the graviton field e m
µ (or vielbein)2 and its superpartner

the gravitino ψµ. Since the gravitino is the superpartner of the graviton it is massless in the
limit of unbroken SUSY and can be written in terms of a Majorana vector spinor as

ψµ =
(
−i ψµα
i ψ

α̇
µ

)
. (2.20)

The Lagrangian of the SUGRA model [292] incorporates the usual Einstein-Hilbert term

e−1LEH = −M
2
P

2 R , (2.21)

where R is the Ricci scalar and e := det e m
µ , and the free gravitino Lagrangian which is given

by3

e−1Lfree
3/2 = εµνρσψLµγν∂ρψLσ −

1
4m3/2ψRµ[γµ, γν ]ψLν . (2.22)

In the above Lagrangian εµνρσ is the totally anti-symmetric tensor and m3/2 is the gravitino
mass. The interaction part of the gravitino Lagrangian will be discussed separately in Sec. 2.4.

In the SM, the Higgs mechanism is essential to explain the generation of masses for
the particle spectrum. An analogous super-Higgs mechanism [293, 294] is crucial in order to
achieve the spontaneous symmetry breaking of SUGRA. The supersymmetric goldstone boson
is now a spin-1/2 fermion called goldstino, and it is “eaten” by the gravitino which acquires
thus its ±1/2 helicity components. The gravitino mass arises when the superpotential W
and the Kähler potential K get their VEVs 〈Wh〉 and 〈Kh〉 respectively. Here the subscript
h denotes the hidden sector, i.e. the part that is independent of the observable fields. The
relevant term which is responsible for the generation of the gravitino mass in the full SUGRA

2Here m is the flat spacetime index and µ is the Einstein index.
3The covariant derivative acting on the gravitino field can be written as Dµψν = ∂µψν , as we have dropped

the spin-connection contributions in the covariant derivatives of all the fermion fields. This assumption matches
with the choice of a flat spacetime.
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Lagrangian is − 1
4M2

P
eK/2M

2
PW ∗ψRµ[γµ, γν ]ψLν , thus the gravitino mass is given by

m3/2 = 1
M2

P
e〈Kh〉/2M

2
P 〈W ∗h 〉 . (2.23)

Avoiding total derivatives the free gravitino Lagrangian (2.22) can be rewritten as

e−1Lfree
3/2 = −1

2ε
µνρσψµγ5γν∂ρψσ −

1
4m3/2ψµ[γµ, γν ]ψν , (2.24)

which obeys the equations of motion

∂L3/2

∂ψµ
− ∂ν

∂L3/2

∂
(
∂νψµ

) = −1
2ε

µνρσγ5γν∂ρψσ −
1
4m3/2[γµ, γν ]ψν = 0 , (2.25)

that finally lead to the well-known Rarita-Schwinger equations [295] for the massive gravitino
field

γµψµ = 0 and
(
i/∂ −m3/2

)
ψµ = 0 . (2.26)

These equations additionally imply the constraint ∂µψµ = 0. The gravitino production
calculated in Chapter 4 involves squared matrix elements which are summed over all four
gravitino helicity states s = ±3/2,±1/2. The polarization tensor for a gravitino with mass
m3/2 and momentum P can be accordingly written as

Πµν(P ) =
∑

s=±3/2,±1/2
ψ(s)
µ ψ

(s)
ν

= −(/P +m3/2)
(
gµν −

PµPν
m2

3/2

)
− 1

3

(
γµ + Pµ

m3/2

)
(/P −m3/2)

(
γν + Pν

m3/2

)
.

(2.27)

We are interested in the production of gravitinos at energies much larger than the gravitino
mass. In this case the polarization tensor (2.27) splits into two parts [31]

Πµν(P ) ' −/Pgµν + 2
3
/P
PµPν
m2

3/2
. (2.28)

The first term in (2.28) corresponds to the sum over the helicity ±3/2 states whereas the
second one to the sum over ±1/2 helicity states, i.e. is the goldstino part of the gravitino.
In [36] the polarization tensor for the case of a massless gravitino is presented to have the
form

Π3/2
µν (P ) = −1

2γµ
/Pγν − /Pgµν , (2.29)

in which only the sum over the two physical transverse polarizations has been done.

2.4 Gravitino Interactions
So far we have considered the theory of SUSY and how the gravitino emerges in the frame-
work of SUGRA. Let us now discuss about the gravitino interactions with the rest particle
spectrum.

Many of the interaction terms concerning the gravitino in the full SUGRA Lagrangian [292]
are irrelevant for our analysis, since the considered centre of mass energy

√
s is much lower

than the Planck scale MP and so some operators are suppressed at least by a factor ∼ 1/MP.
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Also, in our analysis in Chapter 4, gravitinos appear only as external lines. Thus, by in-
voking (2.26), terms which contain γµψµ or ψµγµ can be ignored. Therefore, the relevant
interaction Lagrangian is

L(α)
3/2, int = − i√

2MP
ψµS

µ
MSSM + h.c. (2.30)

= − i√
2MP

[
D(α)
µ φ∗iψνγ

µγνχiL −D(α)
µ φiχiLγ

νγµψν
]
− i

8MP
ψµ[γρ, γσ]γµλ(α) aF (α) a

ρσ ,

where in the first line SµMSSM denotes the contribution from MSSM to the supercurrent.
Before We will present in more detail the relevant Lagrangians coming from (2.30), for the
SU(3)c gauge group. These Lagrangians along with the corresponding vertices are listed
below.

• Lggg̃ψ = − i

8MP

(
2∂ρgaσ − g3f

abcgbρg
c
σ

) (
ψµ[γρ, γσ]γµg̃a + g̃aγµ[γρ, γσ]ψµ

)
. (2.31)

This Lagrangian describes the three-point interactions between g − g̃ − ψ and the four-point
interaction g − g − g̃ − ψ, with vertex rules4

B Vertex(gbρ(P )
−−−→
g̃a ψµ) = − i

4MP
δab[/P , γρ]γµ ,

B Vertex(gbρ(P )
←−−−
g̃a ψµ) = − i

4MP
δabγ

µ[/P , γρ] , (2.32)

and

B Vertex(gbν gcρ
−−−→
g̃a ψµ) = − g3

4MP
fabc[γν , γρ]γµ ,

B Vertex(gbν gcρ
←−−−
g̃a ψµ) = − g3

4MP
fabcγµ[γν , γρ] . (2.33)

• Lq̃qψ = 1√
2MP

δrt
[
qtγνγµαi∗RLψν(i∂µq̃ri )− ψνγµγναiLRqt(i∂µq̃∗ri )

]
. (2.34)

This Lagrangian describes the three-point interaction q̃ − q − ψ with vertex rules

B Vertex(q̃ri (P )
−−−→
qt ψµ) = − i√

2MP
δrt /Pγ

ναiLR ,

B Vertex(q̃ri (P )
←−−−
qt ψµ) = i√

2MP
δrtα

i∗
RLγ

ν /P . (2.35)

• Lgq̃qψ = − 1√
2MP

δrtg3
[
gaµTa, rsq

tγνγµαi∗RLψν q̃
s
i + gaµTa, srψνγ

µγναiLRq
tq̃∗si

]
. (2.36)

This Lagrangian describes the four-point interaction g − q̃ − q − ψ with vertex rules

B Vertex(gaµ q̃si
−−→
qt ψν) = − ig3√

2MP
Ta, rsδrtγ

νγµαi∗RL ,

B Vertex(gaµ q̃si
←−−
qt ψν) = − ig3√

2MP
Ta, srδrtγ

µγναiLR . (2.37)

4The arrow over the gluino or squark and gravitino indicates the fermion flow, i.e. an arbitrary orientation
of each fermion line. See [296].
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In the expressions above the momentum P flows into the vertex. We have also used the
shortcuts

αiRL = RiLPR −RiRPL ,
αiLR = RiLPL −RiRPR , (2.38)

and we defined the conjugated expressions as

αi∗RL ≡ R∗iLPR −R∗iRPL ,
αi∗LR ≡ R∗iLPL −R∗iRPR , (2.39)

where PL, PR are the left and right projectors and the RiL, RiR can be found in [297]. The
Lagrangians of the relevant gauge interactions along with the Feynman rules can be found in
Appendix B of [37].

2.5 Effective theory for light gravitinos
As we have mentioned in spontaneously broken SUSY models, the massless gravitino acquires
its mass by “eating” the goldstino DOF. Thus the gravitino, apart from the mass, receives
two additional DOF, the helicity ±1/2 components. This fact suggests that the dynamics of
the goldstino (χ) can very well approximate the helicity ±1/2 components of the gravitino
(ψµ) in the limit of vanishing gravitino mass m3/2 [298]. According to the m3/2 → 0 limit
in the polarization tensor (2.28), the term 2

3 /P
PµPν
m2

3/2
dominates at energies greater than the

gravitino mass. Since, ∑
s=±1/2

χ(s)χ(s) = /P +m3/2 ' /P , (2.40)

we can effectively replace

ψµ →
√

2
3
∂µχ

m3/2
(2.41)

in this high energy regime. Therefore after an integration by parts

L(α)
3/2, int = − i√

2MP
ψµS

µ
MSSM + h.c. → L(α)

1/2, eff = i√
3m3/2MP

χ∂µS
µ
MSSM + h.c. . (2.42)

This expression can be simplified further in order to obtain an effective interaction Lagrangian
in nonderivative form. In all orders in perturbation theory and for a single external goldstino
the nonderivative and the derivative forms are equivalent [299]. The nonderivative Lagrangian
reads

L(α)
1/2, nonder = i

m2
φi −m

2
χi√

3MPm3/2

(
χχiLφ

∗i − χiLχφi
)
− mλ(α)

4
√

6MPm3/2
χ[γµ, γν ]λ(α) aF (α) a

µν

− i
gαmλ(α)√
6MPm3/2

φ∗iT
(α)
a, ijφ

jχγ5λ
(α) a . (2.43)

In this, m2
φi and m

2
χi are the squared masses of the corresponding matter fields and mλ(α) are

the gaugino masses, as referred previously. The complete set of the Feynman rules is given
in Appendix B of [37].
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Chapter 3

Finite temperature effects

In this chapter we summarize some well known results from thermal field theory (TFT),
i.e. the quantum field theory at finite temperature, that are relevant for our computation of
the gravitino abundance. TFT can be successfully described using two different formalisms,
the imaginary-time formalism (ITF) (or Matsubara formalism) and the real-time formalism
(RTF). In ITF the dynamical time t is traded in for the temperature T, as t = −iτ with
periodicity 1/T . In contrast, the RTF formalism of TFT contains both time and temperature.
Which formalism one chooses to perform computations in thermal equilibrium is a matter of
personal taste. For nonequilibrium phenomena only the RTF can be used, as the temperature
which plays a crucial role in the ITF is not needed explicitly.

In this thesis we have adopted the RTF, but we have also checked the validity of our
results applying the ITF. In RTF the temperature dependent propagators read

scalar : ∆S(K) = i

K2 + ΓB(K)

fermion : SF (K) = i /K

K2 − /K ΓF (K)

vector− boson : ∆ab
µν(K) = δabgµν

(−i
K2 − ΓB(K)

)
ghost : Gab(K) = δab∆S(K), (3.1)

where we have defined
ΓF,B(K) ≡ 2π δ(K2)nF,B(K) (3.2)

and have assumed massless particles, at the Feynman ξ = 1 gauge. In addition, the fermion
and boson particle densities are defined as

nF,B(K) = (e|K·u|/T ± 1)−1 . (3.3)

At the plasma rest frame uµ = (1, 0, 0, 0), since K·u = k0, we get

nF,B(K) = (e|k0|/T ± 1)−1 . (3.4)

This will be used in Eqs. (B.1)–(B.5) of Appendix B, integrated over
∫

dk0 δ(k0 ± k) and after
this nF,B(K) will become nF,B(k).

It is interesting to note that although a ghost behaves like a Grassmann variable, its
temperature part follows the boson statistics, since its contribution has to be added up to
vector-bosons loops, in order to restore unitarity.

In the rest of this chapter we will use these thermalized propagators in order to compute
the thermally corrected vector-boson and fermion selfenergies. The presented results are
usually addressed to the SU(3)c gauge group, but it is easy to expand in the rest gauge
groups.
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3.1 Vector-boson selfenergy
The thermalized vector-boson selfenergy contains three different contributions arising from
scalars, fermions and vector-bosons (+ ghosts). In the following we will analyze these one by
one.

3.1.1 Scalar contribution

There are two Feynman graphs, plotted in Fig. (3.1), to calculate in order to evaluate the
scalar (squark) contribution to vector-boson vacuum polarization. The three vertices appear-
ing in the graphs are −ig3Ta, st(2K − P )µ and −ig3Ta, ts(2K − P )ν for the first graph and

ga
µ ga

ν
K

P −Q

f̃ ′

f̃ ga
µ ga

ν

P

f̃

K

Figure 3.1: Feynman graphs contributing to the gluon selfenergy due to scalar (squark). The color index
a is fixed and the momentum Q is defined as Q = P −K.

ig2
3 ((Ta·Tb)ss + (Ta·Tb)ss) gµν for the second graph, with a = b fixed for a certain gluon. One

can calculate the contribution of the first graph(a) as1

iΠS(a)
µν (P ) = (−i)2g2

3NS |Ta, ss|2
∫ d4K

(2π)4 (2K − P )µ(2K − P )ν∆S(K)∆S(K − P ) . (3.5)

The second graph(b) reads

iΠS(b)
µν (P ) = 2ig2

3NS |Ta, ss|2
∫ d4K

(2π)4 gµν∆S(K) . (3.6)

Using the relations above and the fact that |Ta, ss|2 = 1/2, we obtain

Re[ΠS
µν(P )] = −g2

3NS

∫ d4K

(2π)4

{
1
2(2K − P )µ(2K − P )ν

[ ΓB(K)
(K − P )2 + ΓB(K − P )

K2

]

− gµν(K − P )2 ΓB(K)
(K − P )2

}
.

(3.7)

Now we perform the momentum shift K → P −K at the second term above. This yields

Re[ΠS
µν(P )] = −g2

3NS

∫ d4K

(2π)3 I
S
µν

δ(K2)
(K − P )2nB(K) , (3.8)

with
ISµν = (2K − P )µ(2K − P )ν − (K − P )2gµν . (3.9)

1Here Ns is the number of the scalars in the loop.
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Using also that at the plasma rest frame uµ = (1, 0, 0, 0) and the fact that scalars in the loop
are massless (K2 = 0) we obtain

gµνISµν = 4K·P − 3P 2 , (3.10)
uµuνISµν = [(2K − P )·U ]2 − U2(K − P )2

= 4k2
0 − 4k0p0 + p2

0 − P 2 + 2K·P . (3.11)

Follwing the notation of [36] we define

gµν Re(ΠS
µν) = g2

3NSGS ,

uµuν Re(ΠS
µν) = g2

3NSHS , (3.12)

and using the definitions of basic integrals (B.1)-(B.5) from the Appendix B we have

GS = −4LB5 (P ) + 3P 2 LB1 (P ) ,
HS = −4LB3 (P ) + 4p0 L

B
2 (P ) + (P 2 − p2

0)LB1 (P )− 2LB5 (P ) . (3.13)

Simplifying these equations we finally obtain

GS = 1
2

∫ ∞
0

dk
2π2

[
4k − P 2

4p L−(k)
]
nB(k)HTL∼ T 2

6 ,

HS = 1
2

∫ ∞
0

dk
2π2

[
2kL+ M(k)

p
+ p

4L−(k)
]
nB(k)HTL∼ L+ 1

12 T 2 , (3.14)

whereHTL∼ denotes the Hard Thermal Loop (HTL) approximation. The functions L, L± and
M are defined in Eqs. (B.6), (B.8) and (B.9) of Appendix B, as well as in the Appendix B
of [36].

3.1.2 Fermion contribution

The calculation of this part will be used in MSSM for either the quark or gaugino loops. We
will calculate the thermal part of a vector selfenergy for the fermion (quark or gluino) loop
and then, as before, we can generalize that to U(1)Y , SU(2)L and SU(3)c for the SM or the
MSSM particle content. The relevant Feynman graph is presented in Fig. 3.2. The vertex

ga
µ ga

ν
K

P −Q

f ′

f
Figure 3.2: Feynman graph contributing to the gluon selfenergy due to the fermion loop. The color index
a is fixed and the momentum Q is defined as Q = P −K.

rule for vector-boson(gaµ)-quark(q̄s)-quark(qt) = −ig3Ta, stγµ and for the vectorboson(gaµ)-
gluino(¯̃gb)-gluino(g̃c) = −g3fabcγµ. Based on these, one can calculate the contribution of the
graph in Fig. 3.2 as

iΠF
µν(P ) = −(−i)2g2

3Nf |Ta, ss|2
∫ d4K

(2π)4 Tr[γµSF (K − P )γνSF (K)] . (3.15)
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Using the temperature dependent propagator SF from (3.1) we obtain

Re[ΠF
µν(P )] = −g2

3Nf |Ta, ss|2
∫ d4K

(2π)4 Tr
[
γµ( /K − /P )γν /K

] { ΓF (K)
(K − P )2 + ΓF (K − P )

K2

}
.

(3.16)
Now we perform the momentum shift K → P −K at the second term above. This yields

Re[Πf
µν(P )] = −g2

3 Nf |Ta, ss|2
∫ d4K

(2π)4 Tr
[
γµ( /K − /P )γν /K + γµ /Kγν( /K − /P )

] ΓF (K)
(K − P )2 .

Performing the trace and using the fact that fermions in the loop are massless (K2 = 0) we
get

Re[ΠF
µν(P )] = −8g2

3Nf |Ta, ss|2
∫ d4K

(2π)3 I
F
µν

δ(K2)
(K − P )2nF (K) , (3.17)

with
IFµν = Kµ(K − P )ν +Kν(K − P )µ +K·Pgµν . (3.18)

Using also that at the plasma rest frame uµ = (1, 0, 0, 0) and (3.18) we get

gµνIFµν = 2K·P ,
uµuνIFµν = 2k2

0 − k0p0 − p·k . (3.19)

Applying the definitions

gµν Re ΠF
µν ≡ g2

3NfGF ,

uµuν Re ΠF
µν ≡ g2

3NfHF , (3.20)

as well as that |Ta, ss|2 = 1/2 for fixed color a, one obtains that

GF = −8LF5 (P ) ,
HF = −4

[
2LF3 (P )− p0L

F
2 (P )− LF4 (P )

]
. (3.21)

Eventually using Eqs. (B.1)-(B.5) one gets

GF =
∫ ∞

0

dk
2π2

[
4k + P 2

2p L−(k)
]
nF (k)HTL∼ T 2

6 ,

HF =
∫ ∞

0

dk
2π2

[
2kL+ M(k)

p

]
nF (k)HTL∼ L+ 1

12 T 2 . (3.22)

3.1.3 Vector-boson and ghost contributions

We have three Feynman graphs, plotted in Fig. (3.3), to calculate in order to evaluate the
vector-boson contribution to vector-boson vacuum polarization. The graphs involving vector-
boson loops must multiplied by a combinatoric factor 1/2, while the ghost loop is multiplied
by −1, due to ghost statistics. On the other hand, as it was noted in (3.1), the ghost thermal
propagator follows the boson statistics. These graphs involving trilinear and quartic gauge
boson vertices. The trilinear interaction for the vertex gaµ(P )− gbν(Q)− gcλ(R) , with all the
momenta P,Q,R assumed incoming, is

TGVµνλ(P,Q,R) = −g3fabc[gµν(P −Q)λ + gνλ(Q−R)µ + gλµ(R− P )ν ]
≡ −g3fabctgvµνλ(P,Q,R) . (3.23)
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Figure 3.3: Feynman graphs contributing to the gluon selfenergy due to vector-bosons and ghosts. The
color index a is fixed and the momentum Q is defined as Q = P −K.

The quartic coupling for the vertex gaµ − gbν − gcλ − gdσ does not depend on the momenta

FGVµνλσ = −ig2
3 [fabefcde(gµλgνσ − gµσ gνλ)
facefbde(gµν gλσ − gµσgνλ)
fadefcbe(gµλgνσ − gµνgλσ)] . (3.24)

The vertex in the ghost graph gaµ(P )− ηb(Q)− ηc(R), with all the momenta P,Q,R assumed
incoming, is

ghostµ = −g3f
abcRµ . (3.25)

Using these, one can calculate the contribution of the first graph in Fig. (3.3), as

iΠV1
µν(P ) = −g

2
3
2 |fabc|

2
∫ d4K

(2π)4 tgvµσλ(P,K − P,−K)∆aa
σσ′(K − P )

× tgvλ
′σ′
ν (−P,K, P −K)∆aa

λλ′(K) , (3.26)

where the sum |fabc|2, for fixed color a, equals |fabc|2 = Nc. Using the temperature dependent
propagator ∆ab

µν from (3.1) we obtain

Re[ΠV1
µν(P )] = −g

2
3
2 Nc

∫ d4K

(2π)4 tgvµσλ(P,K − P,−K)tgvλσν (−P,K, P −K)

×
[ ΓB(K)

(K − P )2 + ΓB(K − P )
K2

]
. (3.27)

Performing the Lorentz contraction we get

tgvµσλ(P,K − P,−K)tgvλσν (−P,K, P −K) =
= 5(K − P )µKν + 5(K − P )νKµ + (5P 2 − 2K·P + 2K2)gµν − 2PµPν ≡ −IV1

µν , (3.28)

where it is interesting to note that is invariant under the shift K → P − K. Therefore by
doing this shift at the second term we get

Re[ΠV1
µν(P )] = g2

3Nc

∫ d4K

(2π)4 I
V1
µν

ΓB(K)
(K − P )2 . (3.29)
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Calculating the second and the third diagram of Fig. (3.3) yields, respectively

IV2
µν = 3(P 2 − 2K·P +K2)gµν ,
IV3
µν = (K − P )µKν + (K − P )νKµ . (3.30)

In total from the three graphs, and using that K2 = 0 we get

Re[ΠV
µν(P )] = g2

3Nc

∫ d4K

(2π)3 I
V
µν

δ(K2)
(K − P )2nB(K) , (3.31)

with

IVµν = IV 1
µν + IV 2

µν + IV 3
µν

= −4(K − P )µKν − 4(K − P )νKµ − (2P 2 + 4K·P )gµν + 2PµPν , (3.32)

Starting as usual from the definitions

gµν Re(ΠV
µν) ≡ g2

3NcGV ,

uµuν Re(ΠV
µν) ≡ g2

3NcHV , (3.33)

and using that

gµνIVµν = −8K·P − 6P 2 ,

uµuνIVµν = −8k2
0 + 8k0p0 + 2p2

0 − 2P 2 − 4K·P , (3.34)

we obtain that

GV = −8LB5 (P )− 6P 2LB1 (P ) ,
HV = −8LB3 (P ) + 8p0L

B
2 (P )− 2(P 2 − p2

0)LB1 (P )− 4LB5 (P ) . (3.35)

Using again the Eqs. (B.1)-(B.5) we get

GV =
∫ ∞

0

dk
2π2

[
4k + 5

4
P 2

p
L−(k)

]
nB(k)HTL∼ T 2

3 ,

HV =
∫ ∞

0

dk
2π2

[
2kL+ M(k)

p
− p

4L−(k)
]
nB(k)HTL∼ L+ 1

6 T 2 , (3.36)

where the auxiliary functions L±, L and M are defined as before.

3.1.4 Vector spectral densities ρL,T
The free vector-boson propagator is given by

∆µν = i

P 2

(
−gµν + (1− ξ)PµPν

P 2

)
, (3.37)

so the full vector-boson propagator is

Dµν = ∆µν + ∆µα(iΠαβ)∆βν + ∆µα(iΠαβ)∆βγ(iΠγδ)∆δν + · · · , (3.38)

where Πµν stands for the sum of the three different contributions given by Eqs. (3.8), (3.17)
and (3.31). The only tensors that can appear in Πµν are gµν and PµPν . The Ward identity,
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however tells us that
PµΠµν = 0 . (3.39)

It is therefore convenient to extract the tensor structure from Πµν in the following way:

Πµν =
(
gµν −

PµPν
P 2

)
π(P 2) , (3.40)

where π(P 2) is an arbitrary function of P 2. The presence of a medium will not affect the
Ward identity (3.39), but will break the Lorentz covariance and thus terms proportional to
the Plasma four-velocity can arise, so

Πµν = a1gµν + a2uµuν + a3PµPν + a4Pµuν + a5Pνuµ. (3.41)

A particular combination is

ΠT
µν = −gµν + uµuν −

1
p2 (Pµ − p0uµ)(Pν − p0uν) =

(
0 0
0 δij − pipj

p2

)
. (3.42)

We can verify that PµΠT
µν = 0 which means that ΠT

µν is orthogonal to Pµ (and also to pi).
Therefore it is called transverse. We also define the longitudinal projector (orthogonal to Pµ,
but parallel to pi) by

ΠL
µν = −gµν + PµPν

P 2 −ΠT
µν . (3.43)

Finally, we define the parallel to Pµ projector

ΠP
µν = −PµPν

P 2 . (3.44)

Using (3.42)-(3.44) the free propagator (3.37) can be recast to the form

∆µν(P ) = i

(
ΠT
µν

P 2 +
ΠL
µν

P 2 + ξ
ΠP
µν

P 2

)
. (3.45)

We can also decompose the vector-boson selfenergy as

Πµν = −πLΠL
µν − πTΠT

µν , (3.46)

where the functions πL and πT are called transverse and longitudinal selfenergies respectively
and encapsulate the thermal corrections analyzed previously. Of course (3.46) satisfies the
Ward identity (3.39). We can also check that

uµuνΠL
µν = − p

2

P 2 , (3.47)

uµuνΠT
µν = 0 , (3.48)

gµνΠL
µν = −1 , (3.49)

gµνΠT
µν = −2 . (3.50)

Using the relations above we obtain for the transverse and longitudinal selfenergies that

πL = −P
2

p2 u
µuνΠµν , (3.51)

πT = −πL2 + 1
2g

µνΠµν . (3.52)
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Table 3.1: Numerical coefficients in the context of MSSM for the gauge groups, U(1)Y , SU(2)L and
SU(3)c.

Gauge group Nc NF NS

U(1)Y 3 9 12
SU(2)L 2 9 14
SU(3)c 0 11 22

Now, our aim is to calculate the full propagator (3.38). It is easy to see that2

∆µα(iΠαβ)∆βν = i

P 2

(
πL

ΠL
µν

P 2 + πT
ΠT
µν

P 2

)
, (3.53)

and
∆µα(iΠαβ)∆βγ(iΠγδ)∆δν = i

P 2

(
π2
L

ΠL
µν

P 4 + π2
T

ΠT
µν

P 4

)
. (3.54)

Using (3.37), (3.38), (3.53) and (3.54) we obtain that the full propagator reads

Dµν(P ) = i

P 2 ΠT
µν

(
1 + πT

P 2 + π2
T

P 4 + · · ·
)

+ i

P 2 ΠL
µν

(
1 + πL

P 2 + π2
L

P 4 + · · ·
)
− iξ PµPν

P 2 . (3.55)

Using the geometric series 1 + x + x2 + · · · = 1
1−x for x = πL

P 2 ,
πT
P 2 and dropping the terms

proportional to Pµ, Pν according to the Ward identity, we obtain

D(T )
µν (P ) = i

ΠL
µν

P 2 − πL
+ i

ΠT
µν

P 2 − πT
. (3.56)

In (3.56) the superscript (T ) indicates that this is only the T 6= 0 part, thus the T = 0
contribution has to be added additionally. For the T = 0 case uµ → 0 so the corresponding
projectors (3.42) and (3.43) become

ΠT (0)
µν = −gµν −

PµPν
p2 and ΠL (0)

µν = −gµν + PµPν
P 2 −ΠT

µν . (3.57)

The contractions with gµν are

gµνΠT (0)
µν = −3− p2

0
p2 and gµνΠL (0)

µν = p2
0
p2 (3.58)

Then from (3.51) and (3.52) we obtain that

π
(0)
T = π

(0)
L = π0. (3.59)

Finally, the full vector-boson propagator, which includes both the T = 0 and T 6= 0 parts,
reads

Dµν(P ) = i
ΠL
µν

P 2 − πL − π0
+ i

ΠT
µν

P 2 − πT − π0
. (3.60)

The final step is the calculation of the functions πT , πL and π0. Firstly, we will calculate
the T = 0 one-loop correction to the vector selfenergy, assuming the DR renormalization

2All the contractions with the gauge dependent term vanish.
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Figure 3.4: Real parts of the longitudinal (left) and transverse (right) selfenergies within the complete
1-loop approximation (solid lines) and their HTL limits (dashed lines) for various momenta, p/T = 0.5
(magenta), p/T = 1.0 (orange), and p/T = 1.5 (black). For illustrative purposes we plot the longitudinal
selfenergy with a tilde, π̃L = πL/(P 2/p2). All the lines correspond to the SU(3)c gauge group.

scheme. From (3.43),(3.46) and (3.59) we obtain that

Π(0)
µν =

(
gµν −

PµPν
P 2

)
π0(p2)

and so in d = 4 dimensions

π0(p2) = gµνΠ(0)
µν

3 . (3.61)

As in the T 6= 0 case there are 3 different contributions (scalar, fermion and vector) which
are listed below3.

• gµνΠS (0)
µν = −ig2

α

NS

2

∫
ddK

(2π)d
(4− 2d)K2 + (1− 2d)P 2 + (4d− 4)K · P

K2(K − P )2

= g2
αP

2NS/2
16π2 ln

(−P 2

µ2

)
,

• gµνΠF (0)
µν = ig2

α

NF

2

∫
ddK

(2π)d
Tr
[
γν( /K − /P )γν /K

]
K2(K − P )2 = g2

αP
2 2NF

16π2 ln
(−P 2

µ2

)
,

• gµνΠV (0)
µν = ig2

αNc

∫
ddK

(2π)d
(2d− 4)K2 + (d/2 + 1)P 2 + (4− 5d)K · P

K2(K − P )2

= g2
αP

2−5Nc

16π2 ln
(−P 2

µ2

)
. (3.62)

Finally, adding these contributions we obtain

π0(P 2) = g2
α P

2 2NF +NS/2− 5Nc

48π2 ln
(−P 2

µ2

)
. (3.63)

The T 6= 0 contribution is given by (3.51) and (3.52) ,

πL = −P
2

p2 g
2
α(NSHS +NFHF +NcHV )HTL∼ −P

2

p2 (L+ 1)m2
V (3.64)

and
πT = −πL2 + g2

α

2 (NSGS +NFGF +NcGV )HTL∼ (1 + P 2

p2
L+ 1

2 )m2
V , (3.65)

3Here we have restored the gauge group index α in order to generalize our results into the rest gauge
groups.
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Figure 3.5: Imaginary parts of the longitudinal (left) and transverse (right) selfenergies within the complete
1-loop approximation (solid lines) and their HTL limits (dashed lines) for various momenta, p/T = 0.5
(magenta), p/T = 1.0 (orange), and p/T = 1.5 (black). For illustrative purposes we plot the longitudinal
selfenergy with a tilde, π̃L = πL/(P 2/p2). All the lines correspond to the SU(3)c gauge group.

in which the vector thermal mass is given by

m2
V = 1

6g
2
αT

2(Nc +NS/2 +NF /2) . (3.66)

The numerical coefficients involved in the thermal mass are given explicitly in Table 3.1 as-
suming the MSSM content. Figures 3.4 and 3.5 shows the real and imaginary parts of the
longitudinal (3.64) and transverse (3.65) selfenergies within the complete 1-loop approxima-
tion (solid lines) and their HTL limits (dashed lines) for various momenta, p/T = 0.5, 1.0, 1.5,
for the SU(3)c gauge group. As manifested in Fig. (3.5) for p0 > p the imaginary part for
both πL and πT vanishes in the HTL limit. This is entirely to be expected as in the HTL
approximation both selfenergies depends on the function L which develops imaginary part
only below the light cone.

