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Chapter 1

Introduction

One of the major objects of study in Riemannian geometry is the relationship
between curvature, structure, and the topology of a space. Topogonov proved
that if a manifold M has positive sectional curvature K > 0 and contains a
line i.e a doubly infinite geodesic, where each finite segment is minimal, then
M™ = RF x N~ where N contains no lines. This theorem is called the Split-
ting Theorem and describes how the condition of positive curvature contradicts
the condition of being “highly” non compact and that they can coexist only in
the case where space contains an RF— factor.

Now it’s natural to ask what happens in the case of bounds on Ricci curvature.
Initially an upper bound on Ricci curvature has no topological obstructions
by Lokham, so we are mainly interested for lower Ricci curvature bounds. If
Ric > § > 0, then the Bonnet-Myers theorem, which states that M™ has to be
compact and isometric with the sphere in the rigid case holds. If Ric > 0, then
Cheeger and Gromoll proved that the Splitting theorem holds and following this
proof, an observation was made:

For a complete manifold M™ that satisfies a lower Ricci curvature bound (say
Ric > —(n — 1)) bound and contains a point within a minimal segment, af-
ter rescaling the metric r=2g (where r << 1), there in a small ball near the
point appears to be a kind of splitting. In particular, if v : [-1,1] — M™ is
the geodesic then the rescaled ball B,.(7(0)) looks as if it were a ball in some
isometric product R x A. Indeed, in the 1990s, Jeff Cheeger and Tobias Cold-
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ing [ChCol], building on this observation, proved a quantitative version of this
theorem—the Almost Splitting Theorem. While the idea of this generalization
comes naturally, the proof is much more challenging and requires new tech-
niques and tools. Specifically, in the classic theorem, a distance function called
the Busemann function by is constructed and is also harmonic. Then, using
Bochner’s formula one obtains a parallel field on the manifold . However, in the
generalized case, the function b is not harmonic, and instead, we consider a
harmonic function 5 that closely approximates b, . Using Bochner’s formula
and a special function named cutoff function, we can show that the Hessian
of B, is small in the L? sense. Finally, applying a new method named seg-
ment inequality developed by Cheeger and Colding we can derive information
about this function along minimal geodesics, thus proving the desired theorem.
Namely, we demonstrate the theorem :

Let M™ be complete p, q1,¢2 and

D+ —q,q2 <6,

b, q1 25_1 y Py g2 25_1 .

Also assume that on Bs—1(p)
RiCMn Z 7(771 — 1)5 .

Given € > 0, R < oo, there exists d(e, R) > 0 such that if the above bounds
hold with 6(e, R), then there exist N"~! and

QeRan_l

such that
deu(Br(p), Br(p)) <¢.

Another significant result from the study of manifolds with a lower bound on
Ricci curvature is that a sequence of such compact manifolds, with respect to a
suitable topology—mnamely, the Gromov-Hausdorff topology—has a convergent
subsequence. That is, sequences with a lower Ricci bound and compactness are
precompact in the Gromov-Hausdorff topology. We deonte the limit above with

Y and it’s called a limit space . Using this theorem, we can now study how the
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spaces that arise as limits of such sequences behave. The behavior of the limit
spaces is very important information.

For instance, if we want to show that a sequence with a lower Ricci bound does
not satisfy a property, we assume the property holds and demonstrate that this

9

reflects some “ bad behaviour ” in the limit, thus leading to a contradiction.
Therefore, the study of the space Y that arises as a limit is of great interest on
its own. Initially, we can easily observe that Y is not necessarily a manifold;
its dimension may differ from the manifolds in the sequence, and we also know
that it is a length space. Since Y is not necessarily a manifold, it makes sense
to study its local structure . Using again Gromov’s Compactness theorem, we
observe that for a sequence r; — 0 the subsequential limit (Y, rj_l, y) exists and
its called tangent cone of Y at a point y and it’s denoted with Y,. This cone
depends on the choice of 7;.

Continuing the study of Y and its cones’, we consider the “bad points” of Y as
the singular set S-the points where the cones are not Euclidean spaces.

Using the Arzela-Ascoli theorem and Carathéodory’s theorem, it is shown that
there exists a measure v( v need not be unique in general) on the space Y which
satisfies v(S) = 0.

Finally assuming that the space Y is non-collapsed (i.e. the dimension is the
same as the dimension of the manifolds in the sequence), so Vol(B1(p;)) > v > 0,
it is proven that the cones over each point are metric cones C(Z), where Z is
a length space that satisfies diam(Z) < 7 and it is shown that the Hausdorff
dimension of S satisfies dim(S) < n — 2, which is optimal.

The purpose of this work is to present some of the above concepts. Specifically,
we demonstrate, by constructing the appropriate theory, the proof of the Almost
Splitting Theorem and provide the key points for proving that the dimension of

the singular part is less than or equal to n — 2.
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Riemannian geometry basics

2.1 Bochner’s formula

Theorem 2.1.1. Let (M,g) be a Riemannian manifold and v € C*(M).
Then,

1

5 A|Vul® = |Hess,|? + (Vu, V(Aw)) + Ric(Vu, Vu). (2.1)

Proof. We will prove the statement using local geodesic frames . Let p € M
and E; be an orthogonal frame in a neighborhood of p such that Vg, E;(p) =0
for all i, j. Then at p,

1 s 1
5 AlVul® =2 ;E E;(Vu, Vu)

We can calculate inside terms of the sum on the right side above to get

1
5E¢E¢<VU, Vu) = EZ<VEYVU, Vu) = E,’HQSSM(E“ Vu) =
= EiHeSSu(VU, El) = Ei(VvUVu, E1> = <VE1VVUVU, El>

Where in the last equality we used the definition of the Riemannian curvature

tensor, particularly,

Vi, VvuVu= R(E;, Vu)Vu+ V[E“vu] Vu+ Vg, Vg, Vu
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so taking inner product with F;
<invvuvua El> = <Eia R(Elv VU)VU> + <Ei7 V[E,i,Vu]vu> + <Eia Vququ) .

Summing over ¢ we conclude that

1 n
5 A|v'u,|2 = Z<El7 R(Ei, VU)VU> + <Ei, V[EHVU]Vu) + <Ei, VUVVMVE1> .

i=1
We observe that the first term is the Ricci curvature (the trace of the riemmanian
curvature tensor).

For the second term we have

n

> (Ei,Vip, vy Vu) = Y Hessu([Ei, Vul, E;) = > Hess,(E;), Vi, vu)
=1

=1

Il
.
Il
—

(VE,Vu, Vi, Vu) = |Hess, |

I
M=

.
Il
_

(also note that the last term is the Hilbert-Schmidt norm). Finally in the last

term of the equality it is
Vu(Vg,Vu,E;) = (VvuVE,Vu, E;) + (Vg Vu, Vo, E;) .

Summing up over i, at x it is :

n n

> (VouVEVu, Ej) =Y [Vu(VE,Vu, E;) — (VE,Vu, Vv, )|

i=1 i=1

= Vu(Au) = (Vu, V(Au))
Combining the calculations above we get Bochner’s formula i.e
% A|Vu)? = [Hess,|? + (Vu, V(Au)) + Ric(Vu, Vu)
and the proof is complete. O

We can use Bochner’s formula to derive a characterization for Ricci curvature

lower bounds. Applying the Cauchy-Schwarz inequality we obtain
(Au)?

|Hess,|* > s

so
(Au)?
n

1
§A|Vu|2 > + (Vu, V(Au)) + Ric(Vu, Vu) .
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If we assume as usually that Ric > (n — 1)k, the last inequality yields
1 Au)?
§A|Vu|2 > % + (Vu, V(Au)) + k(n — 1)|Vul? .