For later use we define the spectral functions ρL and ρT which are given by (6.74)
and (6.75) of [300],

ρT = −2 Im 1
P 2 − π0 − πT

, ρL = −2 ImP 2

p2
1

P 2 − π0 − πL
. (3.67)

These functions can be rewritten as

ρL,T (P ) = 2π [ZL,T (p)δ(p0 − ωL,T (p))− ZL,T (p)δ(p0 + ωL,T (p))] + ρcont
L,T (P ) , (3.68)

where the δ-functions come from the poles in the definitions (3.67) and ρcont
L,T are the continuum

parts. The residues can be very well approximated by their HTL analytical expressions which
read,

ZL(p) = ωL(p)(ω2
L(p)− p2)

p2(p2 + 2m2
V − ω2

L(p)) , ZT (p) = ωT (p)(ω2
T (p)− p2)

2m2
V ω

2
T (p)− (ω2

T (p)− p2)2 . (3.69)

The positions of the poles are denoted by ωL for the longitudinal and by ωT for the transverse
vectors. They will be calculated in detail in Sec. 3.3.

3.2 Fermion selfenergy
We have two Feynman graphs contributing to the fermion selfenergy. One that is due to
vector-boson loop and another due to Yukawa type fermion loop. The relevant SU(3)c
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interaction Lagrangian is

L = −g3g
a
µf̄sγ

µTa, stft + λφf̄sΓstft . (3.70)

This yields the Feynman rules for the vertex vectorboson(gaµ)-quark(f̄s)-quark(ft) = −ig3Ta, stγµ
and for the boson(φ)-quark(f̄s)-quark(ft) = iλΓst. Because the T dependence of the propa-

P

fs fs′K

−Q

V

ft

P

fs fs′K

−Q

φ

ft
Figure 3.6: Feynman graphs contributing to the fermion selfenergy. The color index a is fixed and the
momentum Q is defined as Q = P −K.

gators (3.1) is additive, it is easy to separate off the T = 0 selfenergy by

Σ = Σ(0) + Σ(T ) . (3.71)

The finite temperature correction Σ(T ) is complex, but as it is discussed in [301] we can ignore
the imaginary part and compute only the real part. We will proceed computing the T 6= 0
and T = 0 parts separately, starting from Σ(T ).

The contribution to the fermion selfenergy due to vector-boson loop graph is4

− iΣ(T )
V = (−i)2g2

3CR

∫ d4K

(2π)4

[
γνSF (K)γµ∆ab

µν(K − P )
]
, (3.72)

where ΣaTa, s′tTa, ts = CRδs′s is the quadratic Casimir of the representation. In [301] Table
1 we can see the values of CR for all the relevant gauge groups. Taking the temperature
dependent propagators from (3.1) we get

− iΣ(T )
V = (−i)2g2

3CR

∫ d4K

(2π)4γµ

(
i /K

K2 − ΓF (K) /K
)
γµ
(
− i

(K − P )2 − ΓB(K − P )
)
.

(3.73)
The real part (correction to the mass term) is

Re Σ(T )
V = g2

3CR

∫ d4K

(2π)4

(
−γµ /Kγµ

ΓB(K − P )
K2 + γµ /Kγ

µ ΓF (K)
(K − P )2

)
. (3.74)

At the first term we make the shift K → P −K and using the identity γµ /Kγµ = −2 /K, we
get

Re Σ(T )
V = −2g2

3 CR

∫ d4K

(2π)3
{
/K [nB(K) + nF (K)]− /PnB(K)

} δ(K2)
(K − P )2 . (3.75)

For the second graph, repeating the same steps, we get

Re Σ(T )
φ = −|λ2|C ′

∫ d4K

(2π)3
{
/K [nB(K) + nF (K)]− /PnB(K)

} δ(K2)
(K − P )2 , (3.76)

4Actually we defined the fermion selfenergy as −iΣ, as well as this of the vector-boson as iΠµν , in order to
resume these corrections following SF = i(/P −Σ)−1 for fermions and ∆ = −i(P 2−Π)−1 for the gauge bosons.
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Figure 3.7: Real parts of the functions T1 (left) and T2 (right) within the complete 1-loop approximation
(solid lines) and their HTL limits (dashed lines) for various momenta, p/T = 0.5 (magenta), p/T = 1.0
(orange), and p/T = 1.5 (black).

where (ΓΓ†)s′s = C ′δs′s. Comparing (3.75) and (3.76) we can see that computing one of
them is enough, since they are related with 2g2

3 CR → |λ2|C ′ = λq. Thus we will proceed
computing (3.75).

A theory containing fermions with no bare masses is chirally invariant to all orders. At
T = 0, chiral invariance has two consequences. Firstly there are no χχ couplings induced
in any finite order of perturbation theory. Secondly the fermion selfenergy is of the form
Σ(0) = Σ̃0 /P for a particle with four-momentum P , where Σ̃0 is a function of P 2. For the
same chirally invariant theory at T 6= 0, the first consequence still holds but the second does
not. At finite temperature the plasma of particles and antiparticles constitutes the heat bath
introduces a special Lorentz frame, the rest frame of the plasma. In a general frame the
heat bath has four-velocity vµ with vµvµ = 1. The presence of this four-velocity means that
general Dirac structure of a fermion selfenergy in a thermal heat bath takes the form

Σ(T )
V (P ) = −aV /P − bV /u , (3.77)

with aV and bV functions of P 2, see [301, 302]. We just give the formulas for the rest-frame
uµ = (1, 0, 0, 0) [303],

aV (P ) = 1
4p2

[
T V2 (P )− p0T

V
1 (P )

]
, (3.78)

bV (P ) = 1
4p2

[
P 2T V1 (P )− p0T

V
2 (P )

]
, (3.79)

with

T V1 (P ) ≡ Tr[/uRe Σ(T )
V (P )] and T V2 (P ) ≡ Tr[/P Re Σ(T )

V (P )] . (3.80)

We will start calculating T V1 (P ), that is,

T V1 (P ) = −2g2
3CR

∫ d4K

(2π)3

{
(nB(K) + nF (K))Tr[/u /K]− nB(K)Tr[/u/P ]

} δ(K2)
(K − P )2 .
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Figure 3.8: Imaginary parts of the functions T1 (left) and T2 (right) within the complete 1-loop approxima-
tion (solid lines) and their HTL limits (dashed lines) for various momenta, p/T = 0.5 (magenta), p/T = 1.0
(orange), and p/T = 1.5 (black).

At this point using (B.1) and (B.2) we obtain

T V1 (P ) = −8g2
3CR

[
LB2 (P ) + LF2 (P )− p0L

B
1 (P )

]
= −g2

3CR
1
p

∫ ∞
0

dk
2π2

{[2kp
p0

(
L− 1

)
+ kL+(k)

]
nF (k)

+
[2kp
p0

(
L− 1

)
+ kL+(k) + p0L−(k)

]
nB(k)

}
. (3.81)

We are turning now to T V2 (P ). We have

T V2 (P ) = −2g2
3 CR

∫ d4K

(2π)3
{
(nB(K) + nF (K))Tr[/P /K]− nB(K)Tr[/P /P ]

} δ(K2)
(K − P )2 .

As before, using the Eqs. (B.1) and (B.5) of Appendix B and we get

T V2 (P ) = −8g2
3CR

[
LB5 (P ) + LF5 (P )− P 2LB1 (P )

]
= g2

3CR

∫ ∞
0

dk
2π2

{[
4k + P 2

2p L−(k)
]
nF (k) +

[
4k − P 2

2p L−(k)
]
nB(k)

}
.(3.82)

Figures 3.7 and 3.8 shows the real and imaginary parts of the “full” (both graphs) T1 and T2
within the complete 1-loop approximation (solid lines) and their HTL limits (dashed lines)
for various momenta, p/T = 0.5, 1.0, 1.5. The HTL limits for these functions are given by

T1(P )HTL∼ −2m2
F

p0
(L− 1) and T2(P )HTL∼ 4m2

F , (3.83)

in which the fermion thermal mass is defined in (3.87). These simple HTL expressions can
easily interpret the vanishing Im[T1] above the light cone and the the vanishing Im[T2] in the
whole region.
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For the T = 0 part in each gauge group we have that5

Σ(0)
V = −ig2

αCR

∫ ddK
(2π)d

(
γν

/K

K2γ
µ

)
gµν

(P −K)2

= −g2
αCR /P

1
16π2

(
2− r − ln −P

2

µ2 − γ + ln 4π
)

(3.84)

Similarly,

Σ(0)
φ = iλ2

q

∫ ddK
(2π)d

/K

K2(P −K)2 = −
λ2
q

16π2
/P

2
(
2− ln −P

2

µ2 − γ + ln 4π
)
. (3.85)

Then using that Σ̃0 /P = Σ(0)
V + Σ(0)

φ we obtain that

Σ̃0 = − 1
2π2

[
m2
F

T 2

(
2− ln −P

2

µ2 − γ + ln 4π
)
− g2

αCR
8 r

]
, (3.86)

where we have defined the fermion thermal mass

m2
F =

(
g2
αCR
8 +

λ2
q

16

)
T 2 . (3.87)

Our aim is to write the result in the helicity basis λ± = 1
2(γ0± p̂iγi) with p̂i = pi/p, thus

γ0 = λ+ + λ− and p̂iγi = (λ+ − λ−). So from (3.71) and (3.77) for both graphs of Fig. 3.6
we obtain that

Σ(P ) = −a(p0γ
0 − piγi)− bγ0 = Σ+(P )λ+ + Σ−(P )λ− (3.88)

with

Σ±(P ) = 1
4p
(
± T2(P )− (±p0 − p)T1(P )

)
= ±2m

2
F

T 2

∫ ∞
0

dk
π2

[
ω∓
p2

(
kL+(nB + nF ) + L− (nBω∓ + nFω±)

)
+2Lω∓ + ω±

pp0
k(nB + nF )

]
. (3.89)

We want to make a decomposition to the propagator into the two helicity eigenstates,

− i S∗(P ) = 1
/P − Σ(P )

=
/P − Σ(P )

(/P − Σ(P )(/P − Σ(P ))
, (3.90)

which after some algebra takes the form

− i S∗(P ) = γ0 − p̂iγi

2D+(P ) + γ0 + p̂iγ
i

2D−(P ) , (3.91)

5Here we have used that in d = 4 − ε dimensions (2π4)
iπ2 µ4−d ∫ ddK

(2π)d
/K

K2(P−K)2 = i
16π2

/P
2

(
∆− ln −P

2

µ2 + 2
)

where ∆ = 2
ε
− γ + ln 4π and γ is the Euler–Mascheroni constant.
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with

D±(P ) = p0 ∓ p− Σ±(P )− (p0 ∓ p)Σ̃0 (3.92)

= 2ω∓
{

1 + 1
2π2

[
m2
F

T 2

(
2− γ + ln 4π − ln −P

2

µ2

)
− g2

αCR
8 r

]}
+ 2m

2
F

T 2 F± .

The functions F± in (3.92) are defined as

F± = ∓
∫ ∞

0

dk
π2
ω∓
p2

(
kL+(nB + nF ) + L− (nBω∓ + nFω±)

)
∓ T 2

2
Lω∓ + ω±

pp0
. (3.93)

Following [300] (see also [304, 305]), one defines the spectral functions as

ρ±(P ) = −2 Im
( 1
D±

)
. (3.94)

Assuming DR renormalization scheme (r = 0), and consequently ignoring the terms −γ +
ln 4π, we finally get

ρ±(P ) = Im
{
ω∓

(
1 + 1

2π2

[
m2
F

T 2

(
2− ln −P

2

µ2

)])
+ m2

F

T 2 F±

}−1

. (3.95)

As in the vector case, the fermionic spectral functions can be written as the sum of a pole
and a continuum part,

ρ±(P ) = 2π [Z±(p)δ(p0 − ω±(p)) + Z∓(p)δ(p0 + ω∓(p))] + ρcont
± (P ) , (3.96)

while the corresponding residues can be very well approximated by their HTL analytical
expressions which read,

Z±(p) = ω2
±(p)− p2

2m2
F

. (3.97)

The positions of the poles ω±(p) should not be confused with the shortcuts (B.7).

3.3 Dispersion relations
In this section we will show the full one-loop dispersion relations for vector bosons and
fermions. The corresponding HTL results are also given for completeness.

3.3.1 Poles of ρL and ρT

The T 6= 0 dispersion relation for longitudinal (transverse) modes are given by the poles of
the longitudinal (transverse) parts of the vector propagator. For the longitudinal one we have
to find the zeros of the equation p2(1 − πL/P 2) = 0 as it is dictated from the longitudinal
spectral function (3.67). The longitudinal selfenergy defined in (3.46) and calculated in (3.64)
can be written as

πL = −P
2

p2 m
2
V

[
L+ 6

N1T 2
1

2π2

(
p2

0
4pN2I

B
1 + 1

p
N2I

B
2 + p0

p
N2I

B
3 −

p

2NcI
B
1

+ P 2

4p NF I
F
1 + 1

p
NF I

F
2 + p0

p
NF I

F
3

)]
,

(3.98)
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Figure 3.9: Dispersion relation for the longitudinal (left) and transverse (right) vector modes within the
complete 1-loop approximation. The solid curves represent in order, the SU(3)c (red), SU(2)L (blue),
and U(1)Y (green) case, while the dashed one is the boundary of the light cone. All the lines correspond
to the temperature T = 109 GeV.

where the integrals IF,B1,2,3 have been defined in (B.17)-(B.19) and the coefficients N1 and N2
are the following combinations

N1 = Nc +NS/2 +NF /2 and N2 = Nc +NS/2 . (3.99)

Now, the dispersion relation for the longitudinal modes can be written as

p3 + m2
V p
(
1− p0

p
ln p0 + p

p0 − p

)
+
(
mV

T

)2 3
N1π2

[
IB1

(
p2

0
4 N2 −

p2

2 Nc

)

+ IB2 N2 + IB3 p0N2 + IF1
p2

0 − p2

4 NF + IF2 NF + IF3 p0NF

]
= 0 , (3.100)

while its HTL limit is
p3 + 2m2

V p−m2
V p0 ln p0 + p

p0 − p
= 0 , (3.101)

and can be found in [300]. In order to go from the full 1−loop (3.100) to the HTL expres-
sion (3.101) only the integrals IF,B2 give a sufficient contribution.

For the transverse modes the equation P 2−πT = 0 must be solved. In analogy with (3.98)
the transverse selfenergy is written as

πT = −πL2 + T 2
(
mV

T

)2
[
1 + 3

N1

1
2π2

(
P 2

4p (6NC −N2) IB1 + P 2

2p NF I
F
1

)]
. (3.102)

The dispersion relation for the longitudinal modes can be written as

p3 − m2
V

p

2
(
1− p0

p
ln p0 + p

p0 − p

)
+m2

V

p3

p2 − p2
0
−
(
mV

T

)2 3
2N1π2

[
IB1

(
p2

0 − p2

4 N2

+ p2Nc

)
+ IB2 N2 + IB3 p0N2 + IF1

p2
0 + p2

4 NF + IF2 NF + IF3 p0NF

]
= 0 , (3.103)

while its HTL limit is

p2
0p

3 − p5 −m2
V pp

2
0 −m2

V

p0
2 (p2 − p2

0) ln p0 + p

p0 − p
= 0 , (3.104)



3.3. Dispersion relations 31

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0

0.5

1.0

1.5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0

0.5

1.0

1.5

Figure 3.10: Dispersion relation of the longitudinal (left) and transverse (right) vector modes within the
complete 1-loop approximation. The solid curves represent in order, the SU(3)c (red), SU(2)L (blue),
and U(1)Y (green) case, while the dashed one is the boundary of the light cone. All the lines correspond
to the temperature T = 109 GeV.

in agreement with [300]. Figure 3.9 illustrates the 1−loop dispersion relations for longitu-
dinal (3.100) and transverse (3.103) vectors for the three gauge groups. The gauge group
dependence arises from the thermal masses and from the numerical coefficients N (see Ta-
ble 3.1). The reference temperature in this figure is T = 109 GeV.

3.3.2 Poles of ρ+ and ρ−

For the fermionic modes the T 6= 0 dispersion relations arise from the poles of the spectral
functions (3.95), i.e. when (p0 ∓ p)/2 + m2

F
T 2 F± = 0. The functions F± defined in (3.93) can

be written with respect to the integrals (B.17)-(B.19) as

F± = ∓ ω∓
π2p2

(
IB3 + IF3 + ω∓I

B
1 + ω±I

F
1

)
∓ T 2

2
Lω∓ + ω±

pp0
, (3.105)

in which the shortcuts ω± (see (B.7)) have nothing to do with the pole positions ω±(p) coming
from the dispersion relation. The 1−loop dispersion relation for both ρ± takes the form

p0 ∓ p−
m2
F

2p

[(
1∓ p0

p

)
ln p0 + p

p0 − p
± 2

]
∓
(
mF

T

)2 1
π2
p0 ∓ p
p2

[
IB3 + p0 ∓ p

2 IB1 + IF3 + p0 ± p
2 IF1

]
= 0 . (3.106)

In the HTL approximation the terms contain integrals can be dropped, so (3.106) reduces to

p0 ∓ p−
m2
F

2p

[(
1∓ p0

p

)
ln p0 + p

p0 − p
± 2

]
= 0 . (3.107)

Figure 3.10 illustrates the 1−loop dispersion relations for fermions (3.106) for the three
gauge groups. The gauge group dependence arises from the thermal mass mF . The reference
temperature in this figure is again T = 109 GeV.
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Chapter 4

Thermal gravitino production

In this chapter we will calculate the thermal gravitino production following the procedure
which was firstly described in [36] and reconsidered in [1, 2].

Since the gravitino is the superpartner of the graviton, its interactions are suppressed by
the inverse of the reduced Planck mass MP. Therefore, the dominant contributions to its
production, in leading order of the gauge group couplings, are processes of the form a b→ c G̃,
where G̃ stands for gravitino and a, b, c can be three superpartners or one superpartner and
two SM particles. The possible processes and the corresponding squared amplitudes in SU(3)c
are given in Table 4.1, where we follow the “historical” notation of [24] for their designation
by the letters A-J. In SU(3)c, the particles a, b, and c could be gluons g, gluinos g̃, quarks
q, or/and squarks q̃. Analogous processes occur in SU(2)L or U(1)Y , where the gluino mass
mg̃ ≡ M3 becomes M2 or M1, respectively. In the factor Yα ≡ 1 + m2

λ(α)/(3m2
3/2), where

mλ(α) = {M1,M2,M3} and m3/2 is the gravitino mass, the unity refers to the 3/2 gravitino
components and the rest to the 1/2 goldstino part. For the calculation of the spin-3/2
component in the amplitudes, following [36], the gravitino polarization sum (2.29) is used.
As in [36], the nonderivative approach is used for the goldstino spin 1/2 part [28, 37]. The
result for the full squared amplitude is shown to be the same in either the derivative or the
nonderivative approach [299].

G~ G~K

QP

g~

g

Figure 4.1: The one-loop thermally corrected gravitino self-energy (D−graph) for the case of SU(3)c.
The thick gluon and gluino lines denote resummed thermal propagators. In our calculation we have also
included the equivalent in SU(2)L and U(1)Y .

The Casimir operators in Table 4.1 are Cα = ∑
a,b,c |f (α) abc|2 = {0, 6, 24} and C ′α =∑φ

a,i,j |T
(α)
a, ij |2 = {11, 21, 48}, where ∑φ

a,i,j denotes the sum over all involved chiral multiplets
and group indices. fabc and Ta are the group structure constants and generators, respectively.
The processes A, B and F are not present in U(1)Y since C1 = 0. The masses for the particles
a, b and c are assumed to be zero. In the third column of Table 4.1 we give the square of the
total amplitude for each process, which is the sum of the individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (4.1)
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Table 4.1: Squared matrix elements for gravitino production in SU(3)c in terms of g2
3 Y3/M

2
P assuming

massless particles, Y3 = 1 +m2
g̃/(3m2

3/2), C3 = 24 and C ′3 = 48.

X Process |MX,full|2 |MX,sub|2

A gg → g̃G̃ 4C3(s+ 2t+ 2t2/s) −2sC3
B gg̃ → gG̃ −4C3(t+ 2s+ 2s2/t) 2tC3
C q̃g → qG̃ 2sC ′3 0
D gq → q̃G̃ −2tC ′3 0
E q̃q → gG̃ −2tC ′3 0
F g̃g̃ → g̃G̃ 8C3(s2 + t2 + u2)2/(stu) 0
G qg̃ → qG̃ −4C ′3(s+ s2/t) 0
H q̃g̃ → q̃G̃ −2C ′3(t+ 2s+ 2s2/t) 0
I qq̃ → g̃G̃ −4C ′3(t+ t2/s) 0
J q̃q̃ → g̃G̃ 2C ′3(s+ 2t+ 2t2/s) 0

where the indices s, t, u denote the diagrams produced by the exchange of a particle in the
corresponding channel, and the index x stands for the diagram containing a quartic vertex.
The so-called D−graph, following the terminology of [36], is shown in Fig. 4.1 for the case of
the gluino-gluon loop. Its contribution is the sum of the squared amplitudes for the s, t and
u channel graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (4.2)

plus 1→ 2 processes. This can be understood by applying the optical theorem. Accordingly,
from the imaginary part of the loop graphs one computes the sum of the decays (1→ 2) and
the scattering amplitudes (2 → 2). In our case, we use resummed thermal propagators for
the gauge boson and the gaugino and by applying cutting rules one sees that the D−graph
describes both the scattering amplitudes occurring in (4.2) and the decay amplitudes.

The subtracted part of the squared amplitudes is the difference between the full ampli-
tudes (4.1) and the amplitudes already contained in the D−graph (4.2), i.e.

|MX,sub|2 = |MX,full|2 − |MX,D|2 . (4.3)

For processes B, F, G, and H, the corresponding amplitudes are IR divergent. For this reason,
we follow the more elegant method, which consists in splitting the total scattering rate into
two parts, the subtracted and the D−graph parts. It is worth noting that for the processes
with incoming or/and outgoing gauge bosons, we explicitly checked the gauge invariance for
|MX,full|2. On the other hand, we note that |MX,sub|2 is gauge dependent 1. In summary,
the gravitino production rate γ3/2 consists of three parts: (i) the subtracted rate γsub (ii) the
D−graph contribution γD and (iii) the top Yukawa rate γtop,

γ3/2 = γsub + γD + γtop . (4.4)

Below, these three contributions are discussed in detail.

4.1 2→ 2 scatterings
Now, let’s extract in detail the full amplitudes (4.1) for the 10 processes of Table 4.1. We
will present the SU(3)c results, but of course these can be generalized to the rest gauge
groups. In all processes we fix the incoming and outgoing momenta by k1 +k2 = p1 +p2 with

1As shown in [36] the splitting of the amplitudes in resummed and non-resummed contributions violates
the gauge invariance. Therefore a gauge dependence of the result is expected.
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s = (k1 + k2)2, t = (k1 − p1)2, and u = (k1 − p2)2. The particle 4 can be the gravitino or
the goldstino. The processes A, B, and F are not present for the U(1)Y gauge group since
there is no self-coupling of gauge bosons for an abelian gauge theory, thereby also the SUSY
version of the relevant three-gauge boson vertex is absent.The amplitudes are summarized
below:

• Amplitudes for the process A: gg → g̃G̃

gaµ

gbν

g̃c

˜Gρ

gcλ
+

gaµ g̃c

˜Gρgbν

g̃b + g̃a

gaµ

gbν
˜Gρ

g̃c

+

˜Gρ
gbν

gaµ g̃c

Figure 4.2: Feynman diagrams of process A.

There are four Feynman diagrams, (1): with a g propagator in the s-channel, (2): a g̃
propagator in the t-channel, (3): a g̃ propagator in the u-channel, and (4): with the four-point
interaction.

MA,s = g3
4MPs

fabcV µνδ(k1, k2,−k1−k2)ū(p1)γρ[/k1 + /k2, γδ]vρ(p2)εµ(k1)εν(k2) , (4.5)

MA,t = g3
4MP

fabc

t−m2
g̃

ū(p1)γµ(/k2 − /p2 +mg̃)γρ[/k2, γ
ν ]vρ(p2)εµ(k1)εν(k2) , (4.6)

MA,u = − g3
4MP

fabc

u−m2
g̃

ū(p1)γν(/k1 − /p2 +mg̃)γρ[/k1, γ
µ]vρ(p2)εµ(k1)εν(k2) , (4.7)

MA,x = − g3
4MP

fabcū(p1)γρ[γµ, γν ]vρ(p2)εµ(k1)εν(k2) . (4.8)

For the ξ = 1 gauge we also need the matrix elements with the incoming FP-ghosts for the

ηa

η̄b

g̃c

˜Gρ

gcµ
+

η̄b

gcµ

ηa g̃c

˜Gρ

Figure 4.3: Feynman diagrams with FP-ghosts in the ξ = 1 gauge for the process A.

gluon. There are two graphs possible,

MA,η = g3
4MP

fabcū(p1)γρ[/k1 + /k2, /k2]vρ(p2) , (4.9)

MA,η̄ = − g3
4MP

fabcū(p1)γρ[/k1 + /k2, /k1]vρ(p2) . (4.10)
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Using the amplitudes above along with Eq. (2.27) and Eq. (4.1) we obtain the result for the
full squared amplitude

|MA,full|2 = 4g2
3C3
M2

P

(
1 +

m2
g̃

3m2
3/2

)(
s+ 2t+ 2 t

2

s

)
. (4.11)

• Amplitudes for the process B: gg̃ → gG̃
Due to a crossing symmetry between processes A and B, the squared amplitude of B can

be obtained from (4.11) under the exchange s↔ t and the addition of an overall minus sign,
that is

|MB,full|2 = −4g2
3C3
M2

P

(
1 +

m2
g̃

3m2
3/2

)(
t+ 2s+ 2s

2

t

)
. (4.12)

• Amplitudes for the process C: q̃g → qG̃

q̃ti

gaµ

qs

˜Gρ

q̃sj
+

q̃ti qs

˜Gρgaµ

g̃a + qt

q̃ti

gaµ
˜Gρ

qs

+

˜Gρ
gaµ

q̃ti qs

Figure 4.4: Feynman diagrams of process C .

There are four Feynman diagrams, (1): with a q̃ propagator in the s-channel, (2): a g̃
propagator in the t-channel, (3): a q propagator in the u-channel, and (4): with the four-point
interaction,

MC,s = ig3√
2MP

Ta, st
s−m2

q̃i

ū(p1)γρ(/k1 + /k2)αi∗RLvρ(p2)(2k1 + k2)µεµ(k2) , (4.13)

MC,t = i
√

2g3
4MP

Ta, st
t−m2

g̃

ū(p1)αi∗RL(/k1 − /p1 −mg̃)γρ[/k2, γ
µ]vρ(p2)εµ(k2) , (4.14)

MC,u = ig3√
2MP

Ta, st
u−m2

q

ū(p1)γµ(/k1 − /p2 +mq)γρ/k1α
i∗
RLvρ(p2)εµ(k2) , (4.15)

MC,x = − ig3√
2MP

Ta, stū(p1)γργµαi∗RLvρ(p2)εµ(k2) . (4.16)

The full squared amplitude reads

|MC,full|2 = 2g2
3C
′
3

M2
P

(
1 +

m2
g̃

3m2
3/2

)
s . (4.17)

• Amplitudes for the process D: gq → q̃G̃
Due to a crossing symmetry between processes C and D, the squared amplitude of D can

be obtained from (4.17) under the exchange s↔ t and the addition of an overall minus sign,
that is

|MD,full|2 = −2g2
3C
′
3

M2
P

(
1 +

m2
g̃

3m2
3/2

)
t . (4.18)

• Amplitudes for the process E: q̃q → gG̃
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Due to a crossing symmetry between processes C and E, the squared amplitude of E can
be obtained from (4.17) under the exchange s↔ t and the addition of an overall minus sign,
that is

|ME,full|2 = −2g2
3C
′
3

M2
P

(
1 +

m2
g̃

3m2
3/2

)
t . (4.19)

• Amplitudes for the process F: g̃g̃ → g̃G̃

g̃a

g̃b

g̃c

˜Gρ

gcµ
+

g̃a g̃c

˜Gρg̃b

gbµ + gaµ

g̃a

g̃b
˜Gρ

g̃c

Figure 4.5: Feynman diagrams of process F.

There are three Feynman diagrams, (1): with a g propagator in the s-channel, (2): a g
propagator in the t-channel, and (3): a g propagator in the u-channel. Here one has to be
careful becauseMt gets an additional minus sign from the fermionic statistics.

MF,s = − g3
4MPs

fabcv̄(k2)γµu(k1)ū(p1)γρ[/k1 + /k2, γ
µ]vρ(p2) , (4.20)

MF,t = g3
4MPt

fabcū(p1)γµu(k1)v̄(k2)γρ[/p1 − /k1, γ
µ]vρ(p2) , (4.21)

MF,u = − g3
4MPu

fabcū(p1)γµu(k2)v̄(k1)γρ[/k2 − /p1, γ
µ]vρ(p2) . (4.22)

The full squared amplitude reads

|MF,full|2 = 8g2
3C3
M2

P

(
1 +

m2
g̃

3m2
3/2

)
(s2 + t2 + u2)2

stu
. (4.23)

• Amplitudes for the process G: qg̃ → qG̃

qt

g̃a

qs

˜Gρ

q̃si
+

qt qs

˜Gρg̃a

gaµ + q̃ti

qt

g̃a
˜Gρ

qs

Figure 4.6: Feynman diagrams of process G.

There are three Feynman diagrams, (1): with a q̃ propagator in the s-channel, (2): a g
propagator in the t-channel, and (3): a q̃ propagator in the u-channel. Here one has to be
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careful becauseMG,u gets an additional minus sign from the fermionic statistics.

MG,s = − ig3
MP

Ta, st
s−m2

q̃i

v̄(k2)αiLRu(k1)ū(p1)γµ(/k1 + /k2)αi∗RLvµ(p2) , (4.24)

MG,t = ig3
4MP

Ta, st
t

ū(p1)γµu(k1)ūµ(p2)[/k1 − /p1, γ
ν ]γµu(k2) , (4.25)

MG,u = ig3
MP

Ta, st
u−m2

q̃i

ū(p1)αi∗RLu(k2)ūµ(p2)(/p2 − /k1)γµαi∗LRu(k1) . (4.26)

The full squared amplitude reads

|MG,full|2 = −4g2
3C
′
3

M2
P

(
1 +

m2
g̃

3m2
3/2

)(
s+ s2

t

)
. (4.27)

• Amplitudes for the process H: q̃g̃ → q̃G̃

q̃ti

g̃a

q̃sj

˜Gρ

qs
+

q̃ti q̃sj

˜Gρg̃a

gaµ + qt

q̃ti

g̃a
˜Gρ

q̃sj

Figure 4.7: Feynman diagrams of process H.