The last inequality is the aforementioned characterization for Ricci curvature
lower bounds. There are many more equivalent conditions and for every new
condition a whole theory appears (see [Wei] 1.6).

The equation above is quite useful for a specific class of functions, like harmonic
or distance functions. For example, using the formula we can prove the existence
of a map such that Hess,, = 0 and we can conclude the classic splitting theorem
using the de Rham decomposition. In particular for a sketch of the proof we
have the following ideas : A geodesic line v on a complete Riemannian manifold

is a geodesic v : (—o0, +00) — M such that

d(y(t1),7(t2)) = [t1 —ta|, t1,t2 €R.

A geodesic defined on [0, c0) is called a (geodesic) ray .

Now suppose 7y is a ray on M. We can define the Busemann function as follows

bt = lim (d(z,7(t)) — t) .

t—>00
Using Rademacher’s theorerm (Because b' is Lipschitz continuous), we can
prove that b is almost everywhere differentiable. Now, having a geodesic line
allows us to define b~ with a similar way (by taking the limit as ¢ — —oc0).
But it is easy to see that

AT +b7) <0
in a weaker sense , and applying the mean value inequality yields

AbT =Ab” =0

and classic elliptic PDE theory guarantees that these maps are smooth. Finally,
by Bochner’s formula it follows that Vb is a parallel field. Now, by the de Rham
decomposition with the flow generated by Vb* we can construct an isometric

diffeomorphism from R x N onto M , where N = {b" = 0}.

2.2 Laplacian and Mean curvature comparison

Comparison theorems are a useful tool when trying to understand the geometry

of a manifold. Specifically, these theorems provide a convenient way to “trans-
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late” information about a lower bound on curvature into information about the
distance function. These type of theorems are presented with more details in
[DWeil,[SY], [Zhu]

Before proceeding with the proof of the theorem, we first recall weaker types
of inequalities for the Laplacian and for the rest of this work, the inequalities

will be in the weak sense where is needed.

Definition 2.2.1. If f, h are two continuous functions f, h defined on an open

domain Q@ C M, we say Af < h in the distributional sense on  if :

/QfMS/qub

Definition 2.2.2. Suppose f € C(M) and ¢ € M, a map f, defined in a

for all ¢ > 0 in C5°(Q).

neighborhood of g, is an upper barrier of f at q , if f, € C*(U) and satisfies :

and

folx) > f(z) Yo eU

Definition 2.2.3. Suppose f € C(M) , we say Af(q) < c in the barrier sence,

if for all € > 0 there exists an upper barrier fy . such that
qu,E(Q) <c+e

We also define a specific function called the comparison function sng(r)

ﬁsin(\/ﬁr)7 H>0

snpg(r)

r, H=0

\/istinh(\/—H r), H<O.

Considering the definitions above we prove the first theorem, through which the

Laplacian comparison can be obtained.

Theorem 2.2.4 (Mean curvature comparison). Let M™ be a smooth manifold
satisfying Ric > (n—1)H, and g € M™ then along any minimal geodesic segment
from q:

m(r) <mg(r) .
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Proof. Let the following map p be a distance function.

First note that since Ric > (n — 1)H, by Bochner’s formula we get

2

m < —

n_l—(n—l)H

Particularly, putting u(xz) = p(z) in the equation (2.1) yields

0 = |II|* + m' + Ric(d,, d,)

2

and by the Cauchy- Schwarz inequality it is |[II|* > = so we obtain

2

m < —

n—l_(n_l)H

because of the fact Hess, = II, where II is the second fundamental form of
the level sets p, Ap = m is the mean curvature and Vp = Jr, the covariant

derivative of the normal direction. Also the following equalities hold

2
m
my = ——21

n—l_(n_l)H'

Where mp is the mean curvature of geodesic spheres in model space M, and

!
SNy

Finally we get :

(sn%(m —mp)) =2snysng(m —mpy) + sn(m —my)’
1

< p— 18n%1mH(m —mpy) — p— 15n?{(m2 —m3)
2
_ anl (2m%, — 2mmpy +m? — m%)
n—
2
sn?; 5
——q(m—my)” <0,

also

. 2 . _
7ll_r)]f%)an(m mpg) =0.

So integrating from 0 to r yields
sy (r)(m(r) —mp(r)) <0,

then we proved that

m(r) <mg(r) .
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Theorem 2.2.5. If M™ is a Riemannian manifold with Ricpen > (n — 1)H,
r s the distance function and r, is the distance function from p, then in the
distributional (or weak) and barrier sense the following inequality holds :

/
SNy

Arp < (n—1) (rp) .

SNy
It means that for every compactly supported C'* non negative function ¢

on M" we have

[omaos [ -0

sng
Proof. First for the smooth part of the distance function, the theorem follows
immediately from the above (because of the Ar = m). So it remains to prove this
in the distributional and barrier sense. Let Cut(p) be the cut locus of the point

p (all points for which the geodesic segment from p stops being minimizing).

e Distributional Sense means that for every compactly supported C*° non
negative function ¢ on M"™ we have

snj
Ap < -1) =4
[ onaos [ wonTie)
For the proof of that check the theorem 4.1 of [Ch].

e Barrier sense
Let p € M and r, be the distance function . In the case that ¢ ¢ Cut(p)
we have already proven that the inequality holds. Assume that ¢ € Cut(p)
and denote the function d(vy(¢), z) 4+ ¢, where - be a minimal geodesic with
~(0) = p and (I) = ¢ this is a support function for r, at the point ¢ .

First of all it’s smooth in a neighborhood of q Indeed, since

d(v(e),q) +e=rp(q) ,
Also,

d(y(e),x) +& 2 d(p,q)

A(d(y(e),z) +¢) < Ap(d(v(e), z)) =mu(d(v(e), )
<mpg(d(p,z)) + ce

= Au(rp(z)) + ce

so we proved the Laplacian comparison in the barrier sense.

10
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2.3 Volume on Riemannian manifolds

The main target of this chapter is to prove volume comparison. Lets begin by
defining the volume: As it’s known, we can use partitions of unity to define

volume and for the form it is

dv = \/|det(gij) |7ty ...dx, .

Let ¢ € M™ and D, the segment disc then exp, : Dy — M \ C, is a diffeomor-
phism.
Then now, using polar coordinates and diffeomorphism exp, : D, \ {0} —

M\ (CyU{q}) we set

0
E; = (exp,). (57)
and
0
By = (exp,).(5)

Now gnn = 1 and g,; = 0 for 1 < ¢ < n since exp, is a radial isometry. Let

Ji(r,0) be the Jacobi field with .J;(0) = 0 and J{(0) = z5-. Then
E;(exp,(r,0)) = Ji(r,0) .

So we write J; and Z in terms of an orthogonal basis {e;}, then it is J; =
> or_; aiker, and that yields

0
TN ATy A —
! L2 or

det(gi;)(r,0) = |det(ax)| = ’

Finally letting A(r,0) = ‘ JIN AT A % , the volume element of M is

dvol = A(r,0)drdf,_; .

11
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Let A(r,8) be a map such that dvoly, = A(r, 8)drdf be the volume element
of M in geodesic polar coordinates at a point ¢ and dvoly = Ag(r,0)drdd is
the volume element of the model space M.

For example, in the classic model spaces R™ , S™, H™ we can calculate

dvol = sn} ! (r)drd6,

ie
dvol = r"~tdrdf,_, (H =0)
dvol = sin" ! (r)drdf,_, (H =1)
dvol = sinh™ ! (r)drdf,—, (H=-1),
respectively.

2.4 Bishop Volume comparison

Now we are going to prove the three lemmas we need for the proof of Volume

comparison.

Lemma 2.4.1. We define A as in the section above. Then it is

A'(r,0) _
Ar0) m(r,0) .