There are three Feynman diagrams, (1): with a q propagator in the s-channel, (2): a g
propagator in the t-channel, and (3): a q propagator in the u-channel. Here one has to be
careful becauseMH,s gets an additional minus sign from the fermionic statistics.

MH,s = − ig3
MP

Ta, st
s−m2

q

ūρ(p2)/p1γ
ραjLR(/k1 + /k2 +mq)αi∗RLu(k2) , (4.28)

MH,t = ig3
4MPt

Ta, stv̄(k2)γρ[/k1 − /p1, /k1 + /p1]vρ(p2)δij , (4.29)

MH,u = ig3
MP

Ta, st
u−m2

q

v̄(k2)αjLR(/k1 − /p2 +mq)γρ/k1α
i∗
RLvρ(p2) . (4.30)

The full squared amplitude reads

|MH,full|2 = −2g2
3C
′
3

M2
P

(
1 +

m2
g̃

3m2
3/2

)(
t+ 2s+ 2s2

t

)
. (4.31)

• Amplitudes for the process I: qq̃ → g̃G̃
Due to a crossing symmetry between processes G and I, the squared amplitude of I can

be obtained from (4.27) under the exchange s↔ t, that is

|MI,full|2 == −4g2
3C
′
3

M2
P

(
1 +

m2
g̃

3m2
3/2

)(
t+ t2

s

)
. (4.32)

• Amplitudes for the process J: q̃q̃ → g̃G̃
Due to a crossing symmetry between processes H and J, the squared amplitude of J can

be obtained from (4.31) under the exchange s↔ t and the addition of an overall minus sign,
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that is
|MJ,full|2 = 2g2

3C
′
3

M2
P

(
1 +

m2
g̃

3m2
3/2

)(
s+ 2t+ 2t2

s

)
. (4.33)

4.1.1 The nonderivative approach

In the nonderivative approach given by Eq. (2.43), one has new Feynman rules, which can
be found e.g. in [37] or in [32]. The goldstino-fermion-sfermion-gluon vertex vanishes and
there occurs a new coupling, goldstino-gaugino-sfermion-sfermion. The goldstino-fermion-
sfermion coupling is proportional to m2

f −m2
f̃
. All the other couplings are proportional to

the gaugino mass term mλ(α) . We are only interested in the massless limit, thus we set the
goldstino-fermion-sfermion coupling to zero. We again give only the results for SU(3)c.

We will give in explicit the new amplitudes for the five independent processes (A, C, F, G
and H). From these we will calculate the subtracted part (see Table 4.1), which differs from
the one calculated in [36]. For convenience we define a prefactor,

pre = mg̃

2
√

6MPm3/2
g3(fabc |Ta, rs) , (4.34)

where fabc (Ta, rs) is taken in processes without (with) quarks and squarks.
• Amplitudes for the process A: gg → g̃χ

For this process we have again four Feynman diagrams, (1): with a g propagator in the
s-channel, (2): a g̃ propagator in the t-channel, (3): a g̃ propagator in the u-channel, and
(4): with the four-point interaction.

MA,s = −ipre
s
V µνρ(k1, k2,−k1−k2)ū(p2)[/k1 + /k2, γρ]v(p1)εµ(k1)εν(k2) , (4.35)

MA,t = i
pre

t
ū(p2)[/k2, γ

ν ](/k1 − /p1)γµv(p1)εµ(k1)εν(k2) , (4.36)

MA,u = −ipre
u
ū(p2)[/k1, γ

µ](/k2 − /p1)γνv(p1)εµ(k1)εν(k2) , (4.37)

MA,x = i pre ū(p2)[γµ, γν ]v(p1)εµ(k1)εν(k2) . (4.38)

For the ξ = 1 gauge we also need the matrix elements with the incoming FP-ghosts for the
gluon. There are two graphs possible,

MA,η = −i pre
s
ū(p2)γρ[/k1 + /k2, /k2]v(p1) , (4.39)

MA,η̄ = −i pre
s
ū(p2)γρ[/k1 + /k2, /k1]v(p1) . (4.40)

• Amplitudes for the process C: q̃g → qχ
For this process we have only one graph with a g̃ propagator in the t-channel.

MC,t = ipre

√
2
t
ū(p1)αi∗RL(/k1 − /p1)[/k2, γ

µ]v(p2)εµ(k2) . (4.41)

• Amplitudes for the process F: g̃g̃ → g̃χ
For this process we have again three Feynman diagrams, (1): with a g propagator in the
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s-channel, (2): a g propagator in the t-channel, and (3): a g propagator in the u-channel.

MF,s = i
pre

s
v̄(k2)γµu(k1)ū(p2)[/k1 + /k2, γ

µ]v(p1) , (4.42)

MF,t = −ipre
t
ū(p1)γµu(k1)ū(p2)[/p1 − /k1, γ

µ]u(k2) , (4.43)

MF,u = i
pre

t
ū(p1)γµu(k2)ū(p2)[/p2 − /k1, γ

µ]u(k1) , . (4.44)

• Amplitudes for the process G: qg → qχ
For this process we have only one graph with a g propagator in the t-channel.

MG,t = i
pre

t
ū(p1)γµu(k1)ū(p2)[/k1 − /p1, γ

µ]u(k2) . (4.45)

• Amplitudes for the process H: q̃g̃ → q̃χ
For this process we have two graphs, instead of three, (1): with a g propagator in the t-
channel, and a new one (2): with a four-point interaction.

MH,t = pre

t
ū(p2)[/k1 − /p1, /p1 + /k1]u(k2) , (4.46)

MH,x = 2 pre ū(p2)γ5u(k2) . (4.47)

4.2 The subtracted contribution
In the fourth column of Table 4.1 we present the so-called subtracted part (4.3), which is
the sum of the interference terms between the four types of diagrams (s, t, u, x), plus the
x-diagram squared, for each process. If we use the amplitudes computed in the nonderivative
approach, we see that the only nonzero contributions are those of processes A and B, which
are

|MA,sub|2 = 1
2
g2

3
M2

P

(
1 +

m2
g̃

3m2
3/2

)
(−2sCN ) , (4.48)

|MB,sub|2 = g2
3

M2
P

(
1 +

m2
g̃

3m2
3/2

)
(2tCN ) . (4.49)

The extra factor 1/2 in (4.48) comes from the 2 identical incoming particles. Note that in [36]
the subtracted part for processes H and J is also nonzero; we assume that the authors used
the squark-squark-gluino-goldstino Feynman rule as given in [32], where in fact a factor γ5 is
missing. In contrast, we use the correct Feynman rule as given in [37].

To calculate the subtracted rate for the processes a b→ c G̃, we use the general form

C = 1
(2π)8

∫ d3pa
2Ea

d3pb
2Eb

d3pc
2Ec

d3p
G̃

2E
G̃

|M|2 fa fb (1± fc)× δ4(Pa + Pb − Pc − PG̃) , (4.50)

where fi stands for the usual Bose and Fermi statistical densities

fB,F = 1
e
E
T ∓ 1

. (4.51)

In the temperature range of interest, all particles exept the gravitino are in thermal equilib-
rium. For the gravitino the statistical factor f

G̃
is negligible. Thus, 1−f

G̃
' 1, as it is already

used in (4.50). Moreover, backward reactions are neglected. In addition, the simplification
1 ± fc ' 1 is usually used, which allows the analytical computation of (4.50). In our case,
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Figure 4.8: The subtracted rate divided by Yα T 6/M2
P. The solid line corresponds to the subtracted rate

given by Eq. (4.52), while the dashed one has been calculated in [36].

there is no such reason. We keep the factor 1± fc and consequently proceed numerically in
the calculation of the subtracted rate2. In Appendix C, following the technique presented
in [37], we present the calculation of the subtracted rate in detail, together with other cases
of matrix elements not needed for this calculation but shown for completeness. Substituting
the Eqs. (4.48) and (4.49) into (4.50), the subtracted rate is obtained as3

γsub = T 6

M2
P

3∑
α=1

g2
α

(
1 +

m2
λ(α)

3m2
3/2

)
Cα
(
−CsBBF + 2 CtBFB

)
. (4.52)

Note that, although in (4.52) we sum over the three gauge groups, the subtracted rate for
the U(1)Y gauge group is identically zero since C1 = 0. The numerical factors, calculated
by using the Cuba library [306], are CsBBF = 0.25957 × 10−3 and CtBFB = −0.13286 × 10−3.
The subscripts B and F indicate whether the particles are bosons and fermions, respectively,
and the superscripts determine whether the squared amplitude is proportional to s or t. It
is easy to see that, unlike in [36], our result for the subtracted part is negative. This is not
unphysical, since the total rate, not the subtracted rate, must be positive. Figure 4.8 shows
the subtracted rate (4.52) and the one calculated in [36].

4.3 The D−graph contribution
As discussed above, Eq. (4.2) describes the relation between the D−graph and the sum of
squared amplitudes for the channels s, t, and u. In the D−graph contribution, we implement
the resummed thermal corrections to the gauge boson and gaugino propagators4. Although
Fig. 4.1 shows the gluino-gluon thermal loop, the contributions of all gauge groups are in-
cluded in our analysis. The momentum flow used to calculate the D−graph can be seen in
Fig. 4.1. That is G̃(P )→ g(K) + g̃(Q), with

P = (p, p, 0, 0) , K = (k0, k cos θk, k sin θk, 0) , and Q = (q0, q cos θq, q sin θq, 0) , (4.53)
2As it was argued in [32] and we have checked numerically, the effect of taking into account the statistical

factor fc can be about −10% (+20%) if c is a fermion (boson). See Table C.3 in Appendix C.
3In (4.50) the collision term is denoted by C, while in (4.52) by γsub in order to maintain the previous

notation.
4Like in [36] using the gravitino polarization sum (2.29), we nullify the corresponding quark-squark

D−graph.
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where θk,q are the polar angles of the corresponding 3-momenta k,q in spherical coordi-
nates. Here, we have already assumed that the gravitino is massless compared to the high
temperature of the thermal bath, that is P 2 = 0.

We have 7 variables, p, k, q, k0, q0, ck and cq, and three non-trivial equations due to the
overall momentum conservation, P i = Ki +Qi, i = 0, 1, 2. Thus, we are left with 4 indepen-
dent variables. Using the momentum conservation we obtain that

p = k0 + q0 , (4.54)

ck = p2 − q2 + k2

2kp , (4.55)

cq = p2 + q2 − k2

2pq , (4.56)

cos(θk − θq) = p2 − q2 − k2

2kq . (4.57)

In order to calculate the gravitino selfenergy with vector-gaugino loop in the massless
case we need the Feynman rules for the two vertices. The gluon-gluino-gravitino interaction
is given by Eq. (2.31) (see also [78]) and after obeying the equivalence theorem, the goldstino
interaction can be read from (2.43). Thus, the goldstino selfenergy with gluon-gluino loop
including the outer goldstino legs can be written as

Π = 1
8M2

P

n3
m2
g̃

3m2
3/2

∫ d4K

(2π)4 Tr
(
/P [ /K, γµ]S(Q)[ /K, γν ]Dµν(K)

)
, (4.58)

in which S(Q) is the gluino propagator, Dµν(K) the gluon propagator, and n3 = 8 from the
color running in the loop. Now, we can easily generalize that to the expression Π<, including
all three groups, U(1)Y , SU(2)L and SU(3)c, with n1 = 1 and n2 = 3. As we use the non-time
ordered selfenergy Π<, we get an additonal factor 1/2, that is

Π<(P ) = 1
16M2

P

3∑
α=1

nα

(
1 +

m2
λ(α)

3m2
3/2

)∫ d4K

(2π)4 Tr
(
/P [ /K, γµ] ∗S<(Q)[ /K, γν ] ∗D<

µν(K)
)
,

(4.59)
with the thermally resummed propagators denoted by a ∗,

∗S<(Q) = fF (q0)
2

[
(γ0 − γiq̂i)ρ+(Q) + (γ0 + γiq̂i)ρ−(Q)

]
, (4.60)

∗D<
µν(K) = fB(k0)

[
ΠT
µνρT (K) + ΠL

µν

k2

K2 ρL(K) + ξ
KµKν

K4

]
, (4.61)

with q̂i = qi/q. In (4.59) we have also incorporated the helicity ±3/2 components of the
gravitino, as in [31] it has been shown, up to two loop order in the gauge couplings, that one
obtains the characteristic factor 1 + m2

λ(α)/3m2
3/2, as well as in the calculation of the 2 → 2

scatterings.
Using the paremetrization (4.53) and the abbreviations for cosine and sine, we get for the

different spectral function combinations the following results:

∝ ρ−ρL : 16 p k2(c2kcq + s2ksq + 1) , (4.62)
∝ ρ+ρL : 16 p k2(−c2kcq − s2ksq + 1) , (4.63)
∝ ρ−ρT : 16 p

(
(k2

0 + k2)(2− cos(2θk − θq)− cq)− 4k0k(ck − cos(θk − θq))
)
, (4.64)

∝ ρ+ρT : 16 p
(
(k2

0 + k2)(2 + cos(2θk − θq) + cq)− 4k0k(ck + cos(θk − θq))
)
. (4.65)
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Note, that c2kcq+s2ksq+1 = 2 cos2 2θk−θq
2 and −c2kcq−s2ksq+1 = 2 sin2 2θk−θq

2 . Substituting
these in Eq. (4.59) we get

Π<(P ) = 1
32M2

P

3∑
α=1

nα

(
1 +

m2
λ(α)

3m2
3/2

)∫ d4K

(2π)4 fF (q0)fB(k0)×
[
ρL(K)ρ−(Q)32 p k2 cos2 2θk − θq

2 + ρL(K)ρ+(Q)32 p k2 sin2 2θk − θq
2 (4.66)

+ρT (K)ρ−(Q)16 p
(
(k2

0 + k2)(2− cos(2θk − θq)− cq)− 4k0k(ck − cos(θk − θq))
)

+ρT (K)ρ+(Q)16 p
(
(k2

0 + k2)(2 + cos(2θk − θq) + cq)− 4k0k(ck + cos(θk − θq))
) ]

.

In order to compute the integral (4.66) it is convenient to multiply by the 4-momentum
δ-function

∫
d4Qδ4(K +Q− P ) = 1. Also, using the relations

d4K = dk0 k
2dk dcosθk dφk ,

d4Q = dq0 q
2dq dcosθq dφq ,

(4.67)

we can perform the integrations dq0, dcosθq, dcosθk and dφk thanks to the δ-function. Noth-
ing depends on dφk, so we get an extra 2π from this integration. After these integrations the
Eqs. (4.62)-(4.65) become,

∝ ρ−ρL : 8
q

(p− q)2((p+ q)2 − k2) , (4.68)

∝ ρ+ρL : 8
q

(p+ q)2(k2 − (p− q)2) , (4.69)

∝ ρ−ρT : 8
q

(
k2 − (p− q)2

)((
1 + k2

0
k2

)(
k2 + (p+ q)2

)
− 4k0(p+ q)

)
, (4.70)

∝ ρ+ρT : 8
q

(
(p+ q)2 − k2

)((
1 + k2

0
k2

)(
k2 + (p− q)2

)
− 4k0(p− q)

)
, (4.71)

and the resummed propagator (4.66) takes the form

Π<(P ) = 1
4(2π)3

1
M2

P

3∑
α=1

nα

(
1 +

m2
λ(α)

3m2
3/2

)∫ ∞
−∞

dk0

∫ ∞
0

dk
∫ k+p

|k−p|
dq k

p
fB(k0)fF (p0 − k0)×

[
ρL(K)ρ−(Q)(p− q)2((p+ q)2 − k2) + ρL(K)ρ+(Q)(p+ q)2(k2 − (p− q)2)

+ρT (K)ρ−(Q)
(
k2 − (p− q)2

)((
1 + k2

0
k2

)(
k2 + (p+ q)2

)
− 4k0(p+ q)

)
(4.72)

+ρT (K)ρ+(Q)
(
(p+ q)2 − k2

)((
1 + k2

0
k2

)(
k2 + (p− q)2

)
− 4k0(p− q)

)]
,

with q0 = p− k0. In order to compute the production rate γD we will use its definition

γD =
∫ d3p

2p0(2π)3 Π<(p) , (4.73)
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with d3p = 4πp2dp in this frame. Then

γD = 1
4(2π)5

1
M2

P

3∑
α=1

nα

(
1 +

m2
λ(α)

3m2
3/2

)∫ ∞
0

dp
∫ ∞
−∞

dk0

∫ ∞
0

dk
∫ k+p

|k−p|
dq kfB(k0)fF (p0 − k0)×

[
ρL(K)ρ−(Q)(p− q)2((p+ q)2 − k2) + ρL(K)ρ+(Q)(p+ q)2(k2 − (p− q)2)

+ρT (K)ρ−(Q)
(
k2 − (p− q)2

)((
1 + k2

0
k2

)(
k2 + (p+ q)2

)
− 4k0(p+ q)

)

+ρT (K)ρ+(Q)
(
(p+ q)2 − k2

)((
1 + k2

0
k2

)(
k2 + (p− q)2

)
− 4k0(p− q)

)]
. (4.74)

The spectral functions ρL,T and ρ± can be found in Eqs. (3.68) and (3.96). The thermally
corrected one-loop selfenergies for gauge bosons, scalars and fermions that we have used in
calculating these spectral functions can be found in Secs. 3.1 and 3.2 or equivalently in various
previous works [301, 303, 307–310]. Comparing (4.74) with the corresponding analytical result
given in Eqs. (4.6) and (4.7) in [36], one can notice that they differ on the overall factor and on
the number of independent phase-space integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop. The four dimensional integral (4.74)
has been calculated numerically using the Cuba library [306]. As this result is numerical,
inspired by [16], we will give an easy to apply formula for this using a suitable interpolating
function (see Sec. 4.5).

4.4 The top quark contribution
Previous works [26–35, 37] considered gravitino production only due to gauge couplings,
while the authors of [36] dealt also with the contribution of the top quark Yukawa coupling
λt. As shown in [36], in scatterings involving fermions only, such as quark-quark→ Higgsino-
gravitino, the dominant contribution of order T 6/M2

P vanishes. On the other hand, scatterings
involving two fermions and two scalars, such as squark-squark → Higgsino-gravitino, give a
sizeable scattering rate. As in the scatterings of Table 4.1 the various top quark Yukawa
diagrams populate both the spin 1/2 and the spin 3/2 components. The characteristic factor
m2
λα
/3m2

3/2 linked with the 1/2 component, becomes A2
t /3m2

3/2, where At is the trilinear
stop supersymmetry breaking soft parameter. It is worth mentioning that the inclusion of
thermal masses is not necessary for obtaining a finite result in this case, as the accompanying
diagrams are infrared convergent.

The sum of all top scatterings is given by [36]

∑
|Mtop|2 = 72 λ

2
t

M2
P

(
1 + A2

t

3m2
3/2

)
s , (4.75)

where s is the usual Mandelstam variable. The resulting production rate reads

γtop = T 6

M2
P

72CsBBFλ
2
t

(
1 + A2

t

3m2
3/2

)
, (4.76)

where CsBBF = 0.25957 × 10−3. Since this contribution stems from the squark-squark →
Higgsino-gravitino process, only the numerical factor CsBBF is involved.
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Figure 4.9: Gravitino production rates divided by Yα T 6/M2
P. The solid curves represent in order the total

rate (black) given by (4.4), the SU(3)c (red), SU(2)L (blue), and U(1)Y (green) rates given by (4.77),
and the top Yukawa rate (purple) given by (4.76). The upper dashed curve is the total production rate
obtained in [36]. The top Yukawa coupling λt was set equal to 0.7, so our result can be directly compared
with that in [36].

4.5 Total rate and parametrization
Following [16] we parametrize the results (4.52) and (4.74) using the gauge couplings g1, g2
and g3 . Thus

γsub + γD = 3ζ(3)
16π3

T 6

M2
P

3∑
α=1

cα g
2
α

(
1 +

m2
λ(α)

3m2
3/2

)
ln
(
kα
gα

)
, (4.77)

where the constants cα and kα depend on the gauge group and their values are given in

Table 4.2: The values of the constants cα and kα that parametrize our result (4.77) for the subtracted
and the D−graph part. Each line corresponds to the particular gauge group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cα kα

U(1)Y 41.937 0.824
SU(2)L 68.228 1.008
SU(3)c 21.067 6.878

Table 4.2. In Fig. 4.9 we summarize our numerical results for the gravitino production rates
divided by Yα T 6/M2

P. In particular, for the case of the top Yukawa contribution, in Yα the
m2
λ(α) must be replaced by A2

t . The colored solid curves represent the SU(3)c (red), SU(2)L
(blue), and U(1)Y (green) rates given by (4.77) and the top Yukawa rate (purple) given
by (4.76), while the solid black curve is the total result given by (4.4). The dashed black
curve corresponds to the total result from [36]. For comparison, we also chose λt = 0.7. The
gauge framework of our calculation is the MSSM gauge group SU(3)c × SU(2)L × U(1)Y .
Using a different gauge structure like SU(5) or flipped SU(5) [236], apparently constitutes a
completely new calculation.

Despite the analytical and numerical discrepancies with [36], it is interesting that our
result for the total gravitino production rate is only 5% − 11% smaller than that in [36].
Since we cannot explain this in detail quantitatively, we assume that the above differences
have opposite effects on the total result. For convenience, in Fig. 4.9, universal gauge coupling
unification is assumed at the grand unification scale ' 2× 1016 GeV, but certainly the result
in (4.77) can be used independently of this assumption. Equation (4.77) together with the
numbers in Table 4.2 is the main result of the first part of this thesis.
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Chapter 5

Gravitino cosmology

Our result (4.77) for the gravitino production rate has important implications for gravitino
cosmology. In this chapter, we compute the gravitino abundance from thermal production.
The nonthermal production of gravitinos [11–18], which depends on the model of inflation,
has been ignored. Comparing the relic gravitino density with the observed DM, an upper
bound on the reheating temperature of the Universe is realized.

5.1 The Boltzmann equation
An homogeneous, isotropic and expanding Universe is described in terms of the Fried-
mann–Lemaitre–Robertson–Walker (FLRW). The FLRW metric also assumes that the spa-
tial component of the metric can be time-dependent. The generic metric which meets these
conditions is

ds2 = dt2 − α(t)2
[

dr2

1− kr2 + r2(dθ2 + sin2θ dφ2)
]
, (5.1)

where (t, r, θ, φ) are comoving coordinates, α(t) is the scale factor, and k = −1, 0, 1 is the
curvature parameter which equals to zero for a flat geometry. The evolution of α(t) in a flat
spacetime is described by the Friedmann equation

H2 =
(
α̇(t)
α(t)

)2
= ρ

3M2
P
, (5.2)

where H is the Hubble constant and ρ the total energy density of the Universe.
The Boltzmann equation essentially expresses the action of the so-called Liouville operator

L[f ] on the phase-space density f(~x, |~p|, t), in terms of the so-called collision operator C[f ].
For more details we refer the interested reader in the literature [311]. In the general case, the
former is written as

L[f ] = C[f ] . (5.3)

The general relativistic form of the Liouville operator is given by

L[f ] =
[
P λ

∂

∂xλ
− ΓλµνPµP ν

∂

∂P λ

]
f , (5.4)

where Γλµν is the Levi-Civita connection. In a FLRW Universe, we have that f = f(E
G̃
, t),

where E
G̃
denotes the energy of the dark matter particle, i.e. the gravitino. In such a case,

upon using the connection for the FLRW (5.1), we obtain from (5.4) that

L[f ] = E
G̃

∂f

∂t
−H|p

G̃
|2 ∂f

∂E
G̃

. (5.5)
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The number density of gravitinos is defined as

n3/2 =
g
G̃

(2π)3

∫
d3p

G̃
f(E

G̃
, t) , (5.6)

where g
G̃

= 4 is the number of DOF for the massive gravitino. The (2π)3 factor comes from
the state density 1/h3 in the phase space, once we use natural units with ~ = h/(2π) = 1.
Now, using (5.3), (5.5) and (5.6) we obtain that

E
G̃

dn3/2
dt − E

G̃
H

∫
d|p

G̃
|dΩ|p

G̃
|3
∂n3/2
∂|p

G̃
|

=
g
G̃

(2π)3

∫
d3p

G̃
C[f ] . (5.7)

We have used that ∂n3/2
∂E

G̃

=
E
G̃
|p
G̃
|
∂n3/2
∂|p

G̃
| , as a result of the (on-shell) dispersion relation |p

G̃
|2 +

m2
3/2 = E2

G̃
. By partially integrating the second term on the left-hand-side (LHS) of (5.7),

and defining the right-hand-side (RHS) as the collision term (this has been already defined
in Eq. (4.50), we obtain the Boltzmann equation for the number density in the form:

ṅ3/2 + 3Hn3/2 = γ3/2 , (5.8)

where the dot denotes time differentiation. Recall that the production rate γ3/2 consists of
three parts: the subtracted and top quark rates calculated using the collision terms (4.50)
and the D−graph contribution calculated by means of the gravitino selfenergy. The first
term in the LHS of (5.8) depicts the evolution of the number density, while the second term
accounts for the dilution of gravitinos due to the expansion of the Universe.

5.2 Gravitino abundance
In this section we compute [1, 2] the gravitino abundance by integrating the relevant Boltz-
mann equation. The energy density ρ during the radiation dominated epoch of the Universe
is given by

ρ = g?
π2

30T
4 , (5.9)

where g? are the effective energy DOF. That is, the Hubble parameter given by the Friedmann
equation (5.2) takes the form

H(T ) =

√
g?π2

90
T 2

M2
P
. (5.10)

Equation (5.8) has been written in terms of the gravitino number density, but is also useful
to express it in terms of the gravitino abundance

Y3/2 =
n3/2
nrad

, (5.11)

where nrad = ζ(3)T 3/π2 is the number density of any single bosonic relativistic DOF. Sub-
stituting (5.11) into (5.8) the last takes the form

Ẏ3/2 + 3
(
H + Ṫ

T

)
Y3/2 =

γ3/2
nrad

. (5.12)
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Figure 5.1: The cosmologically accepted 3σ regions for the gravitino thermal abundance for various values
of m1/2 between 750 GeV and 4 TeV. The trilinear coupling At has been ignored and the top Yukawa
coupling is λt = 0.7.

With the conservation of entropy per comoving volume, g? sT 3α3 = const., the above equation
can be rewritten as

dY3/2
dT − d ln g? s

dT Y3/2 = −
γ3/2

nradHT

(
1 + T

3
d ln g? s

dT

)
, (5.13)

in which g? s are the effective entropy DOF. Straightforward integration then yields [16]

Y3/2(T ) = Y3/2(Treh) g? s(T )
g? s(Treh)−g? s(T )

∫ T

Treh

γ3/2(T ′)
nrad(T ′)g? s(T ′)H(T ′)

(
1 + T ′

3
d ln g? s(T ′)

dT ′
) dT ′
T ′

.

(5.14)
This integration begins at Treh and runs to lower T , coherent with the assumption that inflaton
decays and thermalization are instantaneous and simultaneous at the reheating temperature.
Speculating that any initial gravitino population has been diluted away during inflation, i.e.
assuming a vanishing abundance at Treh, and disregarding the weak T -dependence of the
integrand for T � Treh, we obtain that

Y3/2(T ) '
γ3/2(Treh)

H(Treh) nrad(Treh)
g? s(T )
g? s(Treh) . (5.15)

In [16, 312], the case of not instantaneous inflaton decay was considered. In particular,
according to [312], in the case of gravitino DM a correction factor ∼ 10% is expected for not
instantaneous inflaton decays.

5.3 Gravitino dark matter
According to the latest data from the Planck satellite, the cosmological accepted value for
the DM density in the Universe is ΩDMh

2 = 0.1198±0.0012 [82]. Assuming that the thermal
gravitino density, Ω3/2 = ρ3/2/ρcr is equal to the observed DM, we obtain that

ΩDMh
2 =

ρ3/2(t0)h2

ρcr
=
m3/2 Y3/2(T0)nrad(T0)h2

ρcr

' 1.33× 1024 m3/2 γ3/2(Treh)
T 5

reh
, (5.16)



50 Chapter 5. Gravitino cosmology

106 107 108 109
0.01

0.02

0.05

0.10

0.20

104 105 106 107 108
0.01

0.02

0.05

0.10

0.20

Figure 5.2: The thermal gravitino density Ω3/2h
2 as a function of the reheating temperature Treh for

various values of the gravitino mass. In both figures has been adopted universal gaugino masses which are
m1/2 = 750GeV on the left and m1/2 = 4TeV on the right panel. The shaded regions in gray mark the
allowed value (3σ) for the DM density given by [82].

where ρcr = 3H2
0M

2
P is the critical energy density, H0 = 100h km/(s Mpc) is the Hubble

constant today, T0 = 2.725K the current cosmic microwave background temperature and
h = 0.676 is the reduced Hubble constant. The MSSM entropy DOF at the corresponding
temperatures are g? s(T0) = 43/11 and g? s(Treh) = 915/4. The last number corresponds to
the effective energy DOF for H(Treh) in the MSSM too. Figure 5.1 shows the 3σ regions
resulting from (5.16) for various values of m1/2. In this figure the trilinear coupling At has
been ignored and the top Yukawa coupling is λt = 0.7, as before. As previously, gauge
coupling unification is assumed, as well as a universal gaugino mass m1/2 at the GUT scale.

For large gravitino masses, the reheating temperature is m1/2 independent, since the
characteristic factor m2

λ(α)/(3m2
3/2) becomes negligible for m1/2 � m3/2. Assuming that

m1/2 & 750 GeV, as suggested by the recent LHC data [313, 314] on gluino searches, from
Fig. 5.1 we infer that for maximum Treh ' 109 GeV the corresponding gravitino mass is
m3/2 ' 550 GeV. Considering a reheating temperature one order of magnitude smaller,
Treh ' 108 GeV, for the same gravitino mass, m1/2 can go up to 3− 4 TeV.

Finally, Fig. 5.2 illustrates the upper limits on Treh form1/2 = 750GeV andm1/2 = 4TeV ,
respectively. Note that for larger values of m1/2 the bounds on Treh are more stringent. If
one adds nonthermal production processes the bound on Treh will become more severe.
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Chapter 6

Cosmic inflation

In physical cosmology, cosmic inflation [83–86] is a theory which describes a period of ex-
ponential expansion of space in the early Universe. The theory of inflation manages to
simultaneously solve basic issues of the Big Bang cosmology like the horizon and flatness
problems. The simplest theory of inflation assumes the existence of one scalar field φ which
is minimally coupled to gravity and has a canonical kinetic term.

6.1 Cosmological observables
Concerning the cosmological observables, and assuming the slow roll approximation, we begin
by discussing the scalar and tensor power spectra, which play a crucial role in inflationary
cosmology. The CMB observations significantly constrain the inflationary predictions, as
shown in Fig 6.1. Choosing an arbitrary pivot scale k? that exited the horizon, the scalar
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Figure 6.1: Marginalized joint 68% and 95% CL regions for ns and r at k = 0.002Mpc−1 from Planck
alone and in combination with BK15 or BK15+BAO data, compared to the theoretical predictions of
selected inflationary models. This figure has been adapted from [87].

(Pζ) and tensor (PT ) power spectra can be written as

Pζ(k) = As

(
k

k?