Proof. Let v be a unit speed geodesic with v(0) = ¢, J;(0) = 0 and J/(0) = 8%¢
fori =0,...,n—1and J),(0) =+'(0) where {3%1, 3%2, ..., (0)} is an orthogonal
basis of T, M. Note also that :

A(r,0) | JiA. ATy
A 0) | Ji A AT

For any r = ro such that v|(g 4+ is minimal, let {Ji(ro)} be an orthogonal
basis of T.,(,,)M with Jy,(r¢) = +'(ro). We are inside the cut locus so there are
no conjugate points . Therefore, {J;(ro)} is also a basis of T’,(,,) M. So we can

write
Ti(ro) =3 bixJk(ro) -
k=1

Then for all 0 < r < rg + ¢ we define

Ti(r) = biJr(r) -
k=1

12
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Then {J;} are Jacobi fields along v which is an orthogonal basis at v(rg). We

can easily calculate
|1 A oA T | = det(bi)|Jy Ao Ay

The previous equation holds for all r , thus

|J1A...AJn|’(T)_ |JLA AT
EAYNA [Ji Ao ATl

(r)

But at r = rg, [J1 A ... A Jyn|(r0) = 1. Therefore,

o) = [T1 A .. ATl (r0) Z\Jm AT Ao AT ul(ro)

but {J;(r¢)} is an orthonormal basis of T’ (,,)M, so we have

n

Tilro) =3 (Ti(ro), Tu(ro)) Ji(ro) -

1=1
If we put that in the previous equality it is
Z |71A AN Z<7;€(7‘0>,71<7"0)>7l(7“0) AR /\Tn‘
k=1 =1
but {J1, ..., J, } are orthonormal (for i # j it is (J;(ro), J;(ro)) = 0) so we get
A'(r "
.A( Z ,/c 7“0 To >
0 k=1

Then finally by the fact J/(ro) = Vi)Y We get the mean curvature be-

cause )
Z ,Q 70), To )) = Z<V7,ﬂ/ajk> = m(ro,'y’(O)) .
k=1 k=1

O

Corollary 2.4.2. From the lemma above and mean curvature comparison the

" A(r, 0)
- AH,(T’)

is non-increasing along any minimal geodesic segment from q.

Proof. The proof is just a calculation of
(A(r, 9))’
Ag(r)

13
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Lemma 2.4.3. We denote the volume of a geodesic sphere of M™ by A(x,T)

and the volume of a geodesic sphere on M% by A (x,r).

" A(z,r) . . L
en Anr) is mon-increasing in T
Proof.
i A(z,r) _ifSn_IA(T,G)dGn,l B 1 i/ A(r,0) o
dr Ag(z,r)  dr [ Ag(r)df,_y — Vol(S"1)dr Jsn—r \ Au(r) noho
but
A(r, 9)>/
<0

(AH(T) -
Finally,

d (A(r,0)

dr (AH(T)> =0

O

Lemma 2.4.4. Assume f,g are two functions such that f(t)/g(t) is non in-
creasing in t and g(t) > 0. Then the map

S (et
[T g(t)at
is non increasing in r and R .
Proof. We have
9 LT Iwde —10) [P g+ o) [T @
o | eyt (" atey2ae)

Also, since % < 587 we have g(r) f(t) < f(r)g(t), so finally

R R
/g(r)f(t)dtg/ f(r)g(t)dt .

We can now prove the theorem as a corollary of the lemmas above.

Theorem 2.4.5. If M™ is a Riemannian manifold with Ricprn > (n — 1)H,

then the function
Vol(B(p,r))
Volu(B(p,r))

is non-increasing, where Voly(B(p,)) is the volume of the ball with radius r in

the model space (there is no dependence of the center because of symmetry).

14
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Remarks

1. Under the same assumptions, Vol(B(z,r)) < Volg B(z,r)

The proof follows from the fact that }13% %ﬁm =1.

2. If r < R, then
Vol(B(z,r))
Vol(Bg(r))

Vol(B(z, R))

= Vol(Bu(R))

so that implies

_ Vol(By(R)

Vol(B(w, R)) < 0B )y

Vol(B(z,))

Sometimes we let R = 2r and then we can take a lower bound on the ratio

Vol(B(z,r))
% i.e we take

Vol(Bpy (2r))
Vol(B.2r)) < il

Vol(B(z,r)) .
The inequality above says that if we double the radius of a ball we can have a
control for the volume Vol(B(x, 2r)) provided that Ric > H(n — 1). Informally
speaking, Ricci curvature says that given the volume Vol(B(z,r)), then the
volume Vol(B(zx, R)), (r < R) cannot be arbitrarily larger than Vol(B(z,)) .
3. Topogonov proved that the equality holds if and only if B(z, ) is isometric to
By (r), and also by volume comparison we can conclude the maximal diameter
theorem
4. An also very usefull result that uses the theorem above it that having a
Volume bound on a ball centered at p € M with radius r; we can find a volume
bound for any other point of manifold, depending on Vol(B(p,r1)) and distace
D, q- More specifically let ro be the radius of the second ball and s = p, ¢ then
it is

Vol(B(p,rm1)) C Vol(B(g,s +71))

so it gives

Vol(B(p,r1))
Vol(B(q,12))

Vol(B(gq,s+11)) < V_opg(ri + s)
Vol(B(q,m2)) — V_g(re)

<

15
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By, (q)

The next statement is useful because it allows us to achieve a bound along
geodesics given an integral bound.
In the following theorem , for a non negative function g ,we denote with 7,

the following l
Fy(y.2) = int / o(+(s))ds
0

~

where the infimum is taken over all minimal geodesics v from y to z .

Theorem 2.4.6 (Segment inequality). Let (M™,g) be a Riemannian manifold
with Ricpn > —(n—1)k (We can assume for simplicity that Ricpn > —(n—1))
and let Ay, As C B,.(p), withr < R. Then

/ Fo(y,z) < c(n, R)r(Vol(A1) + Vol(As)) / g.
A1 xAg

Bar(p)
Proof. We will use polar coordinates. Let (y,2) € A; x Ay . Due to the fact
that the set Cut(y) has measure zero we can assume that for every pair of points
there exists a unique minimal geodesic (particularly in A; x Ay ). For technical
reasons we decompose the function F, to F, and Fy

g
These F, and F, are the following

Y,z
2

Ff = / " g ()ds , Fy = /0 (.= (s))ds

Where g, . is the minimal geodesic from y to z .

16



Chapter 2 — Riemannian geometry basics

We fix y € A; and consider the integral as the function z — F,(y, z). We can
express the integral of this function in the following way because the exponential
map is a diffeomorphism almost everywhere.

We calculate the integral as

FH(y,2)dz = / F (. exp, (r8)) A(r, )drdé

Aa Sz J1g

where Iy = {t | exp,(t0) € As}. Since A1, Ay C B,(p) and Iy C [0,2r], the
result follows from area comparison and from the definition of F.

Note that so

T

Fif (y,exp(rd))A(r,0) = / g(exp(t0))dtA(r,0) .

2

But from volume comparison,

A_l(’l‘)
A(r.0) < SEEAG0) e <
therefore
F (4, exp(r0))A(r,0) < c(n, R) / g(exp(t0)) A(t, 0) dt
and then

f;(y,z)dzgc(n,R)/ // glexp, (t0)).A(t, 0)dtdrdo
Ay Sy JIg /5

< /5 /O . /O . g(exp(t)).A(t, 0)dtdodr

<rc(n,R) / g.
B(p,2R)

y € A1 was fixed, so integrating over the set 4; we get
[ | 7w <cnmivacay [ g,
Ay J A,
B(p,2R)
We work for F"(y, z) in a similar way and we get
[ | Fwe <cnmivaca) [ g,
Ay J Ay
B(p,2R)
Summing these up, we conclude that
[ A < By (ol +Vol(a) [ g,
A1 XAQ B(p,QR)

which completes the proof. O

17
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Ay A,

Remarks. 1. We use comparison theorems as mentioned before to prove a

basic inequality that generalizes Fubini’s theorem.