)ns−1
, As '

1
24π2

V (φ?)
εV (φ?)

and PT (k) ' 2V (φ?)
3π2

(
k

k?

)nt
, (6.1)

where the scale-dependence of the power spectra is defined by the scalar (ns) and tensor (nt)
spectral indices given by

ns − 1 = d lnPζ(k)
d ln k = −6εV + 2ηV and nt = d lnPT (k)

d ln k . (6.2)
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In these we have used the potential slow roll parameters (note that in most formulas we use
M2

P = 1 except when we want the dimensionality to be explicit)

εV = 1
2

(
V ′(φ)
V (φ)

)2
and ηV = V ′′(φ)

V (φ) . (6.3)

The tensor-to-scalar ratio is defined as

r = PT (k)
Pζ(k) = 16εV . (6.4)

The Planck collaboration [87] has set the following bounds on the values of the observables:

As = (2.10± 0.03)× 10−9, ns = 0.9649± 0.0042 (1σ region), r < 0.056 . (6.5)

During inflation the variation of the scalar field is related to the so-called number of e-folds
N? which has to be between 50 and 60 for the horizon and flatness problems to be solved.
Following [87, 315] the number of e-folds is given by

N? '
∫ φ?

φend

dφ√
2εV

= ln

(π2

30

) 1
4 (g? s(T0)) 1

3
√

3
T0
H0

− ln
[
k?
a0H0

]
+ 1

4 ln
[
V 2(φ?)
ρend

]

+ 1− 3w
12(1 + w) ln ρreh

ρend
+ 1

4 ln
[
g?(Treh)
g? s(Treh)

]
− 1

12 ln [g? s(Treh)] , (6.6)

where the subscripts “0”, “reh” and “end” denote quantities at the present epoch, at the
reheating phase and at the end of inflation, respectively. The entropy density DOF have the
values g? s(T0) = 43/11 and g? s(Treh) ' g?(Treh) = O(100) for Treh ∼ 1 TeV or higher. The
pivot scale is fixed at k? = 0.05Mpc−1 or k? = 0.002Mpc−1. The constant w characterizes
an effective equation-of-state parameter.

Given an inflationary model, the largest uncertainties in N? are mainly in the period
of reheating of the Universe. For a review see e.g. [316]. For the scales of interest, these
uncertainties yield values for N? in the range 50− 60, which are commonly used in the liter-
ature. The reheating temperature reached by the Universe after its thermalization has been
extensively studied and various mechanisms and models have been subjected to theoretical
testing [316–327]. The number of e-folds accrued during the reheating period, ∆Nreh, is given
by

∆Nreh ≡ ln
areh
aend

= − 1
3(1 + w) ln ρreh

ρend
. (6.7)

We consider the effective equation-of-state parameter w in the reheating phase as a free
parameter. At the end of inflation w = −1/3 while the value w = 1/3 corresponds to
the onset of radiation dominance. In the canonical reheating scenario w = 0, but values
in the range ' 0.0 − 0.25, or larger, immediately after inflation, are also possible in some
models [327, 328].

For any model given a value of N?, we have a prediction of ∆Nreh and in this sense (6.6)
serves as a probe of the reheating process. Conversely, given a reheating mechanism, under
a particular inflation model, the value of ∆Nreh is fixed, and thus N? is predicted. In terms
of ∆Nreh, for given w, one has for the reheating temperature, (see for instance [323]),

Treh =
(30
π2

ρend
g?(Treh)

)1/4
exp

(
−3(1 + w)∆Nreh

4

)
. (6.8)
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Note that since areh > aend we have that ∆Nreh ≥ 0, and therefore due to w > −1 the
reheating temperature Treh is bounded from above

Treh ≤
(30
π2

ρend
g?(Treh)

)1/4
. (6.9)

The bound on the RHS of this defines the instantaneous reheating temperature, Tins. The
temperature Treh reaches this upper bound when the reheating process is instantaneous, in
which case ∆Nreh = 0. Note that for rapid thermalization we have ρend = ρreh, from Eq. (6.7).
The reheating temperature should be larger than ∼ 1 MeV so that Big Bang Nucleosynthesis
(BBN) is not upset. Lower values on Treh have been established in [329] and recently in [330].

6.2 Cosmological observables with varying speed of sound
In this section we will see how the cosmological observables are differentiated in the case of
a varying speed of sound [331–348]. The need for study the sound speed parameter cs is
due to the fact that in the Palatini formulation of R2 gravity (see next chapters) higher in
the velocity terms unavoidably appear, and thus its value deviates from unity. In fact cs is
defined by

c2
s = ∂p/∂X

∂ρ/∂X
, (6.10)

where ρ and p are the energy density and pressure. With X we denote the kinetic term, i.e.
X = 1

2g
µν∂µφ∂νφ.

Choosing an arbitrary pivot scale k? that exited the sound horizon at t?, i.e. k?cs(t?) =
a(t?)H(t?), the scalar and tensor power spectra can be expanded about this pivot. keeping
the first order terms in the slow roll parameters, one has

Pζ(k) = H2
?

8π2M2
Pε
?
1c
?
s

A

(
1− 2(D + 1)ε?1 −Dε?2 − (2 +D)s?1 + (−2ε?1 − ε?2 − s?1) ln k

k?

)
(6.11)

and

PT (k) = 2H2
?

π2M2
P
A

(
1− 2(D + 1− ln c?s) ε?1 + (−2ε?1) ln k

k?

)
. (6.12)

A subtle point concerns the dependence of the tensor power spectrum on the speed of sound
cs. Usually this is computed by evaluating all quantities at the time of Hubble horizon, which
is generally different, from the time of sound horizon. However, if we want to compare the
scalar and tensor spectra using the results of cosmological measurements, the same pivot
should be used, for consistency, as has been emphasized in [343, 345–347]. Using a pivot
scale k?cs(t?) = a(t?)H(t?) in the scalar spectrum also yields a dependence on cs in the
tensor spectrum.

In these equations the Hubble flow functions (HFF), usually referred to as slow roll pa-
rameters, are defined in the usual manner, in terms of the Hubble rate,

ε1 ≡ −
dlnH
dN = − Ḣ

H2 , ε2 ≡
d ln ε1
dN = ε̇1

ε1H
, s1 ≡

d ln cs
dN = ċs

csH
,

where dN = Hdt. A star in the HFF in the expressions above means that these are evaluated
at t?. The equations (6.11) and (6.12) can be found in the references [343, 344, 346, 347]. In
these references, a slightly different pivot scale is usually quoted, k�cs�(η�) = −1/η�, where η�
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is the conformal time, and the corresponding expressions are given in terms of k�. However
to first order, in HFF, they have the same form when the quantities denoted by a diamond
symbol are replaced by the corresponding starred ones. Only the second order terms are
affected and the corresponding coefficients differ. Note that higher order corrections have
been computed but here we retain the next to leading corrections, i.e. first order in the slow
roll parameters. In [346] the constants A,D are given analytically. In fact their values are
A = 18e−3 and D = 1/3− ln 3, as obtained using the uniform approximation, a method that
is suitable for theories with varying speed of sound, which is similar to the WKB method.
Taking next order corrections in the adiabatic approximation these constants are dressed
(renormalized) and A turns out to be very close to unity while D becomes D = 7/19− ln3.
For our numerical treatment we will therefore use the renormalized values. For details we
refer the reader to reference [346] where a detailed study is presented, including higher order
corrections, and a comparison with other calculations is made.

Concerning the spectral index of the scalar power spectrum, following standard definitions,
this is given by

ns = 1− 2ε?1 − ε?2 − s?1 , (6.13)

while the tensor-to- scalar ratio is given by,

r ≡ PT (k?)
Pζ(k?)

= 16ε?1 c?s(1 + 2 ln c?sε?1 +Dε?2 + (2 +D)s?1) , (6.14)

to the same order of approximation. As for the number of e-folds, a − ln cs term is included
in the expression (6.6), since the speed of sound may not unity. This term is positive and in
general can also give a significant contribution.
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Chapter 7

R2 Palatini inflationary models and
reheating

The incorporation of popular inflationary models into Palatini gravity in an effort to describe
the cosmological evolution of the Universe leads to different cosmological predictions than the
metric formulation, because the dynamics of the two approaches differ. A notable example, is
the Starobinsky model, in which there is an additional propagating scalar DOF, the scalaron,
in addition to the graviton, whose mass is related to the coefficient of the R2 term. In the
EF this shows up as a dynamical scalar field, the inflaton, which moves in a potential, the
famous Starobinsky potential [349–351]. In the framework of Palatini gravity, there are no
extra propagating DOF in any f(R) theory [352] that can play the role of the inflaton, and
therefore the inflaton must be inserted by hand as an extra field coupled to f(R) gravity.

The differences between metric and Palatini formulations in cosmological predictions, as
far as inflation is concerned, arise from the nonminimal couplings of the scalars that occupy
the role of the inflaton. These couplings are different in the two approaches. This was first
pointed out in [162] and has since attracted the interest of many authors [3–5, 8, 9, 164–
185, 188, 201–208, 217, 353–360].

7.1 The model
We consider an action in the Jordan frame (JF) where scalar fields φJ are coupled to gravity
in the following way

SJF =
∫

d4x
√
−g

(
f(R,φ) + 1

2GIJ(φ)∂φI∂φJ − V (φ)
)
. (7.1)

In it R is the scalar curvature in the Palatini formalism and f(R,φ) is an arbitrary function
of the scalars φJ and R. This action is reminiscent of an f(R) theory involving scalar fields
with kinetic terms written in the most general way reminiscent of σ - models. Following the
standard procedure, we write this action in the following way and introduce the auxiliary
field Φ.

S =
∫

d4x
√
−g

(
f(Φ, φ) + f ′(Φ, φ)(R− Φ) + 1

2GIJ(φ)∂φI∂φJ − V (φ)
)
. (7.2)

Here f ′(Φ, φ) denotes the derivative with respect Φ. One can define ψ in the following way

ψ = ∂f(Φ, φ)
∂Φ , with inverse Φ = Φ(ψ, φ) , (7.3)
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so the action is written as follows,

S =
∫

d4x
√
−g

(
ψR+ 1

2GIJ(φ)∂φI∂φJ − ψΦ + f(Φ, φ)− V (φ)
)
. (7.4)

One can go to the EF by doing a Weyl transformation of the metric

gµν = λḡµν , with λψ = 1
2 . (7.5)

That done the theory in the EF gets the following form,

SEF =
∫

d4x
√
−ḡ

(
R

2 + 1
4ψGIJ(φ)∂φI∂φJ − 1

4ψ2 (ψΦ− f(Φ, φ) + V (φ))
)
. (7.6)

The final step is to eliminate the field ψ whose equation of motion is trivially written as

ψ(∂φ)2 = ψΦ− 2f(Φ, φ) + 2V (φ) , (7.7)

where, in order to expedite the notation, we have designated GIJ(φ) ∂φI∂φJ = (∂φ)2.
Note that (7.7) is not solvable, in general, but we will illustrate it on R2-theories where

it can be solved analytically. In what follows we will focus on such theories, which can be
viewed as generalizations of the Starobinsky action. However, there are two main differences,
first, the coefficients of the linear and quadratic, in the curvature R, terms are in general not
constants, and second, the framework is the Palatini formalism where the connection is not
the well-known Christoffel connection, but is treated as an independent field.

We will apply the previous formalism when there is only a single scalar, φ, and f(φ,R)
is quadratic in curvature and has the form

f(R,φ) = g(φ)
2 R+ R2

12M2(φ) . (7.8)

Since a single scalar field is assumed, its kinetic term can always be put into the form
(∂φ)2/2, i.e. in the action (7.1) the field can be taken to be canonically normalized. So in this
theory there are three arbitrary functions, namely g(φ),M2(φ), V (φ), and each choice of these
specifies a particular model. We have specified the reduced Planck mass MP dimensionless
and equal to one, and thus all quantities in (7.8) are dimensionless. When we reintroduce
dimensions, the functions g, V have dimensions mass2, and mass4, respectively, while M2 is
dimensionless. Note that a nontrivial field dependence of the functions g(φ) and / or M2(φ)
is a manifestation of nonminimal coupling of the scalar φ to Palatini gravity. Note that
since we use the Palatini formalism, there is no scalaron field, associated with an additional
propagating DOF, which plays the role of the inflaton in the EF of the metric formulation .

With the function f(R,φ) as given by (7.8) we get from Eq. (7.3),

ψ = g(φ)
2 + Φ

6M2(φ) , (7.9)

whose inverse is,

Φ = 6M2(φ)
(
ψ − g(φ)

2

)
. (7.10)
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Using these we can solve (7.7) in terms of ψ in a trivial manner,

ψ = 4V + 3M2g2

2(∂φ)2 + 6M2g
, (7.11)

that is ψ, and hence Φ from (7.10), are expressed in terms of φ, (∂φ)2. Plugging ψ,Φ into
(7.6) we get, in a straightforward manner,

SEF =
∫

d4x
√
−g

(
R

2 + K(φ)
2 (∂φ)2 + L(φ)

4 (∂φ)4 − Ū(φ)
)
. (7.12)

In this action we have suppressed the bar in the scalar curvature and also √−g, and to
simplify the notation we have denoted ∂µφ∂µφ by (∂φ)2 and (∂µφ∂µφ)2 by (∂φ)4. Note the
appearance of quartic terms (∂φ)4 in the action. As for the functions K,L, Ū , appearing
in (7.12), they given are analytically by

L(φ) = (3M2g2 + 4V )−1 , K(φ) = 3M2gL , Ū(φ) = 3M2V L . (7.13)

Note that since terms up to R2 were considered, in f(R) - gravity, terms higher than (∂φ)4

do not occur in the action.
The above Lagrangian may feature, under certain conditions, K - inflation models [361],

involving a single field described by an action whose general form is

S =
∫

d4x
√
−g

(
R

2 + p(φ,X)
)
. (7.14)

where X ≡ (1/2)∂µφ∂µφ. The cosmological perturbations of such models were considered
in [362]. However, the importance of a time-dependent sound speed cs in K - inflation
models was emphasized in [343] and cosmological constraints were derived, using improved
expressions for the power spectra of density perturbations. Specific models with p(φ,X) =
F (X) − V (φ) were considered in [363]. In (7.12) the Lagrangian density is identified with
p(φ,X), but the function F (X) is now given by K(φ)X + L(φ)X2, which in addition to X
also depends, on the field φ, as well, through K(φ), L(φ).

In a flat FLRW metric, where the background field φ is only time dependent, the energy
density and pressure are given by

ρ(φ,X) = K(φ)X + 3L(φ)X2 + Ū(φ) , p(φ,X) = K(φ)X + L(φ)X2 − Ū(φ) , (7.15)

with X being, in this case, half of the velocity squared, X = φ̇2/2.
We will assume that the function L(φ) is always positive to avoid phantoms, leading to an

equation-of-state with w < −1. This can occur when L < 0 and X becomes sufficiently large.
However, there is no restriction on the sign of K(φ) which can be negative in some regions of
the field space, signaling that the kinetic term has the wrong sign in these regions. Obviously,
the sign of K(φ) should be positive at the minimum of the potential. Possibilities where K
is negative in some regions are interesting but will not be pursued in this thesis. Besides, we
will assume that the potential is positive Ū(φ) ≥ 0 and it has a Minkowski vacuum. This
ensures that the energy density is positive definite. When considering inflationary models,
the inflaton rolls towards this minimum, signaling the end of inflation and the beginning of
the thermalization of the Universe. These are rather mild conditions.

As for the potential Ū appearing in the Lagrangian (7.12) in the Einstein frame, we see
from the last of (7.13) that due to the fact that we have assumed L,M2 > 0, the positivity
of Ū ≥ 0 entails that V ≥ 0. Moreover, one can trivially show, from (7.13), that Ū can be
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cast into the following form,

Ū = 3M2

4

(
1− K2

3M2L

)
. (7.16)

From this it is evident that the potential is not only positive, but is also bounded from above
by,

Ū ≤ 3M2

4 . (7.17)

This upper bound can be easily saturated, for large φ, by suitably choosing the functions
involved, namely g,M2 and V . Indeed, for large φ, the asymptotic values of these functions,
control the behavior of the potential in this regime1. If we opt that the function M2 ap-
proaches a plateau or is constant, this is also true for the potential, which can thus drive
successful inflation. The requirement for a Minkowski vacuum is also easily satisfied, so there
are many ways to realise potentials with the required properties for the inflationary slow roll
mechanism. This is exemplified in specific models discussed later.

To conclude this section, we have presented a general and model independent, framework
ofR2 - theories in the Palatini formulation of gravity, which can be useful for studying inflation
models and can support slow roll inflation. In the EF these theories have many features in
common with the K-inflation models. This formalism will be used to study various inflation
models in the following sections.

7.2 The equations of motion and the slow roll
When noncanonical kinetic terms are present, the equations of motion for the inflaton scalar
field φ deviate from their standard form. As a consequence, the cosmological parameters
describing the slow roll evolution should be modified accordingly. Certainly, one can normalize
the kinetic term of the scalar field accordingly, but this is not always very convenient. In fact,
in most cases, the integrations needed, to go from the noncanonical to the canonical field are
not easy, in most of the cases, to be carried and the results cannot be presented in a closed
form. Therefore, it turns out to be easier to work directly with the noncanonical fields and
express the cosmological observables in a way that is suitable for this treatment.

It is not difficult to see that the field φ satisfies the equation of motion given by

(K + 3Lφ̇2)φ̈+ 3H(K + Lφ̇2)φ̇+ Ū ′(φ) + 1
4(2K ′ + 3L′φ̇2)φ̇2 = 0 . (7.18)

Therein all primes denote derivatives with respect to φ. If the field were canonical, K = 1,
and if there were no quartic in the velocity terms, i.e. L = 0, then the above equation takes
its familiar form. In it is encoded the effect of using a nonminimal, in general field φ in the
function K. The effect of the presence of terms (∂φ)4 in the action is encoded in the function
L. The terms that depend on L are multiplied by an additional power of the velocity squared,
as compared to the K-terms. These cannot be neglected, although as we discuss below, they
are small in certain models, during inflation. In terms of the field φ and its velocity φ̇, the
speed of sound (6.10) has the form

c2
s = 1 + Lφ̇2/K

1 + 3Lφ̇2/K
. (7.19)

1It is quite easy to see that the saturation of the bound (7.17), for large field values, is easily obtained
when g2

V
−→ 0 , and g2M2

V
� 1 , as φ −→ large.
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cs is controlled by Lφ̇2/K, the same combination that appears in the equation of motion for
the field φ, and approaches unity when L φ̇2/K � 1 .

We can gain more insight by briefly using a canonically normalized field φc, defined by

φc =
∫ √

K(φ)dφ . (7.20)

To avoid ghosts suppose that K > 0, so that the above integration makes sense. Indeed, if K
is negative, the kinetic term of the field φ has the wrong sign, namely −(∂φc)2/2. However,
it can also happen that this function is negative in one region, but strictly positive at the
Minkowski vacuum. In this way, ghosts are also avoided. This case, interesting as it may
be, will not be discussed and we prefer to take a more conservative point of view and have
K > 0 in the whole region. Then equation of motion (7.18) with respect to the field φc takes
the form(

1 + 3L
K2 φ̇

2
c

)
φ̈c + 3H

(
1 + L

K2 φ̇
2
c

)
φ̇c + dŪ

dφ c

+ 3L
4K2

d ln (L/K2)
dφc

φ̇4
c = 0 . (7.21)

From this form it is clear that the smallness of the ∂h4 terms in the action is quantified by
the smallness of the ratio L

K2 φ̇
2
c � 1, which is equivalent to L

K φ̇
2 � 1. If we neglect this in

the above equation, we get familiar form of the equation of motion for the canonical field φc.
It should be emphasised, however, that our numerical study properly accounts for the

contribution of these terms and no approximation is made, although we have numerically
found them to be small, at least in the models considered in this thesis. In Fig. 7.1 we plot on
the left panel the evolution of the field φ versus the number of e-folds N? = ln(aend/a(t)), from
the time when the number of e-folds reaches N? = 70 to the end of inflation corresponding to
N? = 0. On the right panel, we show the parameter ε1 = − Ḣ

H2 , the speed of sound squared
c2
s and the evolution of L

K φ̇
2. For reference, we have also included a vertical band to mark

the region N? = 50 − 60, which is usually given in the literature. These plots consider the
minimally coupled model, for which g = 1,M2 = 1

6α and V = m2

2 φ
2. The values of the

parameters α,m2, used in the construction of Fig. 7.1, correspond to Model I (C - case),
discussed later in Sec. 7.3.1. for which α = 109 and m = 6.32 × 10−6. However, similar
results hold for the other models studied in this thesis.

On the left side of this figure one can see the rapid damped oscillations of φ, after the end
of inflation, when it begins to fall to the minimum of the potential. These are clearly visible
in the enlarged inset small figure. On the right pane, one can see that ε1 << 1.0, c2

s ' 1.0,
and L

K φ̇
2 ∼ O(10−2), for any number of e-folds that is larger than about 5, or even smaller.

For N . 5 the function ε1 starts to grow and L
K φ̇

2 increases significantly, however remains
small in magnitude until the end of inflation.

On the other hand, the scales of interest, from CMB observations, are in the range of
10−4Mpc−1 . k . 10−1Mpc−1 and the number of e-folds remaining until the end of inflation,
from the time tk a scale k crossed the sound horizon, is Nk = ln(aend/a(tk)). Even for the
largest scale, in the above range, the number of e-folds cannot be smaller than about ' 20,
as we have numerically established. Therefore, any scale k in the range of interest, crossed
the sound horizon long before the end of inflation, when ε1 << 1.0, c2

s ' 1.0, and L
K φ̇

2 was
small O(10−2). Therefore, for the cosmological scales of interest the contribution of the L -
terms is small.

Although small, for a wide range of parameters and for the class of models studied here, the
role of L

K φ̇
2 is important in determining the energy density ρend at the end of inflation, which

in turn affects the instantaneous reheating temperature Tins. Even in this case, however, we
have found that the values of ρend differ from the obtained values approximately by factors
of order O(1).
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Figure 7.1: The left panel shows the evolution of the field φ with the number of e-folds. In the small inset
figure, the rapid oscillations of φ as it approaches the minimum of the potential are magnified. On the
right is the parameter ε1, the speed of sound squared c2s and the quantity 102Lφ̇2/K.

The preceding arguments imply that one can use the slow roll approximation for the cases
we are interested in and at the same time neglect the L - terms, provided that their omission
is sufficiently justified. We reiterate that our results are based on a numerical study and no
such an approximation is made. However, this does not deprive us of the right, to present
qualitative arguments based on this approximation scheme for an analytical treatment of
the models considered, aiming at a better understanding of the results obtained based on a
numerical study in which all terms are included and no approximation is made.

Provided that the contribution of the L - term is small, and with K > 0, the first slow
roll parameters as defined with respect to the potential are given by,

εV = 1
2K(φ)

(
Ū ′

Ū

)2

, ηV =

(
K−1/2Ū ′

)′
K1/2Ū

. (7.22)

In these equations the primes denote the derivatives with respect to φ. It is trivial to show
that these definitions are indeed consistent with the known definitions given the canonically
normalized field φc of Eq. (7.20). As for the number of e-folds, left to the end of inflation,
this is given by

N? =
∫ φ?

φend
K(φ) Ū(φ)

Ū ′(φ)
dφ . (7.23)

In this φ? is the pivot value and φend the value of the field at the end of inflation.

7.3 Quadratic and quartic models
Before we move into the consideration of specific models and present our results, we fell it is
appropriate to briefly outline the approach taken in this section. Our predictions are based
on a study in which the Friedmann equations and the evolution equation (7.18) are solved
numerically without making any approximations. Before doing so, however, we consider
it useful to first apply the slow roll approximation, neglecting the contribution of the L -
terms. This is done for comparison with the numerical results which are the only reliable
source to reach physical conclusions. For the models considered in this thesis, the numerical
investigation shows that this approximation scheme is reasonable, since it is justified by the
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results of the numerical treatment. For this reason, it explains at a very satisfactory level
the results derived by our numerical treatment. It should be noted, however, that this is not
a generic property and may not hold for other models included in the Palatini R2 gravity.

As for our numerical analysis, the approximation scheme used is also useful to obtain
a first estimate of the magnitudes of the parameters involved, consistent with the bounds
imposed by the measurements of the cosmological parameters. In our numerical approach,
we scan the parameter space starting from initial values of the parameters that fall within
the range proposed by this analysis.

7.3.1 Minimally coupled models with potentials ∼ φn

In this section, we consider specific models using the formalism presented in previous sections,
and discuss their predictions. An interesting class of models is the one in which the potential
V is a monomial in the field φ, V ∼ φn, where n is even integer, and g,M2 are constants,
i.e. the scalar φ couples minimally to gravity. We set g = 1 2 and thus these models are
described by

g(φ) = 1 , M2(φ) = 1
6α , V (φ) = λ

n
φn with n = positive even integer . (7.24)

So we are dealing with two parameters, α and λ, which are in principle unknown. Cosmologi-
cal data will constrain their allowable values, as we will see shortly. To facilitate the analysis,
we define the parameter c defined by the combination,

c = 8λα
n

. (7.25)

Then the functions K,L are given by

K(φ) = (1 + cφn)−1 , L(φ) = 2α (1 + cφn)−1 , (7.26)

while the potential Ū receives the form

Ū(φ) = 1
8α

cφn

1 + cφn
. (7.27)

For large values of φ this is ' 1/8α therefore 1/8α, which is proportional toM2, sets actually
the inflation scale.

To find the range of parameters α, λ, or equivalently α, c, that is consistent with the
cosmological data, we first consider the amplitude of the power spectrum As. To do this, it is
sufficient to consider the simplified form given by (6.1), take c?s ' 1 and replace εV as given
by (7.22). Then, from the previously given analytic form of the potential and from (7.22) we
obtain the amplitude As of Eq. (6.1) in the form,

As '
1

24π2
1

4n2

(
c

a

)
φn+2
? = 1

12π2
λ

n3φ
n+2
? , (7.28)

where φ? is the value of the field at t?. As it seems, the ratio c/α, or equivalently the
parameter λ, that controls the magnitude of the amplitude As. For the central value of As,
which is As ' 2.1× 10−9, on account of (7.28) , we have

λφn+2
? ' (2.5× 10−7)n3 or

(
c

α

)
φn+2
? ' (2.0× 10−6)n2 . (7.29)

2When the Planck mass is put back into the action, this corresponds to g = M2
P.
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To further quantify the admissible range of parameters, we also need an estimate for φ?. For
this purpose, we use (7.23) from which it follows that

N? = 1
2n (φ2

? − φ2
end) , (7.30)

which yields

φ2
? = 2nN? + φ2

end . (7.31)

φend is defined as the value for which εV = 1. For the specific models

εV = n2

2
1

φ2(1 + cφn) , (7.32)

therefore φ2
end is solution of the equation

cφn+2
end + φ2

end −
n2

2 = 0 . (7.33)

For c = 0 the solution is exactly φ2
end = n2/2 while for any c > 0 the only real and positive

solution for φ2
end is easily found to be bounded by n2/2. From this bound on φ2

end and using
the fact that N? is about ∼ 50, or so, it follows from (7.31) that φ? is well approximated by

φ? =
√

2nN? , (7.34)

provided that n << 4N?. This covers a large class of models ranging from n = 2 up to n = 10
or even larger. Using φ? as given above, As from Eq. (7.28) is written, in terms of N?, as

As '
1

12π2
λ

n3 (2nN?)(n/2+1) . (7.35)

For As ' 2.1× 10−9 we have that the coupling λ is constrained to be

λ ' (4.97× 10−7) k2

(4k)k
1

Nk+1
?

where n = 2k . (7.36)

Note that this is inversely proportional to Nk+1
? . For N? = 55 and n = 2, i.e. V ∼ φ2, this

gives λ ' 4.11 × 10−11 while for k = 2, i.e. V ∼ φ4 we get λ ' 1.87 × 10−13. Note that for
the n = 4 case Eq. (7.35) coincides with that given in [205].

For the parameter α a lower bound can be obtained from the observational bound on the
tensor-to-scalar ratio r (6.5). Using the analytic form of the potential one finds

1
8α

cφn?
1 + cφn?

< 2.0× 10−9 . (7.37)

Replacing c in terms of α from (7.25), and using the value of φ? given before in (7.34), we
have from (7.37), after some trivial manipulations,

α & 5× 107
(

1.25− N?

50n

)
. (7.38)

For instance, for the quartic potential V ∼ φ4 and for N? = 55 this yields α ≥ 0.485 × 108,
resulting to an inflationary scale, lower than ∼ 10−5, or so.

The previously given constraints on the parameters are obtained from the amplitude of
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the power spectrum in combination with the bound on r, and define the range in which
acceptable values for As can be obtained, However, the spectral index ns puts additional
constraints and in order to have an estimate of it we use the approximate formula given
by (6.2) The parameter εV is given by (7.32) and for ηV we employ (7.22) from which it
follows that

ηV = n (n− 1− (n/2 + 1)cφn)
φ2(1 + cφn) . (7.39)

From this, and εV of Eq. (7.32), we get, on account of (6.2),

ns = 1− n2 + 2n
φ2 . (7.40)

Replacing φ by φ? =
√

2nN? a rather simple expression for ns is obtained given by

ns = 1− n+ 2
2N?

. (7.41)

Note that for n = 2 and N? = 55 the above formula gives ns = 0.9636 which is well within the
observational limits but for n = 4 a rather large value of N? is needed to get an acceptable
value for ns. In fact N? > 76 is required to have ns = 0.9607, the lowest allowed value when
using the data ns = 0.9649 ± 0.0042. This is a rather large value for the number of e-folds
N?. The situation gets even worse for models with n > 4.

In the context of this qualitative discussion, it is important to have estimates of the
variations in the quantities of interest as the parameters of the present models vary. Starting
from the amplitude of the power spectrum given by (7.35), it is a trivial task to see that such
variation yields

δAs =
(
δλ

λ
+ n+ 2

2
δN?

N?

)
As . (7.42)

The first term stems from the explicit dependence of As on λ. With λ fixed, and only
α varying, the second term contributes. In this case, one can see that, varying the e-folds
about the order of unity can lead to a significant change in As, of the same order of magnitude
as the errors accompanying the measurements of As. Because of the prefactor (n+ 2)/2, on
the RHS of (7.42), this is larger for models with larger n.

On the other hand, the corresponding variation of the spectral index ns is found, from
(7.41),

δns = n+ 2
2N2

?

δN? . (7.43)

This is proportional to the relative change δN?/N? but is accompanied by an extra N? in the
denominator. As a result, one expects ns to change little as the number of e-folds changes.

To estimate the variations δN?, and thus δAs, δns, when varying the involved couplings,
namely α and λ for the models under study, one should start from Eq. (6.6) and vary N?

with respect to α, λ for a fixed value of the reheating temperature. The only dependence on
these is through the logarithm of 3H2

? , which equals Ū(φ?) in the slow roll regime, and the
logarithm with ρend. We skip the details of such an analysis. We simply note that the final
result is of the form.

δN? = δα

α
fα + δλ

λ
fλ , (7.44)

where the factors fα,λ depend on the model under consideration.
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A final remark concerns the instantaneous reheating temperature Tins, which is determined
once we know ρend, see Eq. (6.9) and the discussion that follows. With g?(Treh) = 106.75, we
have

Tins = 0.411ρ1/4
end , (7.45)

which is generally true. However, ρend depends on the details of the model under considera-
tion.

The end of inflation is determined by ε1 = 1, equivalent to ρ+ 3p = 0. In the absence of
L - terms, this leads to ρend = σ Ū , where σ = 1.5. However, in their presence a more refined
analysis is required. In this case, the equation ε1 = 1 can be trivially solved, using (7.15), to
obtain Lφ̇2/K in terms of the potential Ū , both evaluated at the end of the inflation. This
makes it a fairly straightforward task to compute ρend,

ρend = σf(cs)Ū(φ̄end) . (7.46)

In this equation, to avoid confusion, we have denoted by φ̄end the value of the field at the
end of inflation. This implicitly depends on L and can only be extracted numerically. The
function f(cs) depends on the speed of sound squared, c2

s, evaluated at the end of inflation,
and is given by f(cs) = 8c2

s/(9c2
s − 1). Due to the fact that 1/3 ≤ c2

s ≤ 1, as one can see from
(7.19), it is bounded by 1 ≤ f(cs) ≤ 4/3. If we had used the value φend, as given by εV = 1,
Eq. (7.46) would have been expressed as follows,

ρend = σ fρ Ū(φend) , fρ ≡ f(cs)
Ū(φ̄end)
Ū(φend)

. (7.47)

This says that the approximate result for ρend as given by σ Ū(φend), is actually dressed by
the factor fρ. In this factor the function f(cs) plays no important role because of the bounds
quoted earlier, but the ratio Ū(φ̄end)/Ū(φend) may deviate substantially from unity. This
ratio can only be calculated numerically. However, in all models considered, and in a wide
range of the parameters, we have found that it lies between ' 0.5 and 0.65. Moreover, if
we take into account the bounds on f(cs), the factor fρ is in the range 0.5 − 0.85. Thus,
the numerically derived result for ρend is reduced by the factor fρ, from the approximate
result, ρend = σ Ū(φend). Things look much better for the instantaneous temperature, which
depends on the square root of ρend. Therefore, the numerically derived Tins is smaller by a
factor in the range 0.84 − 0.95. Thus the approximate result ρend = σ Ū(φend), that we can
derive analytically, yields Tins that are not far from the actual values.

For the models studied in this thesis, referred to as Model I, II as well as Higgs Model,
using the equation relating Lφ̇2/K to Ū at the end of inflation, Eq. (7.46) can be further
simplified given by,

ρend = σ

4α(1− c2
s) , (7.48)

where the speed of sound is meant at the end of inflation. Simple as may be, the value of c2
s

depends implicitly on the parameters of the model and it can only be calculated numerically.
This is a rather elegant relation, showing that only cs at the end of inflation is needed, to
derive ρend. It also shows the prominent role of the Lφ̇2/K, at the end of inflation, through
which c2

s is determined, see Eq. (7.19). Using (7.48), the instantaneous reheating temperature
can written into the form

Tins = 0.321α−1/4(1− c2
s)1/4 . (7.49)
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From this, using the fact that c2
s ≥ 1/3, an absolute upper bound can be derived, Tins ≤

0.290α−1/4, which holds for any model considered in this thesis. From (7.48), one can conclude
that for large α the instantaneous temperature falls as α−1/4. In reality it can fall much faster,
due to the implicit dependence of c2

s on the parameters involved.
Following the previous discussion, we can derive analytic expressions for Tins, that are

good estimates, using the approximate expression ρend = σ Ū(φend). For the class of models
studied in this subsection, the latter follows from the solution of (7.33) which depends only
on the combination c. Using the analytic form of the potential one finds in a straightforward
way that,

ρend = σ

8α

(
1− 2

n2φ
2
end

)
. (7.50)

ρend, and hence Tins, cannot be quantified further, at this stage, since for this purpose the
value of hend is needed. In what follows, we will analyze in detail the predictions for this class
of models. As noted at the beginning of this section, in presenting our final results for each
model considered, we will solve the associated equations numerically with exact formulas,
without approximations, and take into account the temperature dependence of the number
of e-folds.
Model I :

We first consider the model ( Model I ) in which the functions g,M2 and V are as given
by (7.24) with n = 2, that is the potential V is quadratic in the field φ,

V (φ) = m2

2 φ2 . (7.51)

For this case we prefer m2, instead of λ, since it carries the dimension of mass2 when MP is
reinstated. Following what we have learned so far, we define, see Eq. (7.25), the constant c
as the combination

c = 4m2α . (7.52)

The value of φ? in this case is given by, using (7.31),

φ? ' 2
√
N? . (7.53)

Then from (7.36), which appear from the power spectrum amplitude, we get, for values
N? = 50− 60,

m ' (6.5± 0.5)× 10−6 or c

α
' (1.7± 0.3)× 10−10 . (7.54)

The lowest (largest) limits correspond to N? = 60(N? = 50). Therefore, using reasonable
approximations we have derived fairly tight bounds on the parameter m. Recall that m2 ≡ λ
and thus λ is of the order of 10−11. From the bound (7.38), we get for N? = 50− 60, a lower
bound which is estimated to be in the range,

α ≥ (0.32− 0.37)× 108 . (7.55)

Here, the smallest value corresponds to N? = 60 and the largest to N? = 50. Thus, the
parameter α cannot be chosen arbitrarily. It should be ∼ 108 or larger. In the following, due
to (7.55), we take the largest value as the bound set on α, i.e. α & 0.37× 108, which is valid
for any N? in the range of interest.
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Concerning the instantaneous reheating temperature, in this case, by solving analyti-
cally (7.33), and replacing φend into (7.50), we get

ρend = σ

8α

(
1−
√

1 + 8c− 1
4c

)
. (7.56)

We can consider two different regimes, the small c and the large c, for which ρend, and
consequently Tins, have different dependencies on the parameters involved, as we shall see.
Since from (7.54) the ratio c/a is of the order of ∼ 10−10, small c values are obtained when
α < 1010. On the other hand large c values are obtained when α > 1010.

For small c - values one can expand (7.56), and using the fact that σ = 1.5, the instanta-
neous temperature, as given by (7.45), receives the form,

ρend ' σ
c

4α = σm2 → Tins = 0.455×
√
m. (7.57)

This, because of (7.54), leads to a temperature that is Tins ' 2.82 × 1015 GeV, for m =
6.5 × 10−6. As we will see, this estimate is not far from the one obtained in our numerical
treatment. Perhaps more important is the fact that in the regime of small c the power spec-
trum amplitude, which forces m to be within the limits suggested by (7.54), also determines
the maximum reheating temperature.

In the case of large c, ρend, and hence Tins, have a completely different behavior. In fact
in this case, from (7.56) and (7.45), we get

ρend '
σ

8α → Tins = 0.270× a−1/4 , (7.58)

that is, Tins is controlled by the value of α, since it is proportional to α−1/4, and therefore
decreases as α increases.. Due to the fact that α > 1010, for being within the large c
regime, Tins results in smaller values lower than in the case of small c. For example, for
α = 5× 1011 we obtain from (7.58) a temperature Tins ' 0.783× 1015 GeV and certainly even
lower temperatures for larger values of α. Therefore, for the largest possible value for the
instantaneous temperature, of the order of ' 1015 GeV, we had better used values α < 1010

so that we are in the small c regime.
As advertised earlier, the cosmological predictions of all the models considered are based

on a numerical analysis in which no approximation is made. For the present model, predic-
tions for three different inputs, called A, B and C, are presented below. These correspond to
the values of the parameters α and c given by (α, c) = (0.37× 108, 0.006 ) , (108, 0.016 ) and
(109, 0.16 ) respectively. These were not chosen at random. In fact, the parameter α for the
case A touches its lower bound discussed earlier, and c was chosen so that m falls well within
the range suggested by (7.54). Indeed, we choose m ' 6.32 × 10−6. The rationale for this
particular choice for m will be discussed later.

For the other cases, larger values of α’s have been chosen, but the values of c are tuned
so that in all cases we have the same value for m, i.e. m ' 6.32 × 10−6. In this way, we
can check how the predictions change when the parameter α is changed, since we have kept
a fixed m value. Note that from all the cases presented, the case A has the lowest allowed
value of α and therefore the Planck upper bound on the tensor-to-scalar ratio parameter r is
almost saturated. For the other cases B,C smaller values for r are expected.

Figure 7.2, at the top, shows for the cases A (left) and C (right), the primordial tilt ns
versus the reheating temperature Treh, for different values of the equation-of-state parameter
from w = −1/3 to w = 1.0. The shaded region marks the range ns = 0.9649 ± 0.0042 that
is allowed by observations.
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Figure 7.2: The primordial tilt ns (top) and the number of e-folds N? (bottom), vs. the reheating tem-
perature Treh, in GeV, for a scale k? = 0.05Mpc−1, and for different values of the equation-of-state
parameter, for the cases A (left) and C (right) of Model I, discussed in the text. The shaded region marks
the allowed values for the primordial tilt ns = 0.9649± 0.0042 while the vertical dashed line indicates the
instantaneous reheating temperature.

All lines intersect at a common temperature, the instantaneous reheating temperature Tins,
marked by thin vertical dashed lines, which for case A equals to Tins = 2.337 × 1015 GeV,
and for case C to Tins = 2.099 × 1015 GeV. Values for Treh beyond this point, are shown,
but are not allowed. The data shown correspond to a pivot scale k? = 0.05Mpc−1. Note
that the ns data by themselves are not a constraint on the reheating temperature as long
as the equation-of-state parameter is in the range 0.25 to values slightly below ' 1.0. For
these values of w, any temperature is allowed. For w < 0.25 a lower reheating temperature
is specified which is larger for smaller values of w. For example for the canonical reheating
scenario, w = 0, this is ' 107 − 109 GeV while for w = −1/3 this is ≈ 1013 GeV. At the
bottom of the same figure, and for the same set of inputs, the corresponding numbers of
e-folds, N?, are shown, for cases A (left) and C (right).

Notice that both ns and N?, shown in the figures, are very similar for both cases A and
C. In particular, both observables move slightly downward as one goes from A (left) to C
(right), i.e. , by increasing the value of α from 0.37×108 to 109, leaving the other parameter
fixed. In fact, varying only the parameter α, keeping λ = m2 fixed, which is the case for the
inputs we are using, we obtain from (7.44),

δN? = δα

α
fα . (7.59)
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Figure 7.3: The amplitude 109As vs. the reheating temperature Treh, in GeV, for k? = 0.05Mpc−1,
for different values of the equation-of-state parameter. The shaded region marks the allowed values
109As = 2.10 ± 0.03 . Case A is shown on the left and case C on the right. The instantaneous
temperatures are marked by thin dashed vertical lines in each case.

For our input values, we find that the factor fa is of order unity and negative. It follows that
as the value of the parameter α increases, the relative change δN?/N?, is negativ and thus
decreases due to (7.43), ns. This decrease is small, as we have already discussed, what is
indeed imprinted on this figure.

The amplitude of the scalar power spectrum impose tighter bounds on Treh than ns, as
shown in Fig. 7.3. In this figure we plot the amplitude 109×As vs. the reheating temperature
Treh, in GeV, for k? = 0.05Mpc−1, and for different values of the equation-of-state parameter,
as in the previous figure. The shaded area marks the allowed range 109 ×As = 2.10± 0.03 .
Case A is shown on the left and case C on the right. The lines are as in Fig. 7.2. It can be
seen that for case A the values w & 1/3 are completely excluded by the data of As, while for
w . 0.25 bounds are set for the minimum and maximum allowed temperature. In this case,
the maximum temperature, for any allowed value of w, can never reach the instantaneous
temperature. For the C-case, right panel, one sees, by comparing this figure with the ns plot,
top and right panel of Fig. 7.2, that the bounds on the reheating temperature are tighter.
In particular, for values of w, different from w ' 1/3, a lower reheating temperature is set,
much higher than that imposed by the ns data.

Comparing the two cases, A and C, we find that As is in accordance with (7.42), and the
fact that λ, or equivalently m, is fixed and δN?/N? is negative. However the change in As is
relatively large, unlike ns, in the sense that its variation reaches the order of magnitude of
the observational error of As, as discussed earlier.

It is worth noting that for given a value for the parameter α there is a fine-tuned value of
m, in the range suggested by (7.54), for which the case w = 1/3 falls within the allowed range
by As observations3. In this case, the instantaneous reheating temperature is reached for each
value of w in the range −1/3 ≤ w ≤ 1. However, in this case, for each w that differs from the
value 1/3, a lowest temperature is determined that is close to the instantaneous temperature.
This includes the values 0.0 . w . 0.25, which are preferred in some reheating scenarios.
This is clearly seen, for example, in Case C, where for α = 109 the value m = 6.32 × 10−6

forces the line w = 1/3 within the As boundaries, as shown on the right panel of Fig. 7.3.
Keeping α fixed, any slight change in the value of the parameter m, which essentially controls
As, causes the line w = 1/3, to be shifted down or up out of the allowed range, and in this case

3This assumes that the case w = 1/3 is compatible with N? in the range ≈ 50 − 60, which is always the
case unless the parameter α takes extremely high values.
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Table 7.1: Example outputs for Model I, for inputs corresponding to cases A, C (see main text), for
the cosmological observables ns, r, As and N?, for different values of the equation-of-state parameter.
The values shown for the reheating temperature Treh, in GeV, correspond to the minimum (top rows)
and maximum (bottom rows) allowed when the observational limits for As ' (2.10 ± 0.03) × 10−9 and
ns = 0.9649± 0.0042 are respected. Blank entries indicate that there are no values for the specific value
of w that are compatible with the observational bounds set on ns and As.

Model I ( pivot scale k? = 0.05Mpc−1 )
A - case C - case

w - value w = 0.0 w = 0.25 w = 1.0 w = 0.0 w = 0.25 w = 1.0

109 As 2.07 2.07 2.07 2.07 2.13
ns 0.9637 0.9637 0.9637 0.9637 0.9642
r 0.0616 0.0616 0.0040 0.0040 0.0038
N? 55.25 55.25 55.65 55.65 56.43
Treh 8.542× 1012 1.547× 103 1.138× 1015 9.741× 1013 3.667× 1014

109 As 2.13 2.13 2.08 2.08 2.08
ns 0.9642 0.9642 0.9638 0.9638 0.9638
r 0.0602 0.0602 0.0039 0.0039 0.0039
N? 56.03 56.03 55.85 55.85 55.85
Treh 8.861× 1013 1.855× 108 2.099× 1015 2.099× 1015 2.099× 1015

the instantaneous reheating scenario is no longer supported. At the same time, depending
on the value of m, lower and upper limits of reheating temperatures are imposed, which are
different for each w. However, some values of w are completely excluded. By increasing m,
the line w = 1/3 is raised and moves above the upper observational limit on As. In this case,
all values in the range 1/3 ≤ w ≤ 1 are excluded. On the other hand if one decreases m, the
line w = 1/3 moves below the lower bound of As and values −1/3 ≤ w ≤ 1/3 are excluded.
Further Increasing or decreasing the value of m excludes all possible cases −1/3 ≤ w ≤ 1.
Thus, there is a range of m outside of which no agreement with the data of As can be
obtained, for any value of w, in the interval −1/3 ≤ w ≤ 1. This range is indeed narrow and
falls within the range given by (7.54). Within this range there are fine-tuned values for which
the reheating can be instantaneous. Note that the sensitivity of the primordial tilt ns to
the value of m is not so dramatic, and the ns data leave more room to satisfy observational
requirements. Therefore, the conclusion is that for a given α, the value of m should be
in a very narrow range, to match the power spectrum data. Moreover, if the reheating is
instantaneous, it should be appropriately fine-tuned. This is also true, as we shall see, for
other popular models, in particular the Higgs model, which we will discuss later.

Following the numerical procedure already outlined, we show in Table 7.1 example results
of the considered model for the choice of parameters corresponding to the inputs A, and C for
a pivot scale k? = 0.05Mpc−1. The predicted cosmological observables ns, r, As are shown
for different values of the equation-of-state parameter w corresponding to the minimum (top
rows) and maximum (bottom rows) allowed reheating temperatures Treh when the limits
As ' (2.10 ± 0.03) × 10−9, and ns = 0.9649 ± 0.0042 are satisfied. The corresponding
predictions for the number of e-folds N? , are also shown. Blank entries indicate that there
are no values for the specific value of w that are compatible with the observation bounds for
ns, As. Note that for the C - case the maximum reheating temperature is the instantaneous
reheating temperature, Tins = 2.099 × 1015 GeV. At this temperature, the predictions are
independent of w, since Tins marks the intersection of all w-lines. For the same case, the lower
bounds for Treh are also shown. For the cases w = 0.0, 0.25 and w = 1.0, these are not very
far from Tins, in agreement with Fig. 7.3, right panel, as discussed earlier. For the A - case ,
on the other hand, both the minimum and maximum reheating temperatures are smaller than
the corresponding values for the C - case. Note in particular the predictions for w = 0.25, for
which the temperature range allowed by all observations is Treh ' (1.5×103−1.9×108) GeV.
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Figure 7.4: The tensor-to-scalar ratio r0.002 vs. the primordial tilt ns for Model I, for the data sets A (
red line), B (green line) and C (blue line) corresponding to different inputs of the parameters (see main
text). A pivot scale k? = 0.002Mpc−1 is used, allowing a direct comparison with the corresponding Planck
2018 data. The value of the equation-of-state parameter for the upper figure is w = 0.0, while for the
lower figure w = 0.25. The tiny circle (in magenta), the small one (in orange) and the large one (in
green) correspond to the reheating temperatures close to BBN, Electroweak and Leptogenesis scenarios,
respectively, while the largest one (in yellow) marks the instantaneous reheating temperature. In each case,
the numbers indicate the e folds when k? = 0.002Mpc−1.

In Fig. 7.4, for Model I, the tensor-to-scalar ratio r0.002 is plotted against the primor-
dial tilt ns for data sets A (red line), B (green line), and C (blue line). A pivot scale
k? = 0.002Mpc−1, was used in drawing this figure so that it can be directly compared
to the corresponding Planck 2018 limits [82, 87], which are also plotted. The tiny circle
(in magenta), the small one (in orange) and the large one (in green) correspond to the
reheating temperatures close to BBN, Electroweak and Leptogenesis scenarios, given by
Tb = 1MeV, Tew = 102 GeV and Tlep = 109 GeV, respectively. The largest circle (in yellow)
marks the instantaneous reheating temperature, see Eq. (6.9), for each case shown. The num-
ber next to each circle indicates the corresponding number of e-folds remaining at the pivot
scale k? = 0.002Mpc−1. The value of the equation-of-state parameter for the upper figure is
w = 0.0, while for the lower one w = 0.25. In the latter, only the e-folds corresponding to Tb
and instantaneous reheating are shown to be clearly visible. In both cases shown, w = 0 and
w = 0.25 ,one obtains the smallest values for the tensor-to-scalar ratio r in the C - case, i.e.
for the largest values of the parameters α, c. Recall that the ratio c/a was kept fixed. For
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smaller values of the parameters, r becomes larger and saturates the Planck upper bound in
the A - case, corresponding to the smallest allowed values of α, c, as we have already noted.

We note that in the drawing of Fig. 7.4 the As-constraints have not been included. When
they are included, the allowed line segments shown in the figure are reduced considerably,
since Treh is further constrained by the As data. For example, for the C - case, which is
well within the range allowed by all observations and also gives the smallest value for r,
much of the segment with ends corresponding to temperatures Tb and the minimum allowed
temperature as read from Table 7.1 for each w-case, is cut out. Only a tiny part of it, close
to the maximum reheating temperature Tins, will remain.
Model II :

As a second model (Model II) worth studying, is the one in which the functions g,M2 are
as in (7.24), as in Model I, but the potential is quartic in the involved scalar field, i.e.

V (φ) = λ

4φ
4 , (7.60)

that is n = 4. We have already noted from the qualitative arguments presented earlier that
this model, as well as all those with n > 4, do not satisfy the spectral index observations
unless one has a large number of e-folds, probably larger than N? > 76, or so. However, a
more detailed investigation is needed to reach a firm conclusion that also takes the reheating
temperature into account.

Applying the general results given at the beginning of this section to this model, we get,

φ? '
√

8N? . (7.61)

Also on account of (7.36) the coupling λ is

λ ' 10−8 3.11
N3
?

, (7.62)

which for e-folds in the range N? = 50− 60, yields

λ ' (1.45− 2.50)× 10−13 , (7.63)

the lowest value corresponding to N? = 60. Therefore, the coupling λ must be quite small to
satisfy the requirements imposed by the observations. For the parameter α, which sets the
inflation scale, employing (7.38), we have a lower bound given by

α & (0.47− 0.50)× 108 , (7.64)

not much different from the bounds given in (7.55).
For Tins, as in the case n = 2, we must compute φend and use (7.50) adapted to the

case n = 4. Although an analytical solution for φend is possible by Eq. (7.33), we will not
present it. Instead, we will discuss its behaviour for small and large c-values. For small
c-values, omitting the O(c2) terms, we find φ2

end ' 8(1− 64 c). Then from (7.50) the leading
contribution is,

ρend ' σ
8c
α

= 16σλ → Tins = 0.909× λ1/4 . (7.65)

With λ = 2 × 10−13, the central value in the range (7.63), there is an instantaneous
reheating temperature around Tins ' 1.48×1015 GeV. As in the previously studied model, in
the case of n = 2 case, the power spectrum determines the maximum reheating temperature,
in the regime of small c. In the case of large c, φ2

end behaves like c−1/3 and therefore contributes
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Figure 7.5: The primordial tilt ns, vs. the reheating temperature Treh, in GeV, for a scale k? =
0.05Mpc−1, and for various values of the equation-of-state parameter, for cases A (left) and B (right)
of Model II discussed in the text. The shaded regions mark the allowed values for the primordial tilt
ns = 0.9649± 0.0042 and the vertical dashed lines the instantaneous reheating temperatures.

little to Eq. (7.50). If we then keep only the leading term in ρend, we get the same result (7.58)
as in the previous model, and Tins is again proportional to α−1/4.

For this model, we will also present example results of our numerical treatment, consider-
ing a fixed value λ = 2.0×10−13, in the middle of the range proposed by (7.63), and values of
α in the range a = 5×107−5×109 , thus respecting the bound (7.64). The value a = 5×107

corresponds to the lowest allowed value, and we call it for the future A - case, while 5× 109

is arbitrarily taken two orders of magnitude larger, which we call B - case. Although in
principle one can also consider larger α - values, it is not necessary to do so for reasons that
will be briefly explained.

The left panel of Fig. 7.5 shows the predictions for the primordial tilt ns, for the cases
A (left) and B (right), as a function of the reheating temperature for different values of
the equation-of-state parameter w. Note that there is not much difference between the two
cases, although the parameter α differs by two orders of magnitude. The explanation is
the same as for Model I. Note that the lines on the right have been shifted imperceptibly
downwards. That is, the trend is toward lower ns values as the α parameter increases. As
for the instantaneous reheating temperature, for the taken values of α, λ, for the A - case
it is Tins = 1.223 × 1015 GeV, while for the B - case this is Tins = 1.129 × 1015 GeV. These
are marked by vertical thin dashed lines, as in the previous figures. As noted for this model,
agreement with ns observational data is difficult to achieve. In both cases, it is clear from this
figure that values for ns that are just acceptable can only be obtained for very small reheating
temperatures and only for w = 1. In this case, the number of e-folds is large N? > 70, as is
shown in Fig. 7.6 where the number of e-folds is plotted. We did not consider larger values
of α because, as explained, they would predict lower ns, leading to larger deviations from the
data.

Although no agreement with ns data can be obtained in this model, we give a brief account
of the predictions for the amplitude of the power spectrum for the sake of completeness.
Agreement with As data requires values of w smaller than 0.25 for the A - case, while for the
B - case the value w = 0.25 is narrowly accepted. Values smaller than w ' 0.25 are allowed.
In any case, such values for the equation-of-state parameter as shown in Fig. 7.5lead to even
smaller values of ns, smaller than ' 0.945 or so, and thus unacceptable. Models with n > 4
give predictions that are also difficult to reconcile with the data according to our general
arguments.

From this it is concluded that from the class of models whose initial potential is of the
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Figure 7.6: As in Figure 7.5 for the number of e-folds N? .

monomial form V ∼ φn, and with constant values for the coefficients of the terms R and R2

in Palatini gravity, only the case n = 2, which belongs to the class of cosmological attractors
[364], can lead to successful inflation whenall observational constraints are taken into account.

7.3.2 Nonminimally coupled models

Nonminimal coupling arises when the constants g and/or M2 are field-dependent in the
models studied so far. A particularly interesting case is the model in which

g(h) = 1 + ξhh
2 , M2(h) = 1

6α , V (h) = λh
4 h4 . (7.66)

This belongs to the class of models (7.24), with quartic potential, but the scalar h is non-
minimally coupled to the scalar curvature R, in the Palatini framework, since g is field
dependent, in the particular way shown above. This model actually follows from the Higgs
coupling (hence we use h instead of φ for the scalar field) to Palatini gravity

M2
P + 2ξhH†H

2 R+ α

2R
2 + |DH|2 − λh

(
|H|2 − u2

h

2

)2

, (7.67)

where uh ' 246 GeV is the Electroweak scale. In Planck units, this is very small uh ∼ 10−16

and plays no significant role in inflation. Thus, setting uh = 0 and working in the unitary
gauge, H† = (0, h/

√
2), (7.67) is actually the model described by g,M2 and the quartic

potential as given in (7.66).
The Higgs coupling to gravity and its role as an inflaton, in the metric formulation,

was proposed in [365, 366] and it has been widely studied since then [7, 179, 181, 203–
205, 357, 367–388] both in the context of the metric formulation and in Palatini formulation.
The importance of the term R2 in (7.67) was discussed in [179, 203–205]. In this thesis we
will show that the quartic coupling λh, as in the minimally coupled quartic model studied
previously, corresponding to ξh = 0, is strongly constrained by cosmological data, in particular
the power spectrum amplitude As. This limits the available options, especially when the
reheating of the Universe after inflation is considered.

The functions K,L and Ū in this model are given below, in the limit u = 0,

K(h) = 1 + ξhh
2

(1 + ξh h2)2 + ch4 , L(h) = 2α
(1 + ξhh2)2 + ch4 , (7.68)
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while the potential Ū receives the form

Ū(h) = 1
8α

ch4

(1 + ξhh2)2 + ch4 . (7.69)

As in the simple quartic potential, the parameter c is the combination c = 2αλh. Note,
however, that there is a non-trivial ξh-dependence and therefore the Higgs model is different
from the simple quartic model studied earlier. Obviously, if ξh = 0 the functions (7.68), (7.69)
smoothly go into (7.26), (7.27).

For large values of h the potential (7.69) approaches a plateau ' 1/8(α + ξ2
h/2λh), and

hence an inflation scale µ can be established. Specifically, reintroducing units, this is de-
fined by µ ≡ MP/

√
6(α+ ξ2

h/2λh) . Then the potential for large field values approaches
Ū ' 3µ2M2

P/4. For comparison, in the Starobinsky model the inflaton potential reaches
3µ2

SM
2
P/4, where µS is the scalaron mass, and in this case cosmological data determine its

size, given by µS ' 10−5MP. In the considered model, the size of µ will be discussed later
when bounds are set for the parameters ξh, λh and α.

In the same way as in the models studied before, the slow roll parameters εV , ηV are given
by, as functions of h,

εV = 8(1 + ξh h
2)

h2(1 + 2ξhh2 + (ξ2
h + c)h4) , ηV = 4

h2

(
−3 + 2ξhh2

1 + ξhh2 + 6(1 + ξh h
2)

(1 + ξh h2)2 + ch4

)
. (7.70)

Although the parameter ηV has a rather complicated form, both the primordial tilt and
amplitude of the power spectrum have rather simple expressions. In fact, they are given by

ns = 1− 16
h2
?

− 8
h2
?(1 + ξhh2

?)
(7.71)

and

As = λh
24π2

h6
?

32(1 + ξhh2
?)
, (7.72)

where we have replaced the field h with its pivot value h?. These agree with (7.40) and (7.28),
respectively, for n = 4, when ξh = 0, as they should. However, the presence of the ξh changes
the predictions for the cosmological observables, as we will see.

To get further, we need the pivot value h?. In this case, the number of e-folds N? is given
by

N? = 1
8 (h2

? − h2
end) . (7.73)

This does not explicitly depend on the parameter ξh and is identical to (7.30) if n = 4. Hence

h2
? = 8N? + h2

end , (7.74)

which is functionally the same as (7.31), but the value of hend is different. The latter depends
on both ξh and the combination c = 2αλh and is given as the solution of equation

ch6
end + (1 + ξhh

2
end)(h2

end(1 + ξhh
2
end)− 8) = 0 . (7.75)

This is a cubic equation in h2
end, which we prefer to cast in the form (7.75) for reasons that

will become clear below. Note that in the limit ξh = 0 this equation becomes (7.33), if we
put n = 4 in the latter. In the form represented by (7.75), we see that at c = 0 the solution
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for h2
end is easily obtained, since it becomes a quadratic equation for h2

end. This observation is
useful when we want to study the predictions of the model for small c, expanding in powers
of c around the zero-order solution.

Since this is a cubic equation for h2
end, one can obtain an analytic solution, and in our case

there is only one real and positive solution. The value of this solution can never be greater
than 8 for h2

end. In fact, this value is obtained when h2
end is less than ∼ 10−3. For larger

values, the root of this equation is smaller. It follows that h2
end in (7.74) can be neglected

and h? can be approximated by

h? '
√

8N? , (7.76)

as in the simple quartic model. Replacing this value in (7.71) and (7.72) we get

ns = 1− 2
N?
− 1
N?(1 + 8ξhN?)

, (7.77)

and

As = 2λh
3π2

N3
?

(1 + 8ξhN?)
. (7.78)

As expected in the limit ξh = 0 these smoothly go to (7.41) and (7.35) when in the latter we
put n = 4.

However, the role of the parameter ξh is very important and can improve the case, as far
as the primordial tilt ns is concerned. In the simple quartic model, the predictions for ns
are difficult to reconcile with the cosmological observations, unless one considers large values
of the e folds, N? ' 70 or so, as discussed earlier. Such large values of e-folds may not be
acceptable, as they require very low values for the reheating temperature, at least in the
standard reheating scenarios. If one accepts a large number of e-folds, N? > 70, this may be
consistent with alternative reheating scenarios, which can be interesting in their own right,
but we would like to take a more conservative stance in this thesis.

As for ξh, we assume that it is positive. Then one sees from (7.77) that ns is larger
than the one obtained in the quartic potential studied before, which corresponds to ξh = 0.
Moreover, for any N? the observable ns increases as ξh grows and therefore values within
limits may be obtained for sufficiently large values of ξh. From (7.77) it can be seen that for
values ξh ' 0.06 the primordial tilt can be within observational limits, for e-folds in the range
N? ' 52 − 60. That is for this value of ξh a large portion of e-folds, in the range 50 − 60,
is covered, which is broadened for larger ξh allowing, also, for values of N? lower than 52.
Values of ξh < 0.06 are also acceptable, but at the cost of significantly shrinking the range
of allowed e-folds, that are compatible with the observational limits imposed by ns. For
example, for ξh ' 0.004 one obtains ns = 0.9607, at the edge of the lower observational limit,
which pushes N? to N? ' 60. From these arguments, it is apparent that a reasonable range
to deal with in our numerical procedure is to focus on values of ξh of the order of O(10−2),
or larger. In what follows, we will take ξh & 0.06 on the grounds that this is likely to cover
a wider range of e-folds, as we explained above.

From (7.78), and accepting that As is ' 2.1 × 10−9, the quartic coupling is bounded as
follows

λh ' 3.11× 10−8 1 + 8ξhN?

N3
?

. (7.79)

In the limit ξh = 0 this coincides with (7.62), as it should. From this it can be seen that the
allowed values for λh depend on the parameter ξh, and also that in this case there are larger
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values of the coupling λh, than in the simple quartic model. However, even in this case the
quartic coupling is small. For ξh = 0.06, it is of the order ∼ 10−12. For λh to reach values of
order & 10−6, one needs large values ξh & 104 when N? ' 50− 60.

As for the parameter α, as discussed in the previous models, a lower bound for it can be
given by (6.5),

α & 5× 107
(

1.25− N?(1 + 8ξhN?)
200

)
. (7.80)

This bound on α depends on ξh, it is quadratic in N?, and there is a critical value of ξh
beyond which it becomes negative, which means that in this case any positive value of α is
actually allowed. Since we prefer to work with values ξh > 0.06 the RHS of (7.80) is negative,
for N? ' 50 − 60, and for our purposes there is virtually no lower bound on the parameter
α. The lack of a lower bound can be important because α in this case can be chosen either
larger or smaller than the ratio ξ2

h/2λh. In the regime

ξ2
h > 2αλh , (7.81)

an upper bound on α is imposed, for given ξh , λh. Of particular interest, within this regime,
is the case where ξ2

h � 2αλh. In this limit, one sees from (7.68) and (7.69) that the functions
K(h) and the potential Ū(h) do not depend on the parameter α. Rather, K(h) depends only
on ξh and Ū(h) depends on ξh, λh. Although the function L(h) depends on α, its influence
in the equations of motion is small for the cases of interest here, as we have already noted.
Therefore, in this case the results are independent of the parameter α, as long as ξ2

h � 2αλh
holds. In this case the inflation scale µ, as previously defined, becomes µ '

√
λh/3ξ2

hMP and
lies in the range ∼ (2× 10−5 − 5× 10−7)MP, for values of ξh in the range 0.06− 100.0 and
for N? between 50− 60, with the smaller (larger) scales being obtained for higher (lower) ξh
and N? values. Obviously, the previously mentioned arguments are no longer valid when the
parameters in regime

ξ2
h < 2αλh . (7.82)

Then we have a lower bound for α, for given ξh, λh. Also in this case, the predictions depend
on α and ξh, λh. In particular, if ξ2

h � 2αλh the inflation scale is µ ' MP/
√

3a, i.e. it is
determined solely by α.

The lower and upper bounds of the parameter α, for having a > ξ2
h/2λh and a < ξ2

h/2λh,
are given in the fourth and fifth columns, respectively. In preparing this table, the values of
N? were taken as usual in the range N? ' 50− 60.

To obtain an estimation of the instantaneous reheating temperature, which is given
by (7.45), we need to know the energy density at the end of inflation. Following similar
arguments as for the previously studied models, we find that in this case it is given by

ρend = σ

8α

(
1− h2

end(1 + ξh h
2
end)

8

)
≡ σ

8α F (ξh, c) . (7.83)

Recall that σ = 1.5. The function F (ξh, c) is too complicated to be presented, although there
is an analytic expression for the unique positive solution h2

end of Eq. (7.75). We will actually
use this for the computation of ρend by (7.83). Replacing α by c/2λh, where λh is given
by (7.79), we obtain from (7.45),

Tins = (0.968× 10−3)
( 55
N?

)1/2 (
ξh + 2.27× 10−3 55

N?

)1/4
R1/4(ξh, c) , (7.84)
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Figure 7.7: In the c, ξh plane we show the instantaneous reheating temperature, given by Eq. (7.84), for
N? = 55. Light colors correspond to larger temperatures. The largest temperature, T ' 2.47× 1015 GeV,
is in the yellow region at ξh ' 0.1, whose limit is the blue dashed line. The red line is the locus of the
points with α = 5× 107.

where R(ξh, c) = F (ξh, c)/c. This gives it a very simple form in certain regions, and interest-
ingly, this includes the region where Tins gets its largest value.

The first region of interest is when c/ξ2
h < 1. As we noted earlier, Eq. (7.75) is easy to

solve when c vanishes, since in this case it reduces to a quadratic equation for h2
end. For

non-vanishing c, within the regime c/ξ2
h < 1, we can treat this ratio as a small parameter,

to find the desired solution as a deviation from the zeroth-order solution, corresponding to
c = 0. This is easy to implement and leads to a function R(ξh, c) that is independent of c to
the lowest order in c/ξ2

h. In particular, it is found that,

R(ξh, c) =
(

1 + 16ξh −
√

1 + 32 ξh
16 ξ2

h

)2

≡ P (ξh) . (7.85)

The function P (ξh) is regular at ξh = 0, with limit P (0) = 64. Using this, we find from (7.84)

Tins = (0.968× 10−3) (ξh P (ξh))1/4 . (7.86)

In this we have set 55/N? ' 1, and also assume that ξh > 0.01, which is actually the
region we are interested in. Note that (7.86) is valid in the regime c/ξ2

h < 1 and it is a very
convenient relation. Within the regime c < ξ2

h the maximum temperature is reached when
ξhP (ξh) reaches its maximum. This occurs at ξh = 3/32, i.e. very close to ' 0.094, and for
this value Tins ' 2.47 × 1015 GeV, in natural units. This is independent of c as long as c is
much smaller than ξ2

h. Away from this maximum, Tins decreases with increasing ξh increases
and behaves like Tins ' (0.968 × 10−3) ξ−1/4

h . Another interesting region is when c is large
and c >> ξ2

h. In this region the function F (ξh, c) that controls ρend in (7.83) is very close
to unity. Note that the size of c alone is not sufficient to have F (ξh, c) ' 1, despite the fact
that h2

end is small. We must additionally require that c >> ξ2
h. Then it turns out that ρend is

inversely proportional to α, and thus the instantaneous reheating temperature is proportional
to α−1/4, or equally proportional to (λh/c)1/4. The latter is proportional to (ξh/c)1/4 if (7.79)
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Figure 7.8: Top: The primordial tilt ns, left, and the amplitude of the power spectrum As, right, vs.
the reheating temperature Treh, for the Higgs model, for inputs ξh = 0.06, λh = 4.875 × 10−12 and
α = 5× 105. Bottom: For the Higgs models and same inputs, the number of e-folds is plotted against the
reheating temperature.

is used. Then the analytic result for Tins in this case is trivially found from (7.84),

Tins ' (0.968× 10−3)
(
ξh
c

)1/4
. (7.87)

This applies to large c values, satisfying the condition c � ξ2
h, and so cannot be arbitrarily

large. The largest value within this regime is about ' 1015 GeV, which is slightly smaller
than the corresponding temperature of the c << ξ2

h region. This is obtained for c ' 102,
which is relatively large, and values of ξ2

h about an order of magnitude smaller than c. Any
other pair of values, for these parameters, within this particular regime, leads to lower values
of Tins.

Unfortunately, there are no simple mathematical expressions to deal with outside of the
above, and we will rely on a numerical treatment of (7.84). In fact, scanning the two-
dimensional parameter space c, ξ2

h, we found that the approximate formulas given earlier
agree with the values obtained from (7.84) with very good accuracy in the corresponding
regions. In Fig. 7.7 we show the instantaneous reheating temperature, as given by Eq. (7.84),
for N? = 55. Light colors correspond to higher temperatures. From this figure, it is clear
that the larger temperatures are obtained for values of the parameters within the small
yellow region, located at the bottom and left. The region with the largest temperature Tins
is centered around ξh ' 0.1, and values c . 10−4, having as boundary the blue dashed line
corresponding to Tins = 2.47 × 1015 GeV. The maximum temperature reached is very close
to it, confirming our previous arguments. Within this region ξh ' 0.1, and since Eq. (7.79)
is used, λh ' 10−12. Therefore α = c/2λh . 5× 107 is needed for having the largest possible
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Figure 7.9: The primordial tilt ns, left, and the power spectrum amplitude As, right, vs. the reheating
temperature Treh, for the Higgs model, for inputs ξh = 0.06, λh = 5.6× 10−12 and α = 5× 1011 (case -
A).

Tins. This can also be seen by plotting the location of the points for which the parameter α
has a constant value, α = 5 × 107. This is just above the range given above. Lower values,
α < 5 × 107, will move this line downwards, crossing the largest Tins region, and thus the
maximum Tins is obtainable.

Note that the analytic expressions for Tins, given so far, serve as an estimate of the
magnitude of the instantaneous temperature. As we have already pointed out, the actual
values are extracted by solving the pertinent equations of motion numerically. However,
the numerical analysis reveals that these estimates are accurate enough. In fact, the results
derived are lower by less than about 10 %. Only in a small region, for c ≤ 10−8 and for ξh
values in the vicinity ξh ' 0.1, this difference augments to about 15 %, or so. This is in accord
with the discussion following Eq. (7.47). As a result the maximum instantaneous reheating
temperature mentioned before, Tins = 2.47× 1015 GeV, drops to Tins = 2.07× 1015 GeV.

Our numerical study can be summarized by the selection of the following representative
inputs:

For the value ξh = 0.06, which according to the previous discussion sets the threshold for a
sufficient number of e-folds, we choose the quartic coupling λh = 4.875× 10−12. From (7.79)
we can see that for N? = 50 − 60 the quartic coupling ranges between 4.29 × 10−12 (for
N? = 60) and 6.22 × 10−12 (for N? = 50), so the chosen value is indeed in a reasonable
range. However, this fine-tuned value was chosen such that the predicted amplitude As is
within the observational limits, and such that instantaneous reheating is feasible. It should
be noted that the approximate formula used for As may differ from the one provided by the
numerical method. The latter gives more accurate results, since the exact numerical solution
for the field h is used, and also because it incorporates corrections, which, although small in
some cases, are of the same order of magnitude as the observational errors. For this reason,
fine-tuning is necessary to make the instantaneous reheating mechanism a realistic possibility.

For these inputs ξ2
h/2λh ' 3.7×108, and thus for values α� 5×107 we are in the regime

a � ξ2
h/2λh and, as we have discussed, the predictions are insensitive to the choice of α.

Therefore, any value of α leads to the same results provided α � 5 × 107. We have verified
this with our numerical code. For definiteness we take α = 5 × 105 which is three orders of
magnitude smaller than ξ2

h/2λh, as given above.
In Fig. 7.8, at the top, we show the primordial tilt and the power spectrum amplitude.We

see that agreement with the ns data is achieved for each temperature when the parameter
w is ' 0.25 or larger but smaller than 1.0. However, for canonical reheating, w = 0.0,
however a lower bound is imposed Treh & 1010 GeV, while for w = 1.0 the lower bound is
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Figure 7.10: The same as in Figure 7.9, for inputs ξh = 10.0, λh = 8.85× 10−10 and α = 5× 1011 (case
B).

Table 7.2: Predictions of Higgs Model, for the input values shown above, for the cosmological observables
ns, r, As, N? and for various values of the equation-of-state parameter w. The values shown for the
reheating temperature Treh, in GeV, correspond to the minimum (upper rows) and maximum (lower rows)
allowed when the observational limits for As and ns are imposed.

Higgs Model ( pivot scale k? = 0.05Mpc−1 )
Input values ξh = 0.06 λh = 4.875× 10−12 α = 5× 105

w - value w = 0.0 w = 0.25 w = 1.0

109As 2.07 2.07 2.13
ns 0.9634 0.9633 0.9639
r 0.0102 0.0102 0.0100
N? 55.67 55.67 56.45
Treh 2.562× 1014 6.695× 1010 1.569× 1015

109As 2.12 2.12 2.12
ns 0.9638 0.9638 0.9638
r 0.0100 0.0100 0.0100
N? 56.36 56.36 56.36
Treh 2.027× 1015 2.027× 1015 2.027× 1015

about Treh & 100 GeV . Looking at the As plot we observe, as advertised, that instantaneous
reheating can occur, for the given ξh, λh inputs. We also observe that the constraints are
more stringent than those imposed by ns. Indeed, values of w > 1/3, allow temperatures
very close to Tins. At the same time, a lower reheating temperature is imposed for the case
w = 0.25, Treh & 1011 GeV, while for the canonical scenario the lower bound imposed by As
is pushed to a much higher value, close to Tins. At the bottom of the same figure, the number
of e-folds is shown. Although values of e-folds N? as large as ' 70 for low Treh are allowed, by
ns data, when 1 > w ≥ 0.25, the As measurements restrict the allowed temperature range in
such a way that N? is forced to fall within the range ' 55.70− 56.30, as shown in Table 7.2.
In this table the predictions for As, ns, r,N?, corresponding to the minimum (upper rows)
and maximum (lower rows) reheating temperature, are also shown. The maximum reheating
temperature is the instantaneous temperature, Tins = 2.027 × 1015 GeV, and for this reason
the predictions for the various w, in this case agree.

As a second example, we consider values of ξh in the range ξh = 0.06 − 10.0 when the
parameter α is increased to α = 5× 1011. These cases fall in the regime a > ξ2

h/2λh if λh is
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Figure 7.11: The tensor-to-scalar ratio r0.002 vs. the primordial tilt ns for the Higgs model. As in Fig 7.4
the numbers shown correspond to the e-folds and the circles denote different reheating temperatures. For
the top line (in red) the parameters are α = 5 × 105 , ξh = 0.06 and λh = 4.875 × 10−12, while for the
bottom line (in blue) α = 5× 1011, ξh = 0.06 and λh = 5.60× 10−12. Shown are only the cases for the
canonical scenario, w = 0.

within the range suggested by (7.79). Following the same reasoning, we can consider values
for the quartic coupling such that agreement with the As data is achieved while allowing
the maximum reheating temperature to reach the instantaneous temperature Tins. For the
smallest value of ξh in this range, ξh = 0.06, the quartic coupling can be assumed to be
λh = 5.60 × 10−12, while for the largest, ξh = 10, the value λh = 8.85 × 10−10 meets our
needs. For illustrative purposes, we call these cases A and B, respectively.

Note that by changing α, from α = 5× 105 to α = 5× 1011, the predicted values for the
cosmological parameters also change, and thus readjustments of λh are necessary to obtain
a match with the data of As while having Tins as the maximum temperature. This is the
reason why the values of λh for the case ξh = 0.06 are slightly different for α = 5× 105 and
α = 5× 1011.

In Figs. 7.9 and 7.10 we show the predictions for the primordial tilt and the power spec-
trum amplitude for the cases A and B, respectively, discussed before. Comparing Fig. 7.9
with Fig. 7.8 (on top), we first see that Tins is lowered, in comparison to the A - case. Indeed,
from Tins = 2.027 × 1015 GeV it slides down to 6.522 × 1014 GeV. Also the lowest reheating
temperatures change a little. For instance for w = 0.25 this is 1.065 × 1011 GeV, i.e. it has
been slightly increased from the corresponding α = 5× 105 case, which was 6.695× 1010 GeV
(see Table 7.2). Figure 7.10 shows the corresponding predictions for the B - case. In this
case, Tins = 6.647×1014 GeV. That is, it is slightly larger than the A - case. Holding α fixed,
the tendency for Tins is to decrease, with increasing the parameter ξh, as long as a > ξ2

h/2λh,
where the quartic coupling is set to match the data of As.

In Fig. 7.11, we show the tensor-to-scalar ratio r0.002 versus the primordial tilt ns for
the Higgs model. The numbers of the e-folds are shown, and the circles denote different
reheating temperatures, exactly as in Fig. 7.4. The upper line (in red) corresponds to the
parameters α = 5× 105 , ξh = 0.06 and λh = 4.875× 10−12 while for the lower one (in blue)
the parameters are α = 5 × 1011 , ξh = 0.06 and λh = 5.60 × 10−12. Shown are only the
cases for canonical reheating, i.e. w = 0. Note that in drawing this figure, the constraints
arising from As have not been taken into account. If they are, we are left with a small
segment with temperature Tins. In any case, we see from these figures that as the parameter
αis increased, the tensor-to-scalar ratio becomes smaller and the predictions move downward
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and the mechanism of the instantaneous reheating temperature is in full agreement with the
Planck 2018 cosmological constraints.
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Chapter 8

Scale-invariance, dynamically induced
Planck scale and inflation

In this section we construct a model of scale-invariant quadratic gravity in which the Planck
scale is dynamically generated by the VEVs of a scalar field φ and the Higgs h, which are
nonminimally coupled to gravity by terms of the form ξiΦ2

iR, where Φi = φ, h. The additional
scalar field φ comes from a general U(1)X extension of the SM gauge structure, which includes
an additional gauge boson Xµ and three right-handed neutrinos N i

R that can generate masses
for the SM neutrinos via a type-I seesaw mechanism. The model can naturally accommodate
DM and we outline three different possibilities. Moreover, the mass of the Higgs and the
electroweak scale is generated by a portal coupling between φ and h of the form λhφh

2φ2.
Thus, the addition of the extra scalar field φ is necessary to preserve the scale invariance
of our model, since the well-known Higgs mass term contained in the SM Lagrangian is not
scale invariant.

8.1 Scale-invariant inflation in Palatini gravity
We begin the discussion of our model by describing the scale-invariant U(1)X extension of
SM, which we use [389–407], containing a complex scalar field Φ, a gauge boson Xµ and three
right-handed neutrinos N i

R. We also outline three different ways in which the model can
accommodate dark matter candidates. We then focus on the gravitational part of the theory
and study it in the Palatini formalism.

8.1.1 U(1)X extension of the Standard Model

We consider the U(1)X extension of SM based on the gauge group SU(3)c×SU(2)L×U(1)Y ×
U(1)X . In Table 8.1 we present the matter fields of this model, which in addition to the SM
matter fields also contains three generations of right-handed neutrinos N i

R (i = 1, 2, 3) and a
complex U(1)X scalar field Φ, whose VEV generates the mass of the vector boson Xµ as well
as the masses of the right-handed neutrinos. This U(1)X extension can be recognized as a
linear combination of the U(1)Y and the U(1)B−L gauge group, with the latter being free of
gauge and gravitational anomalies. The existence of the three right-handed neutrinos plays
a crucial role in this anomaly cancellation. Following [408], we introduce the real parameters
xH and xΦ used in the determination of the U(1)X charge of the field Φ, which is given by

QX = Y xH +QBL xΦ , (8.1)

where Y and QBL are its hypercharge and B−L charge, respectively. Two interesting choices
for the parameters xH and xΦ are the choice (xH , xΦ) = (0, 1), which is consistent with the
U(1)B−L model, and the choice (xH , xΦ) = (−2, 1), which is consistent with the SM with an
additional U(1)R symmetry.
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Table 8.1: The matter fields of the U(1)X extension of the SM with the associated charges. In addition to
the SM particle content (i = 1, 2, 3), three right-handed neutrinos N i

R (i = 1, 2, 3) and a U(1)X complex
scalar field Φ are introduced. The U(1)X charge is determined by the two real parameters, xH and xΦ, as
QX = Y xH +QBL xΦ with its hypercharge Y and B − L charge QBL.

SU(3)c SU(2)L U(1)Y U(1)X
qiL 3 2 1/6 (1/6)xH + (1/3)xΦ
uiR 3 1 2/3 (2/3)xH + (1/3)xΦ
diR 3 1 −1/3 (−1/3)xH + (1/3)xΦ
`iL 1 2 −1/2 (−1/2)xH + (−1)xΦ
eiR 1 1 −1 (−1)xH + (−1)xΦ
H 1 2 1/2 (1/2)xH
N i
R 1 1 0 (−1)xΦ

Φ 1 1 0 (+2)xΦ

The covariant derivative associated with the U(1)Y × U(1)X gauge interaction is defined
as

Dµ = ∂µ − i (g1Y + g̃QX)Bµ − igXQXXµ , (8.2)

where g1 and gX are the U(1)Y and U(1)X gauge couplings, respectively. In (8.2), the
possible kinetic mixing between the two U(1) gauge bosons can be neglected for simplicity if
one assumes that the mixing coupling g̃ vanishes on the U(1)X symmetry breaking scale.

To the well-known SM Yukawa sector we need to add the BSM Yukawa sector resulting
from the U(1)X extension, which reads.

LBSM
Yukawa = −yijD`

i
LHN

j
R −

1
2y

i
MΦN iC

R N
i
R + h.c. , (8.3)

where yD and yM are the Dirac and Majorana Yukawa couplings respectively. Without
loss of generality, we also assume that the Majorana Yukawa couplings already diagonal
in our basis. Furthermore, it is interesting to note that in this setting, lepton asymmetry
can be produced by decays of the heavy right-handed neutrinos into SM leptons at high
temperatures. Then the lepton asymmetry can be converted into a baryon asymmetry via
electroweak sphalerons [409, 410] (see also [396, 411, 412]).

Assuming that the complex U(1)X scalar field Φ develops a nonzero VEV vφ and working
in the unitary gauge, we have that

Φ = 1√
2

(φ+ vφ) . (8.4)

Thus, the BSM scalar Lagrangian and the gravity Lagrangian are given by

LBSM
scalar = 1

2g
µν∂µφ∂νφ+ 1

4λφφ
4 + 1

4λhφh
2φ2 ,

Lgravity = 1
2
(
ξφφ

2 + ξhh
2
)
gµνRµν + α

2R
2 + β

2R(µν)R
(µν) , (8.5)

where h is the Higgs field also written in the unitary gauge, and ξφ, ξh are the nonminimal
couplings between gravity and matter. Note that the Ricci tensor depends only on the
connection Γ since we are working in the Palatini formalism. Moreover, there are no mass
terms for either φ or h, since the theory must respect classical scale invariance. The reduced
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Planck mass MP is dynamically generated when φ and h develop their VEVs,

M2
P = ξφv

2
φ + ξhv

2
h . (8.6)

In connexion with U(1)X and electroweak symmetry breaking, the U(1)X gauge boson Xµ

and the right-handed Majorana neutrinos N i
R obtain their masses as

MX =
√

(2xΦgXvφ)2 + (xHgXvh)2 ' 2xΦgXvφ , MN i
R

= yiM√
2
vφ . (8.7)

The part of the JF action that contains the scalar φ and the Higgs h is

SJF =
∫

d4x
√
−g

{1
2
[(
ξφφ

2 + ξhh
2
)
gµνRµν + αR2 + βR(µν)R

(µν)
]

+1
2g

µν∂µφ∂νφ+ 1
2g

µν∂µh∂νh− V (0)(φ, h)
}
, (8.8)

with the tree-level potential given by

V (0)(φ, h) = 1
4
(
λφφ

4 − λhφh2φ2 + λhh
4
)
. (8.9)

Note that the coupling constants λφ, λh and λhφ are dimensionless, assumed to be posi-
tive, and the minus sign is introduced in front of the portal coupling term to account for
spontaneous symmetry breaking due to the running of the coupling constants.

With the goal of eventually reshaping the action (8.8) in the EF where the gravitational
sector consists only of the Einstein-Hilbert -term, we begin by performing a Weyl rescaling
of the metric of the form

gµν −→ Ω2gµν , Ω2 = ξφφ
2 + ξhh

2 . (8.10)

The quadratic in curvature terms are invariant under the rescaling (8.10) unlike the Einstein-
Hilbert term which rescales as R −→ Ω2R and thus the action takes the form1

SIF =
∫

d4x
√
−g

{1
2
[
gµνRµν + αR2 + βRµνR

µν
]
− 1

2Ω2 g
µν∂µφ∂νφ

− 1
2Ω2 g

µν∂µh∂νh−
V (0)(φ, h)

Ω4

}
. (8.11)

Following the notation of [5] we will call this frame the “intermediate frame” (IF) to account
for the fact that, even though we have eliminated the nonminimal coupling that appears in
the JF, we have not dealt with the quadratic terms yet.

8.1.2 Potential dark matter candidates

An interesting property of the U(1)X model under consideration is that it can provide us
with viable dark matter candidates in a minimal and natural way.

• A first possibility is that the extra gauge boson Xµ constitutes dark matter [413–415].
The U(1)X gauge group contains an intrinsic discrete Z2 symmetry, that makes Xµ

automatically stable. Note, however, that this statement holds only if the U(1)X is
sequestered and has no tree-level mixing with the hypercharge. In this case, no one-
loop level mixing can be generated either.

1From now on we consider only the symmetric Ricci tensor R(µν) and in order to speed up notation we
discard the parentheses.
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• A second possibility arises by introducing a Z2 parity and imposing one of the three
right-handed neutrinos to be odd, while the others are even [416, 417]. This makes the
odd right-handed neutrino stable and a possible DM candidate. he remaining right-
handed neutrinos are sufficient to produce the observed neutrino oscillations.

• A third possibility arises by adding an additional Dirac fermion ζ, which is singlet
under the SM gauge group and having a generic U(1)X charge QX [418]. It is worth
noting that the addition of the Dirac fermion does not disturb the anomaly cancellation
of the U(1)X extended SM. The ζ field interacts with the SM particles due to U(1)X
gauge interactions and its relic freeze-out abundance is determined by the processes
ζζ̄

Xµ←→ ff̄ , where f is a SM fermion. On the other hand in [419], a freeze-in DM
scenario is studied, where either Xµ or the right-handed neutrinos easily be on the
order of 100 MeV to 1 GeV.

8.2 Gildener-Weinberg approach
Classically scale-invariant models containing multiple scalar fields are usually studied using
the Gildener-Weinberg formalism [420]2. In this approach, perturbative minimization at a
certain energy scale is realized by the running of the coupling constants in the full quantum
theory. First, one identifies the flat directions (FD) of the tree-level potential in the field
space. These are directions along which the first derivatives of the potential with respect
to each of the fields vanish. The flatness of the tree potential has the consequence that the
dynamics of the system is governed by the one-loop corrections that dominate along the FD.
In this way, the flatness is perturbatively removed and the physical vacuum of the theory
is lifted out of the valley of degenerate minima along the FD. In this section we use the
Gildener-Weinberg formalism and finally end with an inflationary single-field action.

8.2.1 Tree level minimization

The tree-level potential after the Weyl rescaling of the JF action is given by

U (0)(φ, h) ≡ V (0)(φ, h)
Ω4 =

(
λφφ

4 − λhφh2φ2 + λhh
4)

4 (ξφφ2 + ξhh2)2 . (8.12)

The first derivatives of U (0)(φ, h) with respect to the two fields vanish along the trajectories
in field space that satisfy the following conditions

∂φU
(0)(φ, h) = 0 ⇒ h2 =

(
λhφ ξφ + 2λφ ξh
λhφ ξh + 2λh ξφ

)
φ2 , (8.13)

∂hU
(0)(φ, h) = 0 ⇒ φ2 =

(
λhφ ξh + 2λh ξφ
λhφ ξφ + 2λφ ξh

)
h2 . (8.14)

A trajectory is equivalent to an FD if it simultaneously satisfies the Eqs. (8.13) and (8.14).
Note that in our model the two extremization conditions give the same constraint and con-
sequently correspond directly to FDs of U (0)(φ, h). The two different signs correspond to the
two independent FDs of the tree-level potential. We consider φ and h to be positive definite

2See also [116, 390, 397, 399, 400, 421–460] for various applications of the formalism.
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and therefore the relevant FD for our analysis is the one given by the condition

vh =
√
λhφ ξφ + 2λφ ξh
λhφ ξh + 2λh ξφ

vφ , (8.15)

where the fields are at their VEV along the FD since this corresponds to the minimum of
the potential. Note that for ξh � 1, when vφ ∼ MP and λh ∼ 0.1, the portal coupling must
be extremely small, λhφ ∼ 10−30. After applying Eq. (8.15), we can calculate the value of
U (0)(φ, h) along the FD in terms of the coupling constants of the model

U
(0)
min ≡ U

(0)(vφ, vh) =

(
4λhλφ − λ2

hφ

)
M4

P

16
[
λφξ

2
h + ξφ (λhφξh + λhξφ)

] . (8.16)

Note that the minimum of the tree level potential (8.16) can be negative, zero or positive
depending on the value of the combination 4λhλφ − λ2

hφ. If we had instead applied the
Gildener-Weinberg approach to the JF tree-level potential (8.9), the identification of the re-
sulting extremization conditions would impose the constraint λ2

hφ = 4λhλφ and consequently,
the minimum of (8.9) would be fixed to zero. This freedom in setting the minimum of the
potential will play an important role in the next section, where the one-loop corrections will
be considered.

Having identified the FD of the tree-level potential we can proceed to the computation of
the mass matrix. Its elements are given by

M2
ij ≡

∂2U (0)

∂Φi ∂Φj

∣∣∣∣
Φi=vΦi ,Φj=vΦj

, (8.17)

where we denote
(
Φ1,Φ2) = (φ, h) and vΦi are their respective VEVs. Using the ratio of the

two VEVs, we can define the mixing angle ω, which corresponds to the angle between the
h = 0 axis in the field space and the FD (see Fig. (8.1)) as follows:

ω ≡ arctan
(
vh
vφ

)
= arctan

(√
λφh ξφ + 2λφ ξh
λφh ξh + 2λh ξφ

)
, (8.18)

where we have inserted the condition (8.15) in the last equation. We can now perform an
orthogonal rotation given by the transformation(

φ
h

)
=
(

cosω − sinω
sinω cosω

)(
s
σ

)
, (8.19)

in order to move from the initial field frame (φ, h) to the “FD frame” (s, σ), where the
direction of the so-called “scalon” field s is identified with the FD and σ is the perpendicular
direction.

Then we can write the potential in terms of the FD frame fields to compute the mass
matrix directly in this frame with

(
Φ1,Φ2) = (s, σ). The advantage of performing the rotation

in the FD frame before calculating the mass matrix is that the resulting matrix is diagonal.
Therefore, the mass eigenvalues for the fields (s, σ) lie on the main diagonal and are given by
the following expressions:

m2
s = 0 , (8.20)

m2
σ = M4

P (λhφξh + 2λhξφ) (2λφξh + λhφξφ)2 [(λhφ + 2λφ) ξh + (2λh + λhφ) ξφ]
8 v2

h

[
λφξ

2
h + ξφ (λhφξh + λhξφ)

]3 ,(8.21)
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where we have once again employed Eq. (8.15). As expected, the mass of s is exactly zero
at tree level since it corresponds to the pseudo-Goldstone boson of the broken classical scale
symmetry. However, as we will see below, it acquires a non-zero mass when quantum correc-
tions are taken into account. Moreover, we identify the mass mσ with the measured value of
the Higgs boson mass.

Along the FD (σ = 0), the only relevant DOF is the scalon s, which is related to φ and
h via

s2 = φ2 + h2 , s = φ

cosω = h

sinω . (8.22)

The above relations can be easily verified by a simple inspection of the field space in Fig. (8.1).
Using Eqs. (8.22) we can rewrite the noncanonical kinetic terms for h and φ in terms of s as

1
Ω2

[1
2g

µν∂µφ∂νφ+ 1
2g

µν∂µh∂νh

]
= 1

Ω2

[1
2g

µν∂µs∂νs

]
,

where, the nonminimal coupling functional expressed in terms of s has the following form:

1
Ω2 = 1

ξφφ2 + ξhh2 = 1
ξss2 . (8.23)

In the last equation, we have defined an “effective” nonminimal coupling constant for the
scalon as

ξs ≡ ξφ cos2 ω + ξh sin2 ω . (8.24)

Finally, we perform the following field redefinition in order to render the kinetic term of s
canonical:

sc − vc =
∫ s

vs

1√
ξs

ds′
s′

= 1√
ξs

ln s

vs
. (8.25)

The field sc is the one that drives inflation in our model and thus we shall refer to it as the
inflaton field.

8.2.2 One loop effective potential

The one-loop corrections along the flat direction for the canonical field sc at the scale Λ can
be written as

U (1)(sc) = A s4
c + B s4

c ln s2
c

Λ2 , (8.26)

where in our model

A = 1
64π2v4

s

{
M4
h

(
ln M

2
h

v2
s

− 3
2

)
+ 6M4

W

(
ln M

2
W

v2
s

− 5
6

)
+ 3M4

Z

(
ln M

2
Z

v2
s

− 5
6

)

+3M4
X

(
ln M

2
X

v2
s

− 5
6

)
− 6M4

NR

(
ln
M2
NR

v2
s

− 1
)
− 12M4

t

(
ln M

2
t

v2
s

− 1
)}

, (8.27)

B = M4

64π2v4
s

, M4 ≡M4
h + 3M4

X + 6M4
W + 3M4

Z − 6M4
NR
− 12M4

t . (8.28)

Minimizing (8.26), we can determine the scale Λ as

Λ = vs exp
[ A

2B + 1
4

]
. (8.29)
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Then, we can express the one-loop correction as

U (1)(sc) = M4

64π2v4
s

s4
c

[
ln s

2
c

v2
s

− 1
2

]
. (8.30)

One sees that the addition of the U(1)X gauge symmetry, and in particular the mass of the
extra gauge boson Xµ can makeM4 positive if 3M4

X − 6M4
NR

& (317 GeV)4, which in turn
implies that the one-loop potential is bounded from below at large field values. From the
one-loop corrections we can obtain the radiatively-generated mass for the s scalar

m2
s = M4

8π2v2
s

. (8.31)

Note that the one-loop correction (8.30) is negative in the minimum. This observation justifies
the choice to consider the one-loop corrections in the “intermediate frame” (8.11) rather than
in the JF action (8.8). If we had chosen the latter, the extremization conditions for the
tree-level JF potential would set its value to zero along the flat direction, as we mentioned
earlier, and thus the full one-loop effective potential (tree level + one loop) would correspond
to an anti-de Sitter vacuum. This problem can of course be easily circumvented by including
a positive cosmological constant in the effective potential to achieve a Minkowski vacuum,
although in this case the model is no longer scale invariant and is instead characterized as
quasi-scale invariant.

We now require that the full one-loop effective potential is zero at vs which can be realized
once we assume that 4λhλφ − λ2

hφ > 0, so that U (0)
min > 0. Then we may write

Ueff(vs) = U
(0)
min + U (1)(vs) = 0 , (8.32)

which finally yields

Ueff(sc) = M4

128π2

[
s4
c

v4
s

(
2 ln s

2
c

v2
s

− 1
)

+ 1
]
. (8.33)

Note that the condition (8.32) effectively means that the cosmological constant can potentially
be generated from two or higher-order loop corrections.

The VEV of the inflaton sc is associated with the reduced Planck mass via the value of
the effective nonminimal coupling constant (8.24) as

v2
s = M2

P
ξs

, (8.34)

and thus, it is evident that in principle vs can be super-Planckian for ξs < 1. Indeed, as we
will see in Sec. 8.4, this is exactly the case in our model since observationally viable inflation
requires ξs . O(10−3).

Finally, the effective action along the FD, written explicitly in terms of the inflaton field,
is as follows

S =
∫

d4x
√
−g

{1
2
[
gµνRµν + αR2 + βRµνR

µν
]
− 1

2g
µν∂µsc∂νsc − Ueff(sc)

}
. (8.35)

In the next section, our goal is to identify and apply the appropriate transformations to
remove the higher order curvature terms and finally reformulate the effective action (8.35) in
the EF where the gravity sector consisting solely of the Einstein-Hilbert term.
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8.3 Einstein frame representation
In this section, in order to obtain the predictions of the model for the cosmological observables,
we will move from the “intermediate frame” of Eq. (8.11) or (8.35) to the EF using the
procedure which was outlined in [219] (see also [461]).

8.3.1 The Legendre transformation

The action (8.35) can be cast in the form

S =
∫

d4x
√
−g

[1
2C(gµν , Rµν) + Lm(gµν , sc, ∂µsc)

]
, (8.36)

where we have defined the “curvature” function

C(gµν , Rµν) = gµνRµν + αR2 + βRµνR
µν , (8.37)

and the matter Lagrangian density

Lm(gµν , sc, ∂µsc) = 1
2g

µν∂µsc∂νsc − Ueff(sc) . (8.38)

From this point on, the dependence of ∂µsc in the argument of Lm is ignored for brevity.
After introducing the auxiliary field Σµν , the action becomes

S =
∫

d4x
√
−g

[
1
2C(gµν ,Σµν , sc) + 1

2
∂C

∂Σµν
(Rµν − Σµν) + Lm(gµν , sc)

]
. (8.39)

It is trivial to see that the variation δS/δΣµν = 0 gives that Σµν = Rµν . The advantage of
action (8.39) is that it is linear in the Ricci tensor, so it is one step closer to the final EF
action. We introduce the new variable qµν , which is defined as

√
−qqµν =

√
−g ∂C

∂Σµν
, (8.40)

where q = det(qµν) and qµνqµλ = δνλ. Using (8.40) we can solve the Σµν in terms of the gµν ,
sc and qµν , so that the action can be written as

S =
∫

d4x

{√
−q
2 qµνRµν −

√
−g
2

[
∂C

∂Σµν
Σµν(qµν , gµν , sc)− C(qµν , gµν , sc)− 2Lm(gµν , sc)

]}
.

(8.41)
The gravitational sector of (8.41) is the typical Einstein-Hilbert term for the metric qµν .
Varying the action (8.41) with respect to gµν (see Appendix D) will give us gµν as a function
of qµν , sc and ∂µsc. In this way we obtain that

1√
−g

δS

δgµν
= − 1

4(β + 4α)

√
−q√
−g

qσλgσµgλν

+ 1
4β

q

g

(
qσλqρδgλδgρνgσµ −

α

β + 4αq
δρgδρq

σλgσµgλν

)
+1

2gµν
[ 1
β + 4α

(1
2 + α

8β
q

g
qλσgλσq

ρδgρδ

)
− q

g

1
8β q

λσqδρgλδgσρ

]
+1

2gµν
(1

2g
λσ∂λsc∂σsc + Ueff(sc)

)
− 1

2∂µsc∂νsc = 0 . (8.42)
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which will help us to solve the metric gµν in terms of the metric qµν and the inflaton field3.

8.3.2 The disformal transformation

Another useful type of metric transformation is the disformal transformation [462–466], a gen-
eralisation of the well-known conformal transformation. It can be used to bring complicated
actions, e.g. (8.35), into the EF. This is of the form

gµν = Aqµν +B ∂µsc∂νsc , (8.43)

where the coefficients A and B are functions of sc and Xq with

Xq ≡
1
2q

µν∂µsc∂νsc . (8.44)

The relation correlating the determinants of the metrics gµν and qµν can be easily obtained by
substituting the general form of the disformal transformation (8.43) into det (qµσgµν) = q−1g.
That is,

g = qA3 (A− 2BXq) . (8.45)

For our computation we also need the inverse metric gµν . Following [467] we obtain that

gµν = Ā qµν + B̄qµλqνσ∂λsc∂σsc , (8.46)

where
Ā = 1

A
, B̄ = − B

A2 − 2ABXq
. (8.47)

Finally, using (8.44) and (8.46) it is quite trivial to prove that the kinetic terms for the metric
gµν can be expressed in terms of the kinetic terms for the metric qµν as

Xg = ĀXq − 2B̄Xq
2 . (8.48)

Now, we can substitute (8.43) and (8.48) in (8.42). This substitution gives us two algebraic
equations. Each equation follows from the requirement that the coefficients of qµν , and
∂µsc∂νsc must vanish identically. These equations are given below:

1
16β(4α+ β)R5

(
4(4α+ β)A2 − 4βA

√
R5 − 4αAR2 − (4α+ β)R3 + 4βR5 + αR2

2

)
+Ueff(sc)

2 − Xg

2 = 0 , (8.49)

1
16β(4α+ β)R5

(
4(4α+ β)R4 − 4βR1

√
R5 − 4αR2R1 − (4α+ β)BR3 + 4βBR5

+αBR2
2

)
+ BUeff(sc)

2 − BXg

2 − 1
2 = 0 , (8.50)

where the functions Ri are given in the Appendix D. Equations (8.49) and (8.50) accorded
well with Eqs. (6.44) and (6.45) of [219]. Our goal is to solve the system (8.49)-(8.50), but
this is a very difficult task. However, we can approximate the solutions by assuming that
in the slow roll approximation the higher-order kinetic terms are negligible at least during

3Equation (8.42) has been also derived in [219], with a missing 1/2 factor in the parenthesis in the third
line. We think that this is only a misprint as our final results are in absolutely agreement with these of [219].



92 Chapter 8. Scale-invariance, dynamically induced Planck scale and inflation

Figure 8.1: The normalized tree-level potential U (0)(φ, h)/U (0)
min (8.12) and its flat direction (cyan line).

We also plot the normalized one-loop corrected potential along the flat direction Ueff(sc)/Ueff(0) (8.33)
(red curve) and the normalized inflaton potential Ū(sc)/Ū(0) (8.53) (green curve). The values of the
parameters are α̃ = 109, ξs = 10−3, andM' 0.0357. For illustrative purposes we have chosen the values
of the couplings λφ, λh, λhφ such that the mixing angle (8.18) has the unrealistic value of ω ' 0.732.

inflation [210], but also during reheating [217]. Thus, the approximate solution has the form

A = a0 + a1Xq +O(X2
q ) ,

B = b0 + b1Xq +O(X2
q ) . (8.51)

By substituting (8.51) into the system (8.49)-(8.50) and expanding in terms of the kinetic
term (8.44), we can solve for the coefficients ai, and bi after forcing that the coefficient of
each order vanishes identically. These coefficients are listed in Appendix D.

Having done all the preliminary work, we can put the solution (8.51) with the coeffi-
cients (D.7) to the matter sector (D.3) and expand it again in the kinetic term. This gives
us the final EF action

SEF =
∫

d4x
√
−q
[1

2q
µνRµν +K(sc)Xq − Ū(sc) +O(X2

q )
]
, (8.52)

with

K(sc) = 1
1 + α̃ Ueff(sc)

and Ū(sc) = Ueff(sc)
1 + α̃ Ueff(sc)

, (8.53)

where we have defined the “effective” higher-curvature coupling α̃ ≡ 2β+8α. To avoid ghosts
we assume that K > 0 and hence α̃ > 0. his is the case when both α and β are positive,
but also when β > −4α. As for the size of the parameter α̃, according to [217] unitarity
considerations suggest that α̃is . 1021.

We have mentioned various potentials so far, and to demonstrate their qualitative differ-
ences we plot them together in Fig. 8.1.The area with the color gradient corresponds to the
normalized two-field tree-level JF potential U (0)(φ, h)/U (0)

min as given in Eq. (8.12). Its FD,
which we identified using the GW approach, is shown with the cyan line. After accounting
for quantum corrections, we obtain the one-loop corrected potential (8.33) with a unique
minimum singled-out from the valley of degenerate vacua along the FD, and we plot it with
the red curve in its normalized form Ueff(sc)/Ueff(0). Finally, the normalized inflationary
potential Ū(sc)/Ū(0) for our model (8.53) is shown with the green curve. Notice that Ū(sc)



8.4. Slow roll approximation and contact with observations 93

0.94 0.95 0.96 0.97 0.98
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.94 0.95 0.96 0.97 0.98

10-5

10-4

0.001

0.010

0.100

Figure 8.2: The predictions for the tensor-to-scalar ratio (r) and the tilt of the scalar spectrum (ns) as ξs
range from ξs � 1 to ξs � 1 for various values of α̃. For each of the curves, the black dot corresponds
to the ξs → 0 limit (see Table 8.2) and ξs increases monotonically as we move away from it along each
one of the two directions on the curve. The upper (lower) part of a curve with respect to its ξs → 0 limit,
corresponds to the predictions of large (small) field inflation. On the left (right) panel, the predictions are
shown in linear (logarithmic) scale.

has plateaus on both sides of the minimum and thus it is suitable for both small field inflation
and large field inflation i.e. excursions of the inflaton field in the regions sc < vs and sc > vs
respectively.

In the end, after starting with a general scale invariant action involving adimensional
matter-gravity and matter-matter couplings, we have obtained an action with a noncanonical
scalar field minimally coupled to the usual Einstein-Hilbert action at the cost of negligible
higher-order kinetic terms and a modified potential, which, as we will see next, is suitable for
successful inflation in agreement with the observations.

8.4 Slow roll approximation and contact with observations
To constrain the parametric space of our model, in this section we compare its predictions for
the cosmological obervables with the corresponding latest observational bounds established
by the Planck collaboration.

The number of e-folds elapsed during the inflationary phase can be obtained in terms of
the potential Ū(sc) and the kinetic term coupling function K(sc) using the equations (6.6)
and (7.23)

N? ≡ N(sc?) =
∫ sc?

sc,end
K(sc)

Ū(sc)
Ū ′(sc)

dsc . (8.54)

To be more precise, we should calculate ρend by considering that the HFF parameter ε1 ≡
−Ḣ/H2 is exactly ε1 = 1 at the end of inflation. This condition gives that ρend = 3Ū(sc,end)/2.
Using this, and a pivot scale k? = 0.002Mpc−1, we can make explicit the dependence of the
number of e-folds on the parameter α̃, i.e.

N? = 64.3 + 1
4 ln

(
2U?eff

2(1 + α̃U end
eff )

3U end
eff (1 + α̃U?eff)2

)
. (8.55)

In [3, 5], the higher-order kinetic terms appearing in the action (8.52) have been taken
into account in the computation of ρend, but as shown there there is only an insignificant
correction in the numerical factor of the number of e-folds. Moreover, in [3, 218] the reheating
mechanism in R2 Palatini inflationary models has been studied, but beyond the case of
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Table 8.2: The predicted values for the tensor-to-scalar ratio (r), tilt of the scalar spectrum (ns) and
number of efolds (N?), in the limit ξs → 0 for various values of α̃.

α̃ 0 107 108 1.85× 108 109 1010 1011 1012

r 0.13090 0.12526 0.09022 0.07134 0.02368 0.00282 0.00029 0.00003
ns 0.96727 0.96726 0.96717 0.96711 0.96681 0.96621 0.96563 0.96517
N? 60.6 60.6 60.4 60.3 59.8 58.8 58.0 57.3

instantaneous reheating, allowing a wider range for the number of e-folds for different values
of the equation-of-state parameter.

Before performing the full parametric space study for the inflationary predictions of the
model, we mention some asymptotic limits in terms of the value of the effective nonminimal
coupling ξs. For ξs � 1 and α̃ = 0 we find that the predictions for both small filed inflation
(SFI) and large field inflation (LFI) are equivalent to those of quadratic inflation,

ns ' 1− 2
N?

, r0 '
8
N?

, (8.56)

where r0 denotes the tensor-to-scalar ratio for α̃ = 0. On the other hand, for ξs � 1 we find

ns ' 1− 3
N?

, (8.57)

for both SFI and LFI, while

r0 '
16
N?

(for LFI) , r0 ' 0 (for SFI) , (8.58)

Note that the first limit corresponds to the prediction of quartic inflation. When α̃ 6= 0, the
predictions for ns remain the same but r is changed as [5, 202]

r = r0
1 + α̃U?eff

= r0

1 + 3
2π

2α̃Asr0
, (8.59)

therefore, the presence of the parameter α̃ results in a suppression of the value of tensor-to-
scalar ratio.

Table 8.3: For α̃ . 108.267 ' 1.85 × 108, only small field inflation yields viable values for r and ns (see
Fig. 8.2). Here, we give the minimum and maximum values of ξs for which we obtain viable predictions
for various α̃. We also give the values ofM, r, ns and N? for these marginal values of ξs.

Small field inflation
α̃ ξ

(min)
s M r ns N?

0 0.0006267 0.0502432 0.0729636 0.968159 60.3
107 0.0005830 0.0510926 0.0730490 0.968233 60.3
108 0.0002017 0.0651665 0.0732724 0.968439 60.3
α̃ ξ

(max)
s M r ns N?

0 0.0041417 0.0297085 0.0161109 0.957741 59.6
107 0.0041389 0.0297168 0.0160355 0.957747 59.6
108 0.0041367 0.0297308 0.0152745 0.957739 59.6

Let us now turn to the full analysis of the parametric space of our model in terms of its
predictions for the cosmological observables. For each given set of values for the parameters
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Figure 8.3: The normalized potential Ū(sc) for ξs = 0.001 and various values of α̃. In the limit α̃ � 1,
the potential becomes symmetric about its VEV and consequently the predictions for small and large field
inflation are identical.
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Figure 8.4: The parameterM4 as a function of ξs, for the viable range of values for ξs as given in Table 8.3
for small field inflation. For α̃ & 108.267 ' 1.85 × 108, the ξs → 0 limit is located in the observationally
viable 95% CL region of the r-ns plot and thus there is no lower cutoff for the value of ξs. Consequently
in this case there is no upper cutoff forM4.

α̃ and ξs, we used equation (8.55) to obtain the number of e-folds consistent with the
constraints from reheating, while the value of M was fixed in each case so that we always
have As = 2.1 × 10−9 at k? = 0.05Mpc−1 in agreement with the bounds set by the Planck
collaboration. For both SFI and LFI, we have considered various values of α̃ and a wide
range of values for ξs ranging from ξs � 1 to ξs � 1 and in Fig. 8.2 we plot the corresponding
predictions for the tensor-to-scalar ratio and the scalar tilt against the 68% (dark blue) and
95% (light blue) CL regions for ns and r at k∗ = 0.002Mpc−1 as obtained with the combined
data of Planck+BK15+BAO [87].

The various curves correspond to fixed values of α̃, while ξs moves along the curves, with
the black dot on each curve being the ξs → 0 limit. These dots also denote the transition
point between the predictions of SFI and LFI with the lower (upper) part of each curve
corresponding to small (large) field inflation. Obviously, in the limit of small ξs the predictions
of SFI and LFI are identical. As we move away from the ξs → 0 limit along a given curve
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Table 8.4: For various α̃ & 108.267 ' 1.85 × 108, and for both SFI and LFI, we give the corresponding
maximum values of ξs that yield predictions that comply with the observational bounds. We also give the
values ofM, r, ns and N? for these marginal values of ξs.

Small field inflation
α̃ ξ

(max)
s M r ns N?

109 0.0040967 0.0299033 0.0103843 0.957734 59.4
1010 0.0039033 0.0306853 0.0024263 0.957835 58.8
1011 0.0036767 0.0316817 0.0002763 0.957919 58.0
1012 0.0035200 0.0324432 0.0000280 0.957921 57.3

Large field inflation
α̃ ξ

(max)
s M r ns N?

109 0.0028733 0.0245332 0.0248280 0.958142 60.0
1010 0.0025667 0.0259176 0.0027631 0.957819 59.0
1011 0.0020250 0.0286194 0.0002796 0.957922 58.1
1012 0.0017108 0.0306805 0.0000280 0.957918 57.4

in both directions ξs increases monotonically with the top end of the curves having ξs values
of O

(
108) and the bottom end (more evident in the right panel of Fig. 8.2) to values of

O
(
10−1).
The effect of α̃ on inflationary predictions is to suppress the value of r (cf. Eq. (8.59)).

This effect becomes important for values α̃ & 106 − 107. As the right panel of Fig. 8.2
shows, for sufficiently large values of α̃ the predictions of SFI and LFI are identical along
an extended range of values of ξs. This can be understood via the shape of the inflationary
potential, which becomes symmetric about the location of the VEV for α̃� 1, see Fig. 8.3.

Further inspection of Fig. 8.2 shows that for values of α̃ . 108.267 ' 1.85 × 108, LFI is
not viable since its predictions are outside the 95% CL region for the measured values for r
and ns. On the other hand, SFI agrees with observations for a finite range of values of ξs,
where the smallest (largest) viable value of ξs gives the largest (smallest) predicted value for
r for a given α̃, see also Table 8.3. This range is 2× 10−4 . ξs . 4× 10−3 and consequently,
via (8.34) the VEV of the inflaton is restricted to 15MP . vs . 70MP. Moreover, the finite
range of admissible values for ξs implies a corresponding finite range of viable values for the
parameterM as can be seen in Fig. 8.4.

For values of α̃ & 108.267 ' 1.85×108 the ξs → 0 limit is located within the observationally
viable 95% CL region of the r-ns plot (see Fig. 8.2) and thus SFI and LFI have only an upper
cutoff, ξs . 4 × 10−3, for the viable values of ξs as it is shown in Table 8.4. This in turn
implies a lower cutoff, 15MP . vs, for the VEV of the inflaton.

In summary, vs must be super-Planckian in all cases, implying that vs ' vφ as vh ∼
O(10−16)MP. It is then obvious that the mixing angle as defined in Eq. (8.18) will satisfy
ω ' 0 and thus the flat direction, for values of the parameters lying in the viable regions of
the parametric space is almost identified with the direction of the field φ in the field space,
see Fig. 8.1.

8.5 Coleman-Weinberg inflation in Palatini gravity
In this section we study the predictions of nonminimal Coleman-Weinberg (CW) inflation [468]
in presence of an α

2R
2 term in the Palatini formulation of gravity, as in Chapter 7. As in
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Sec. 8.1 a dynamical generation of the Planck scale takes place due to the inflaton nonminimal
coupling.

We consider the following scalar potential

V (φ) = 1
4λ(φ)φ4 + Λ4, (8.60)

containing a running4 quartic coupling λ(φ) and a cosmological constant Λ which is adjusted
so that at the minimum the potential value is zero, i.e.

V (vφ) = 1
4λ(vφ)v4

φ + Λ4 = 0 , (8.61)

where vφ is the VEV of the inflaton. We assume the following nonminimal coupling to gravity
(see (7.8)):

g(φ) = ξφφ
2 . (8.62)

Therefore, the Planck scale is dynamically generated by a non vanishing inflaton VEV that
satisfies

vφ = M2
P√
ξφ
. (8.63)

Note that such a relation automatically implies that ξφ can only take positive values. We
discuss now the possible scenarios that arise from the minimization of the scalar potential. A
complete discussion was already presented in [168], however for the sake of clarity we review
the relevant details. Given the scalar potential in Eq. (8.60), the general minimum equation
is

1
4β(vφ) + λ(vφ) = 0 , (8.64)

where β(µ) = µ ∂
∂µλ(µ) is the beta-function of the quartic coupling λ(µ). Therefore, several

possibilities are open according to how we solve the equation:

a) β(vφ) = λ(vφ) = 0, (8.65)
b) β(vφ) > 0, λ(vφ) < 0, (8.66)
c) β(vφ) < 0, λ(vφ) > 0. (8.67)

It is easy to show that c) is actually a local maximum of the potential, so the only admissible
solutions are a) or b). Using Eq. (8.61), the first option also implies that Λ = 0, thus realizing
a fully classical scale invariant setup, while the second option requires Λ 6= 0 (it can be proven
that the scale invariance is only softly broken i.e. Λ � 1 [168]). The quartic coupling pre-
factor in Eq. (8.60) can be model-independently written as a Taylor expansion around the
VEV

λ(φ) = λ(vφ) + β(vφ) ln φ
v

+ 1
2!β
′(vφ) ln2 φ

v
+ 1

3!β
′′(vφ) ln3 φ

v
+ · · · , (8.68)

where β′(µ) and β′′(µ) are respectively the first and second derivative of β(µ) with respect
to t = lnµ and we assumed without loss of generality that φ > 0. Therefore for case a)
described in Eq. (8.65) we have that the leading order expression is

λa(φ) ' β′(vφ)
2 ln2 φ

vφ
, (8.69)

4The careful reader might notice that also ξφ and α are subject to quantum corrections. However, it can be
proven that their running is suppressed and can be safely ignored because of the constraint on the amplitude
of scalar perturbations [87, 469] and perturbativity of the theory (e.g. [122, 140, 152, 470] and refs. therein.)
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Figure 8.5: The scalar IF potential U(sc) for the 1st order CW model (red line) with κ = Λ−4 and for the
2nd order CW model (blue line) with κ = ξ2

φ/β
′ (left). The scalar EF potential Ū(sc) of Eq. (8.53) for

the 1st order CW model (red line) and for the 2nd order CW model (blue line) (right).

while for case b) we get
λb(φ) ' λ(vφ) + β(vφ) ln φ

vφ
. (8.70)

In the following subsections we discuss separately each case, starting from case b). In order
to avoid a cumbersome notation, from now on we omit the argument “(vφ)” and restore it
only when needed.

8.5.1 1st order Coleman - Weinberg potential

By using eqs. (8.61), (8.63) and (8.70) the potential can be rewritten as [113, 168]

V1(φ) = Λ4
{

1 +
[
4 ln

(
φ

vφ

)
− 1

]
φ4

v4
φ

}
. (8.71)

In presence of the nonminimal coupling to gravity (8.62) but before the effect of the R2 term,
the inflaton potential in the IF becomes [113, 168]

U1(sc) = Λ4
(

4
√
ξφ

sc
MPl

+ e
−4
√
ξφ

sc
MPl − 1

)
, (8.72)

where sc is the canonically normalized field in the IF. We can immediately appreciate two
relevant limit cases [113, 168]. For ξφ � 1 and sc > 0, the potential becomes

U1(sc) ≈ assc , (8.73)

with as = 4Λ4

vφ
. On the other hand for ξφ � 1, the potential reduces to

U1(sc) ≈
m2

2 sc
2 , (8.74)

with m = m1 = 4Λ2

vφ
. Therefore in the IF, the model includes linear and quadratic inflation

as limit solutions respectively for big ξφ and small ξφ.
In order to have an understanding of the overall shape of the potential, in Fig. 8.5, red

line, we plot the 1st order CW potential as a function of sc for the reference values ξφ = 10,
Λ = 0.0015. In the left panel we show U1, i.e. the potential in the IF, while on the right panel
we show Ū1 (see (8.53)), i.e. the potential in the EF after the effect of the α

2R
2 term, with
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Figure 8.6: The predictions for the tensor-to-scalar ratio (r) and the spectral index (ns) for the 1st order
CW potential (left) and for the 2nd order CW potential (right).

α = 1010. We can notice that since U1 is asymmetrical under the transformation sc → −sc,
the same holds for Ū1.

8.5.2 2nd order Coleman - Weinberg potential

By using eqs. (8.61), (8.63) and (8.69) the potential can be rewritten as [112]

V2(φ) = 1
8β
′φ4 ln2

(
φ

vφ

)
(8.75)

and the nonminimal coupling satisfies again Eq. (8.63). In the IF the model reproduces the
quadratic inflationary potential (8.74),

U2(sc) = β′M2
Pl

8ξφ
s2
c . (8.76)

where now [112]

m2 = m2
2 = β′M2

P
4ξφ

. (8.77)

In Fig. 8.5, blue line, we plot the 2nd order CW potential as a function of sc for the reference
values ξφ = 10 and β′ = 10−9. In the left panel we show U2, i.e. the IF potential, while on
the right panel we show Ū2, i.e. the potential in the EF, with α = 1010. We can notice that
since U2 is now symmetrical under the transformation sc → −sc, the same holds for Ū2. We
can also appreciate that the asymptotic limit of Ū → 1/8α holds for both models regardless
of the starting potential (provided that their asymptotic limit is U →∞), in agreement with
[202].

8.5.3 Inflationary predictions

Finally, in Fig. 8.6 we present the inflationary predictions for the 1st (left) and 2nd (right)
order potentials, for various values of the parameter α. For each curve, in the 1st order
potential, the black dot corresponds to the ξφ → 0 limit. The parts of the curves in the left
of the black dots correspond to small field SFI, while the right ones to LFI. For the 2nd order
CW potential, the predictions are vφ independent as they depend only on the mass parameter
given in (8.77), which is constrained from the amplitude of the scalar power spectrum. The
number of e-folds in both models are predefined by Eq. (6.6) for k? = 0.05Mpc−1.
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Chapter 9

Conclusions

In the first part of this thesis, Chapters 3-5, we calculated the thermal gravitino abundance
using the full one-loop thermally corrected gravitino self-energy. After correcting the main
analytical formulas for the gravitino production rate, we calculated it numerically without
approximation. We provide a simple and useful parameterization of our final result. In
the context of minimal supergravity models that assume unification of the gaugino masses,
we have updated the bounds on the reheating temperature for certain gravitino masses. In
particular, the saturation of the current LHC gaugino mass limit mg̃ & 2100GeV, we find
that a maximum reheating temperature Treh ' 109 GeV is compatible to a gravitino mass
m3/2 ' 500− 600 GeV.

It should be noted that attempting to constrain the reheating temperature by applying
the cosmological data to gravitino DM scenarios illuminates for us whether or not thermal
leptogenesis is a possible mechanism for producing the baryon asymmetry. Successful thermal
leptogenesis requires a high temperature, Treh & 2×109 GeV [471–473], which is slightly larger
than the maximum reheating temperature obtained in our model using the lowest m1/2 mass
demonstrated in the recent LHC data [313, 314]. In any case, there are many alternative
models for baryogenesis. Moreover, as mentioned earlier, thermal gravitino abundance is
generally a part of the total DM density and the inclusion of other components will affect
the phenomenological analysis.

In the second part of this thesis we have examined various models of inflation in the
context of the Palatini formulation of gravity. In Chapter 7, we have carried out this inves-
tigation without invoking any particular reheating temperature mechanism,and show that
the measurements of the amplitude of the primordial power spectrum impose very stringent
constraints.These, in combination with the constraints imposed by the measurements of other
cosmological observables, in particular the primordial tilt ns and the tensor-to-scalar ratio r,
significantly constrain these models.

For the quadratic model V = m2

2 φ
2 we have seen that amplitude of the scalar power

spectrumAs puts constraints on the parameterm, and agreement with the data is obtained for
values of this parameter that lie in a narrow range. The maximum reheating, or instantaneous,
temperature Tins, is of order∼ 1015 GeV, and this is achieved for fine-tuned values ofm, within
this range. For these fine-tuned values, the range of the allowed temperatures is quite narrow
and depends on the effective equation-of-state parameter w, with a lowest temperature not
far from the instantaneous temperature. For the canonical scenario, this is smaller but of
the same order as Tins. If we allow small deviations from these fine-tuned values, agreement
with the data is still possible. However, these deviations, while not significantly perturbing
the observable ns, should be in a narrow range outside of which agreement with As data is
difficult to achieve. In these cases, the allowed temperatures are well below Tins and rapid
thermalization is not possible. Moreover, depending on the value of m, not every value of w
in the range −1/3 < w < 1 is allowed. The conclusion for this model is that agreement with
all cosmological data is possible for values of the potential coupling m that are in a narrow
range. Instantaneous reheating is possible at the cost of a very fine-tuned value of m.
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The model with the quartic potential V ∼ φ4 is at odds with the spectral index data ns.
Only marginal agreement with the primordial tilt can be obtained, with ns ' 0.960, but this
occurs for very low reheating temperatures close to Nucleosynthesis Treh ∼ MeV , and for
values of w close to w = 1.0. On the other hand, the amplitude As favors smaller values of
the equation-of-state parameter w . 0.25. The conclusion is that, this model is difficult to
reconcile with ns, the measurements of the scalar power spectrum and reheating temperatures
that are reasonably larger than Treh ∼ MeV so that we do not run into problems with Big
Bang Nucleosynthesis. As our qualitative arguments have shown, the situation is even worse
for the descending models, V ∼ φn with n > 4, the situation is even worse.

The situation with the quartic potential is rescued in the Higgs model when the scalar
field couples to gravity in a nonminimal manner, specified by a parameter ξh. This helps in
that, as we have explicitly shown, the value of ns depends on ξh allowing for larger values
of ns. Consistency with ns observations requires that ξh be no smaller than, say, ∼ 0.06.
For a given ξh, the measurement of the primordial spectrum in the Higgs model strongly
constrains the quartic coupling λh. The larger the value of ξh, the larger the values of the
allowed λh. The quartic coupling is small, smaller than ∼ 10−6, for values ξh not exceeding
∼ 104. Higher λh values are allowed in principle, but these require very large values of ξh,
leading to instantaneous reheating temperatures smaller than ∼ 1015GeV .

In Chapter 8 we have studied scale-invariant models, again in the context of the Palatini
formulation of gravity. The Planck scale is dynamically generated via the Coleman-Weinberg
formalism by the VEVs of the scalar field φ and the Higgs field h. These scalar fields have
been nonminimally coupled to gravity via terms of the form ξiΦ2

iR, where Φi = φ, h. The
additional scalar field φ comes from a U(1)X extension of the SM, which contains an additional
gauge boson Xµ and three right-handed neutrinos N i

R. The Higgs mass was produced by the
portal coupling λhφh

2φ2. This is exactly the meaning of the addition of the extra scalar
field φ. Without it, the necessity of the existence of a Higgs mass term with a dimensionful
coupling would have broken the scale invariance of our model. A possible additional Z2
symmetry facilitates the stability of the potential dark matter candidates in the framework
of our model. As discussed, these can be either the new fermions of the model e.g. the
right-handed neutrinos or the additional Dirac fermion ζ, or the additional U(1)X gauge
boson.

We have used the Gildener-Weinberg approach, the generalisation of the Coleman-Weinberg
mechanism to the case of multiple fields, to identify the flat direction of the tree-level poten-
tial. Along the flat direction, the theory effectively becomes single field and by calculating the
quantum corrections we obtain the one-loop effective potential, stabilised by the additional
U(1)X gauge boson. In the effective single-field description, two parameters are important
for our analysis namely the effective nonminimal coupling ξs, which is composed of the non-
minimal couplings of φ and h and their mixing angle ω, and the effective higher-curvature
coupling α̃ which corresponds to a combination of the coupling constants of the quadratic
curvature corrections in the action. These quadratic in curvature terms are the usual scale
invariant terms R2 and R(µν)R

(µν). The fact that their effect on the inflationary observables
can be jointly described by the common coupling α̃ shows that their contribution to the final
EF potential is the same. On the other hand, the higher order kinetic terms generated in EF
are not of the same form, since the R2 term gives us only a second order kinetic term, while
the R(µν)R

(µν) term gives higher than the second order terms. The study of such kinetic
terms was beyond the scope of this thesis, since they are negligible at least during slow roll.

Transforming the action into the EF and comparing the predictions of the model with
the observations, requires the use of both conformal and disformal transformations. The one-
loop corrections are taken in the IF, i.e. after the conformal transformation is performed,
which decouples the scalar fields from the Einstein-Hilbert term, but before the disformal
transformation, which removes the quadratic in curvature terms from the gravitational sector.
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In this IF, we can have an one-loop effective potential with a minimum at zero without using
a cosmological constant term that would make our model “quasi scale invariant”. After
transforming the action to EF, we obtain a modified effective potential Ū(sc) in terms of a
canonical scalar field sc playing the role of the inflaton. The shape of the potential Ū(sc) has
plateaus on both sides of the minimum and thus both SFI and LFI can be accommodated in
our model. The additional higher-order kinetic terms that appear in the EF are negligible in
the slow roll approximation, and so we have retained only liner order terms in our analysis.
By applying the cosmological data on inflation we were able to constrain the size of the VEV
of these scalar fields, and consequently the masses of the extra gauge boson and right-handed
neutrinos.

To constrain the parameter space, we have considered the most recent bounds on cosmo-
logical observables established by the Planck collaboration and we have found that our model
agrees with observations for a wide range of parameters. More specifically, for values of the
parameter α̃ in the range α̃ & 1.85 × 108, both SFI and LFI support viable inflation when
ξs . O(10−3). In the large α̃ limit, the inflationary potential becomes symmetric about its
minimum and consequently the predictions for the SFI and LFI observables are identical.

When α̃ . 1.85 × 108, and regardless of the value of ξs, LFI is not feasible because
the predicted values for the tensor-to-scalar ratio and the tilt of the scalar power spectrum
are outside the 95% CL region. On the other hand, SFI exhibits regions in the parametric
space that are viable for any α̃ with ξs interpolating between a maximum and a minimum
value. Finally, the largest viable value for ξs in our model arises in the context of SFI and
is approximately ξs ' 4 × 10−3, corresponding to a minimum value for the VEV of sc near
15MP.

Finally, at the end of Chapter 8 we studied the Coleman-Weinberg model of inflation
in the presence of a R2 term. We show that this model can also be compatible with latest
observational data, for a wide range of the parameters used.
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Appendix A

Conventions and notation

In flat spacetime the metric is given by

gµν ≡ diag(+1,−1,−1,−1) , (A.1)

where µ, ν = 0, 1, 2, 3.
We define the Pauli σ matrices with lower Lorentz indices σµ ≡ (I, σi) = (σ0, σi) where

σ0 ≡
(

1 0
0 1

)
, σ1 ≡

(
0 1
1 0

)
,

σ2 ≡
(

0 −i
i 0

)
, σ3 ≡

(
1 0
0 −1

)
.

(A.2)

The raising and lowering of spinor indices is made using the ε−tensors

εαβ ≡
(

0 −1
1 0

)
, εαβ ≡

(
0 1
−1 0

)
. (A.3)

The spinor index structure of the matrices σµ is such that σµ ≡ (σµ)αα̇ and the indices may
be raised as

(σµ)α̇α ≡ εαβεα̇β̇ (σµ)ββ̇ ,

(σµ)αα̇ ≡ εαβεα̇β̇ (σµ)β̇β . (A.4)

Also, we define

(σµν) β
α ≡ i

4
(
σµαα̇ σ

ν α̇β − σναα̇ σµ α̇β
)
,

(σµν)α̇β̇ ≡ i

4
(
σµ α̇α σν

αβ̇
− σν α̇α σµ

αβ̇

)
. (A.5)

It is easy to see that σ0 = σ0 and σi = −σi with i = 1, 2, 3. Using the Pauli σ matrices we
can define the Dirac γ matrices which in the Weyl basis read

γµ =
(

0 σµ
σµ 0

)
, γ5 =

(
I 0
0 −I

)
. (A.6)

A.1 Weyl, Dirac and Majorana spinors

A two-component left-handed Weyl spinor ξα transforms in the
(

1
2 ,0

)
representation of the

SO(3, 1) Lorentz group, while the right-handed one ξα̇ is in the conjugate representation
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(
0, 1

2

)
. These spinors are hermitian conjugate, i.e. (ξα)† = ξα̇ and

(
ξα̇

)†
= ξα and their

spinor indices are pulled using (A.3), namely,

ξα = εαβξ
β, ξα = εαβξβ , (A.7)

ξα̇ = εα̇β̇ξ
β̇
, ξ

α̇ = εα̇β̇ξβ̇ . (A.8)

A Dirac spinor can be written in terms of a left and a right-handed Weyl spinor as

ψD =
(
ξα
η α̇

)
, (A.9)

and its adjoint as
ψD ≡ ψD

†γ0 =
(
ηα ξα̇

)
. (A.10)

Using the projectors PL = 1
2(I + γ5) and PR = 1

2(I− γ5) left and right-handed Dirac spinors
are given by

ψL ≡ PLψD =
(
I 0
0 0

)(
ξα
η α̇

)
=
(
ξα
0

)
,

ψR ≡ PRψD =
(

0 0
0 I

)(
ξα
η α̇

)
=
(

0
ηα̇

)
. (A.11)

For the adjoint spinor (A.10) one obtains ψL = ψDPR and ψR = ψDPL.
The charge conjugate Dirac spinor reads

ψcD = CψTD =
(
ηα
ξα̇

)
, (A.12)

where the charge conjugation matrix is written as C = iγ2γ0. Majorana spinors ψM are equal
to their own charge conjugate, so

ψM =
(
ξα
ξα̇

)
. (A.13)

A.2 Structure constants
The structure constants f (α) abc for the three gauge groups are given by

f (1) abc = 0 ,
f (2) abc = εabc ,

f (3) abc = fabc , (A.14)

where εabc is the totally antisymmetric Levi-Civita symbol with ε123 = 1. The corresponding
SU(3)c totally antisymmetric structure constants are given by

f123 = 1 ,

f147 = −f156 = f246 = f257 = f345 = −f367 = 1
2 ,

f458 = f678 =
√

3
2 , (A.15)

and all the other fabc not related to these by permuting indices are zero.
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Appendix B

Basic integrals for spectral densities

In the previous sections of the main text we have used the basic integrals:

LF,B1 (P ) =
∫ d4K

(2π)3
δ(K2)

(K − P )2nF,B(K) = − 1
4p

∫ ∞
0

dk
(2π)2L−(k)nF,B(k) , (B.1)

LF,B2 (P ) =
∫ d4K

(2π)3k0
δ(K2)

(K − P )2nF,B(K)

= 1
4p

∫ ∞
0

dk
(2π)2k

[
−2lnω+

ω−
+ L+(k)

]
nF,B(k) , (B.2)

LF,B3 (P ) =
∫ d4K

(2π)3k
2
0

δ(K2)
(K − P )2nF,B(K) = − 1

4p

∫ ∞
0

dk
(2π)2k

2L−(k)nF,B(k) , (B.3)

LF,B4 (P ) =
∫ d4K

(2π)3 p · k δ(K2)
(K − P )2nF,B(K)

= 1
4

∫ ∞
0

dk
(2π)2

[
4k + P 2

2p L−(k)− p0k

p

(
2lnω+

ω−
− L+(k)

)]
nF,B(k) , (B.4)

LF,B5 (P ) =
∫ d4K

(2π)3P ·K
δ(K2)

(K − P )2 nF,B(K)

= −1
4

∫ ∞
0

dk
(2π)2

[
4k + P 2

2p L−(k)
]
nF,B(k) , (B.5)

where

L±(k) = ln k + ω+
k + ω−

± ln k − ω+
k − ω−

, (B.6)

ω± = 1
2(p0 ± p) . (B.7)

In addition we define

L = 1− p0
p

ln ω+
ω−

, (B.8)

M(k) = (k + ω+)(k + ω−) ln k + ω+
k + ω−

− (k − ω+)(k − ω−) ln k − ω+
k − ω−

. (B.9)

Moreover, one gets

M(k) =
(
P 2

4 + k2
)
L−(k) + kp0L+(k) . (B.10)

Actually LF,B5 (P ) can be evaluated using the relation P · K = k0 p0 − p · k, as LF,B5 (P ) =
p0 L

F,B
2 (P )− LF,B4 (P ).
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For illustration we will calculate LF,B1 (P ) in (B.1). To perform the integration we use
that

d4K = 2πk2dk0dkdηk ,

δ(K2) = 1
2|k0|

[
δ(k + k0) + δ(k − k0)

]
, (B.11)

where ηk ≡ p̂ · k̂ and K · P = k0p0 − ηkpk. We remind that p, k denote the measures of the
corresponding momentum 3-vectors, eg. p = |p| and the same for k. In addition we get

(K − P )2 = P 2 − 2K · P = 2ηkkp− 2k0p0 + P 2 , (B.12)

assuming that particles in the loop are massless K2 = 0. Thus we proceed as

LF,B1 (P ) =
∫ d4K

(2π)3
δ(K2)

(K − P )2nF,B(K)

=
∫ 2πk2dk0dkdηk

(2π3)
1

2|k0|
δ(k + k0) + δ(k − k0)
2ηkkp− 2k0p0 + P 2 nF,B(K) (B.13)

=
∫ dk

(2π)2
k

2

∫ +1

−1
dηk

[ 1
2ηkkp+ P 2 − 2kp0

+ 1
2ηkkp+ P 2 + 2kp0

]
nF,B(k) .

We will apply ∫ +1

−1

dηk
aηk + b

= 1
a

ln b+ a

b− a
, (B.14)

with a = 2pk and b1,2 = P 2 ∓ 2kp0 at the first (second) term respectively. Therefore we
obtain

LF,B1 (P ) =
∫ ∞

0

dk
(2π)2

k

2a

[
ln b1 + a

b1 − a
+ ln b2 + a

b2 − a

]
nF,B(k)

= 1
4p

∫ ∞
0

dk
(2π)2

[
ln (p0 − p)(p0 + p− 2k)

(p0 + p)(p0 − p− 2k) + ln (p0 + p)(p0 − p+ 2k)
(p0 − p)(p0 + p+ 2k)

]
nF,B(k)

= 1
4p

∫ ∞
0

dk
(2π)2

[
ln k − ω+
k − ω−

+ ln k + ω−
k + ω+

]
nF,B(k)

= − 1
4p

∫ ∞
0

dk
(2π)2L−(k)nF,B(k) , (B.15)

which is the final result. Similarly one can obtain the Eqs. (B.2)–(B.5).
We have also used the integrals1∫ ∞

0

dk
2π2knF (k) = T 2

24 and
∫ ∞

0

dk
2π2knB(k) = T 2

12 . (B.16)

IB,F1 (p0, p) =
∫ ∞

0
dkL−(k, p0, p)nB,F (k), (B.17)

IB,F2 (p0, p) =
∫ ∞

0
dkk2L−(k, p0, p)nB,F (k), (B.18)

and
IB,F3 (p0, p) =

∫ ∞
0

dkkL+(k, p0, p)nB,F (k). (B.19)

1The real and imaginary parts of logarithms are given by ln(x) = ln |x| − iπΘ(−x).
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Appendix C

Calculation of the collision term

For the process a+ b→ c+ G̃ the collision term is given by

C = 1
(2π)8

∫ d3p1
2E1

d3p2
2E2

d3p3
2E3

d3p
2E δ4(P1 + P2 − P3 − P )|M|2fafb(1± fc) . (C.1)

Firstly, our aim is to calculate the quantity dC
d3p , where d3p = p2 dp dΩp = d3p dΩp. Thus,

dC
d3p

= 1
29π8E

∫ d3p1
2E1

d3p2
2E2

d3p3
2E3

∫
dΩp δ

4(P1 + P2 − P3 − P )|M|2fafb(1± fc) . (C.2)

This calculation will be done in the so-called t-frame, in which the reference momentum is
the t-channel momentum k = p1 − p3. Of course the results are frame independent. Thus
we will express the other momenta defining first k̂ = ẑ,

k = k(0, 0, 1) ,
p = E(0, sin θ̃, cos θ̃) ,

p3 = E3(cosφ sin θ, sinφ sin θ, cos θ) .
(C.3)

In this frame the Mandelstam variables are

s = (P1 + P2)2 = (P3 + P )2 = 2E E3(1− cos θ cos θ̃ − sin θ sin θ̃ sinφ) ,
t = (P1 − P3)2 = (P − P2)2 = (E1 − E3)2 − k2 .

(C.4)

Before we continue with the computation of (C.2), we will prove some useful identities. We
will use the identity

d3p1
2E1

= d4P1 δ
4(P 2

1 ) Θ(E1) = dE1 d3p1 δ
4(P 2

1 ) Θ(E1) , (C.5)

and we will insert
∫

d3k δ3(k− p1 + p3) = 1, then

d3p1
2E1

=
∫

d3k δ3(k− p1 + p3)dE1d3p1δ
4(P 2

1 )Θ(E1)

=
∫

d3q δ3(k− p1 + p3)dE1d3p1δ
4(E2

1 − |p1
2|)Θ(E1) ,

(C.6)

and after integrating over d3p1 using the δ−function we get

d3p1
2E1

= δ(E2
1 − |k + p3|2)Θ(E1)dE1d3k . (C.7)



110 Appendix C. Calculation of the collision term

Another usefull identity is

d3p1
2E1

= dE1d3p1δ
4(P 2

1 )Θ(E1)

= dE1d3p1δ
4(E2

1 − |p1|2)Θ(E1)

= δ(E1 − |p1|)
2|p1|

Θ(E1)dE1d3p1 ,

(C.8)

which after multiplying by δ4(P1 + P2 − P3 − P ) becomes

d3p1
2E1

δ4(P1 + P2 − P3 − P ) = δ((E3 + E − E2)2 − |k + p3|2)Θ(E3 + E − E2) . (C.9)

In this calculation, we will use (C.7) as it is and (C.9) expressed in terms of p2 and E2

d3p2
2E2

δ4(P1 + P2 − P3 − P ) = δ((E3 + E − E1)2 − |p− k|2)Θ(E3 + E − E1) . (C.10)

Now, the next step is to rewrite the δ−functions in terms of cos θ and cos θ̃. We have

δ
(
E2

1 − |k + p3|2
)

= δ
(
E2

1 − E2
3 − k2 − 2E3k cos θ

)
= 1

2E3k
δ

(
cos θ − E2

1 − E2
3 − k2

2E3k

)
,

(C.11)

and

δ
(
(E + E3 − E1)2 − |p− k|2

)
= δ

(
(E + E3 − E1)2 − E2 − k2 + 2Ek cos θ̃

)
= 1

2Ekδ
(

cos θ̃ − E2 + k2 − (E + E3 − E1)2

2Ek

)
.

(C.12)

Substituting (C.7), (C.10), (C.11) and (C.12) in (C.2) we get

dC
d3p

= 1
212π8E2

∫
d cos θ̃ dφ̃ d cos θ dφ dE1 dE3 dk dΩk

× δ
(

cos θ − E2
1 − E2

3 − k2

2E3k

)
δ

(
cos θ̃ − E2 + k2 − (E + E3 − E1)2

2Ek

)
× |M|2fafb(1± fc)Θ(E1)Θ(E3)Θ(E + E3 − E1) .

(C.13)

Nothing depends on dφ̃ and dΩk, so after these integrations we get an additional 8π2 factor.
After the θ and θ̃ integrations we have to substitute

cos θ = E2
1 − E2

3 − k2

2E3k
and cos θ̃ = E2 + k2 − (E + E3 − E1)2

2Ek . (C.14)

From the integrations over the δ−functions, we find that

− 1 ≤ cos θ ≤ 1⇒
{
E3 − E1 ≤ k ≤ E1 + E3

E1 − E3 ≤ k ,
(C.15)

− 1 ≤ cos θ̃ ≤ 1⇒
{
E1 − E3 ≤ k ≤ 2E + E3 − E1

E3 − E1 ≤ k ,
(C.16)
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which yield the Θ−functions Θ(k − |E1 − E3|), Θ(E1 + E3 − k) and Θ(2E + E3 − E1 − k).
After performing the remaining angular integrations we find that

dC
d3p

= 1
29π6E2

∫
dE1 dE3 dq dφ |M|2fafb(1± fc)(Theta) , (C.17)

where
Theta = Θ(k − |E1 − E3|)Θ(E1 + E3 − k)

Θ(2E + E3 − E1 − k)Θ(E + E3 − E1)Θ(E1)Θ(E3)
(C.18)

and in |M|2 we have substituted θ and θ̃ from (C.14). Now, we use the identities

Θ(E1 + E3 − k) = 1−Θ(k − E1 − E3) , (C.19)

and
Θ(k − E1 − E3)Θ(k − |E1 − E3|) = Θ(k − E1 − E3) , (C.20)

in order to split (C.18), that is,

Theta = Θ(k − |E1 − E3|)Θ(2E + E3 − E1 − k)Θ(E + E3 − E1)Θ(E1)Θ(E3)
−Θ(k − E1 − E3)Θ(2E + E3 − E1 − k)Θ(E + E3 − E1)Θ(E1)Θ(E3) .

(C.21)

Now, we insert
1 = Θ(E1 − E3) + Θ(E3 − E1) ,

so

Theta = Θ(k − E1 + E3)Θ(2E + E3 − E1 − k)Θ(E + E3 − E1)Θ(E1 − E3)Θ(E1)Θ(E3)
+ Θ(k + E1 − E3)Θ(2E + E3 − E1 − k)Θ(E + E3 − E1)Θ(E3 − E1)Θ(E1)Θ(E3)
−Θ(k − E1 − E3)Θ(2E + E3 − E1 − k)Θ(E + E3 − E1)Θ(E1)Θ(E3) .

(C.22)
Note that

Θ(k − E1 − E3)Θ(2E + E3 − E1 − k)⇒ E1 < E , (C.23)

so we have to include the corresponding Θ−function. It is obvious that we will need to
calculate 3 different integrals because of the 3 different combinations of Θ−functions in (C.22).
We have

Theta = Theta1 + Theta2 + Theta3 , (C.24)

where

Theta1 = Θ(k − E1 + E3)Θ(2E + E3 − E1 − k)Θ(E + E3 − E1)Θ(E1 − E3)Θ(E1)Θ(E3) ,
Theta2 = Θ(k + E1 − E3)Θ(2E + E3 − E1 − k)Θ(E + E3 − E1)Θ(E3 − E1)Θ(E1)Θ(E3) ,
Theta3 = −Θ(k − E1 − E3)Θ(2E + E3 − E1 − k)Θ(E + E3 − E1)Θ(E − E1)Θ(E1)Θ(E3) .

(C.25)
After splitting the Theta into three terms as in (C.24) we can write

dC|M|2

d3p
=
∑
A

g
|M|2
A , (C.26)

where |M|2 = {s, t, s2, t2, st} and A = {1, 2, 3}. We have defined

g
|M|2
A = 1

29π6E2

∫ ∞
0

dE3

∫ E+E3

0
dE1

∫
dk
∫ 2π

0
dφ |M|2 fabc ThetaA , (C.27)
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Table C.1: The integration limits for k for the various cases.

A k-limits
1 E1 − E3 ≤ k ≤ 2E + E3 − E1
2 E3 − E1 ≤ k ≤ 2E + E3 − E1
3 E1 + E3 ≤ k ≤ 2E + E3 − E1

and the statistical factor is

fabc = fa(E1)fb(E2)(1± fc(E3)) . (C.28)

The integration limits for the dk integration are dictated by the theta functions in (C.25). As
we have mentioned we will calculate five different amplitudes |M|2 for completeness. These
are |M|2 = s, t, s2, t2 and st. Moreover, since we will integrate analytically over k and φ, it
will be useful to define the function

g̃
|M|2
A (E,E1, E3) = 1

2π

∫
dk
∫ 2π

0
dφ |M|2 . (C.29)

Thus from (C.27) and (C.29), we obtain that

g
|M|2
A = 1

28π5E2

∫ ∞
0

dE3

∫ E+E3

0
dE1 g̃

|M|2
A (E,E1, E3) fabc ThetaA . (C.30)

Using now the limits from the Table C.1 based on (C.25), we are ready to calculate
g̃
|M|2
A (E,E1, E3). In details we have

• For |M|2 = s

g̃s1 = 4
3 (E − E1 + E3)2 (E + 2E1 + E3) ,

g̃s2 = 4
3E

2 (E + 3E3) ,

g̃s3 = 4
3(E − E1)

(
E2 + 3E3(E + E1) + EE1 − 2E2

1

)
.

• For |M|2 = t

g̃t1 = −4
3 (E − E1 + E3)2 (2E + E1 − E3) ,

g̃t2 = −4
3E

2 (2E − 3E1 + 3E3) ,

g̃t3 = −4
3(E − E1) (3E3(E + E1) + (E − E1)(2E + E1)) .

• For |M|2 = s2

g̃s
2

1 = 16
15 (E − E1 + E3)3

(
E2 + 3EE1 + 2EE3 + 6E2

1 + 3E1E3 + E2
3

)
,

g̃s
2

2 = 16
15E

3
(
E2 + 5EE3 + 10E2

3

)
,

g̃s
2

3 = 16
15
(
5E3(E4 − 4EE3

1 + 3E4
1) + 10E2

3(E3 − E3
1) + (E2 + 3EE1 + 6E2

1)(E − E1)3
)
.
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Table C.2: The values of the collision term normalised by 1/T 6, for the possible statistical factors
and the five basic squared amplitudes.

|M|2 BBF BFB FFF
s 0.25957 · 10−3 0.27138 · 10−3 0.15116 · 10−3

t −0.12978 · 10−3 −0.13286 · 10−3 −0.75581 · 10−4

s2 0.53955 · 10−2 0.54574 · 10−2 0.41807 · 10−2

t2 0.17981 · 10−2 0.18055 · 10−2 0.13937 · 10−2

st −0.26977 · 10−2 −0.27144 · 10−2 −0.20903 · 10−2

• For |M|2 = t2

g̃t
2

1 = 16
15
(
6E2 + 3E(E1 − E3) + (E1 − E3)2

)
(E − E1 + E3)3 ,

g̃t
2

2 = 16
15E

3
(
6E2 + 15E(E3 − E1) + 10(E1 − E3)2

)
,

g̃t
2

3 = 16
15
(
6E5 + 15E4(E3 − E1) + 10E3(E1 − E3)2 − E3

1(E2
1 − 5E1E3 + 10E2

3)
)
.

• Finally, for |M|2 = s t

g̃s t1 = −16
15(E − E1 + E3)3

(
3E2 + E(4E1 + E3) + (E1 − E3)(3E1 + 2E3)

)
,

g̃s t2 = −16
15E

3
(
3E2 − 5E(E1 − 2E3) + 10E3(E3 − E1)

)
,

g̃s t3 = −16
15
(
10E2

3

(
E3 − E3

1

)
+ 10E3

(
E2 + EE1 + E2

1

)
(E − E1)2 +

(
3E2 + 4EE1 + 3E2

1

)
(E − E1)3

)
.

Based on the previous analytical results for the g̃|M|
2

A (E,E1, E3) we will use the relation

C|M|
2

abc = 1
28π5

∫ ∞
0

dE
∫ ∞

0
dE3

∫ E+E3

0
dE1

∑
A

{g̃|M|
2

A (E,E1, E3)ThetaA} fabc , (C.31)

in order to perform numerically the integrations over E1, E3 and E. The ThetaA is taken
from (C.24) and the statistical factor fabc can be fBBF , fBFB or fFFF . For all these cases
the numerical values for the collision terms, normalised by 1/T 6 are summarized in the
Table C.2. For our calculation of the subtracted rate we need only the numerical factors
CsBBF = 0.25957× 10−3 and CtBFB = −0.13286× 10−3.

Table C.3: The C′ collision term normalised by 1/T 6, where the statistical factor fc has been
neglected. The percentages in the parentheses are the deviations from the value of C, namely
(C′ − C)/C%.

|M|2 BBF BFB FFF
s 0.29511 · 10−3 (+13.69%) 0.22133 · 10−3 (−18.44%) 0.16600 · 10−3 (+9.82%)
t −0.14755 · 10−3 (+13.69%) −0.11067 · 10−3 (−16.70%) −0.82999 · 10−4 (+9.81%)
s2 0.57419 · 10−2 (+6.42%) 0.50242 · 10−2 (−7.94%) 0.43961 · 10−2 (+5.15%)
t2 0.19140 · 10−2 (+6.45%) 0.16747 · 10−2 (−7.24%) 0.14654 · 10−2 (+5.14%)
st −0.28710 · 10−2 (+6.42%) −0.25121 · 10−2 (−7.45%) −0.21981 · 10−2 (+5.16%)
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Moreover ignoring the statistical factor for the accompanying particle of gravitino, that
is 1± fc(E3) = 1, we can calculate the collision factor C′ defined as

C′ = 1
(2π)8

∫ d3p1
2E1

d3p2
2E2

d3p3
2E3

d3p
2E δ4(P1 + P2 − P3 − P )|M|2fafb , (C.32)

analytically. The numerical values for C′ along with the deviations from the value of C are
given in Table C.3.
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Appendix D

Details on the variations

Substituting (8.37) in (8.40) gives us that the auxiliary field Σµν in terms of qµν and gµν
reads

Σµν = 1
2β

√
−q√
−g

qκλgκµgλν −
1

2β + 8α

(
1 + α

β

√
−q√
−g

qκλgκλ

)
gµν , (D.1)

and its trace is
Σ = gµνΣµν = −4

2β + 8α + 1
2β + 8α

√
−q√
−g

qκλgκλ . (D.2)

The part of the Lagrangian density that has to be varied with respect to gµν is

√
−gLg = −

√
−g

(
1
2
∂C

∂Σµν
Σµν −

1
2C − Lm

)

= −
√
−g

(
α

2 Σ2 + β

2 ΣµνΣµν + 1
2g

µν∂µsc∂νsc + Ueff(sc)
)
. (D.3)

Varying (D.3) we obtain that

δ
(√
−gLg

)
= −

√
−g
[
αΣδΣ + βgµγΣµνδ (gρνΣγρ) + 1

2∂µsc∂νscδg
µν
]

−1
2
√
−ggµνδgµν

[
− α

2 Σ2 − β

2 ΣµνΣµν − Ueff(sc)−
1
2g

κλ∂κsc∂λsc

]
.(D.4)

Substituting (D.1) and (D.2) in (D.4) and after manipulations we have that

1√
−g

δS

δgµν
= − 1

4(β + 4α)

√
−q√
−g

qσλgσµgλν

+ 1
4β

q

g

(
qσλqρδgλδgρνgσµ −

α

β + 4αq
δρgδρq

σλgσµgλν

)
+1

2gµν
[ 1
β + 4α

(1
2 + α

8β
q

g
qλσgλσq

ρδgρδ

)
− q

g

1
8β q

λσqδρgλδgσρ

]
+1

2gµν
(1

2g
λσ∂λsc∂σsc + Ueff(sc)

)
− 1

2∂µsc∂νsc = 0 . (D.5)

The functions Ri which has been displayed in Eqs. (8.49)-(8.50) are listed below

R1 = B (2A− 2BXq) ,
R2 = 4A− 2BXq ,

R3 = 4A2 − 4ABXq + 4B2X2
q ,

R4 = A(R1 +AB)− 2BR1Xq ,

R5 = A3 (A− 2BXq) . (D.6)
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The coefficients ai, and bi which has been displayed in Eq. (8.51) are1

a0 = 1
1 + α̃Ueff

,

b0 = (β̃ − α̃)
(1 + α̃Ueff)(1 + β̃Ueff)

,

a1 = β̃

2(1 + β̃Ueff)
,

b1 =
(β̃ − α̃)

(
3β̃ − 2α̃+ (2β̃ − α̃)(α̃+ β̃)Ueff + α̃β̃2U2

eff

)
(1 + α̃Ueff)(1 + β̃Ueff)3 , (D.7)

where we have defined α̃ = 2β+ 8α, β̃ = 4β+ 8α and Ueff = Ueff(sc). As it seems, for α̃ = β̃,
the coefficients b0 and b1, like the rest higher order b coefficients of the same series (8.51),
are equal to zero. This is expected, as the equality of the tilted factors is translated to an
elimination of the RµνRµν term and so the disformal transformation is reduced again to the
usual conformal.

1These coefficients have been also found in [219].
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