2. It is not necessary for the proof that we work on a ball , we can generalize
the theorem on every subset W and demand segments between points x

and y to be contained to W.

Using the theorem above we can convert integral bounds to pointwise bounds.
Later we are going to ensure integral bounds for |Hesss| and then we will use
the following. Assume that A; = Ay = B% (p) , z € Ay and then, using the
theorem for Fy(z,.) (F4(z,.) which is a non negative function from Br to R
since g is non-negative ), we obtain

Fr. o 2) < C(n, RYVOI(B(p, R/4) / Fole,)

/fg(p,f)XB(P,f) B(p, %)

z € Ay and then we integrate over Bz (p) to get

/ / T, @)1, 2)
B(p,%) JB(p,§)xB(p, %)

< ¢(n, R)Vol(B(p, R/4)) / Fy
B(p,})xB(p,%)

< ¢(n, R)Vol(B(p, R/4))Vol(B(p, R/2)) /B e

The last inequality actually tells us that if the L'-norm of a function g is small
enough, there exists a point z’ near z such that the integrating function is small
as well i.e

/ "T:}_(a:’,‘)(y7 Z)dde
B(p,£)xB(p, %)

For (y, 2) in B% (p) x Bg (p) there exist ¢/, 2’ near y, z respectively, such that
.F].‘@/,_)(y/, Z/) is small.
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Chapter 2 — Riemannian geometry basics

So if 7 is unique minimizing geodesic from ¢’ to 2z’ and 7, minimizing from

x’ to y(s) then

'z Y’z pl(s)
Frwa )= [ Fya y(s)ds = / / o(ra(t))dt
0 0 0

To clarify this assume we have bounds for specific functions (for instance here
we will assume a bound for [Hessg, | for a map 84 , which will be usefull in the

future). We will prove the existance of points z*, y*, z* satisying

fJ:\Hesslj+\(y*vZ*)(x*7 ) S \Ij

and

x’x*7y7y*z7z* qu

Where by ¥ we mean a positive functiondefined as 5.0.2

Consider z,y, z € Bgr(p) and By, By, B, small balls centred at these points with
small radius ¢ , such that B, By, B, C Br(p)

First by Markov’s inequality the following holds for non negative measurable

functions
1
peUifzal<y [
aJu
Where « is positive and we deonte with | - | the usual measure of the set

From segement inequality it is

/ f]:\HessB \(x*7)dde§CR(|By|+|BZ|)/ ~/—_'|H6555+\(:E*>w)dw
Byx B, + (p,2R)

(2.2)
if we apply segment inequality again for the map JFgess 5| WE get

/ Fittess,| < ¢ R (VOU(B,) + Vol(Bzr(p))) / |Hesss, |
By x Bz2r(p) Byr(p)

Now we apply Markov’s inequality for the measurable map

/ -F'|Hess/3+|('aw)dw
Bar(p)

so it is
0 Bei [ P, " w)du 2ol < o [ Fittessy, (@ w)dzdw
Bar(p) & J B, xBar(p)
< LR Wa(BL) + Vol(Bon(p)) / Hesss, |
@ Bur(p)
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Chapter 2 — Riemannian geometry basics

So we have to pick an a to ensure that the set
{z* € B, : / ‘F.‘Hessﬂ+|(x*’w)dw > a}
Bar(p)

has small measure so take « satisfying :

éc R(Vol(Bg) + Vol(Bar(p)) < 1—(1)01/01(31))

for instance we can take

o = 100 ¢ B (Vol(By) + Vol(Bar(p))) / |Hessg, |
VOZ(Bx) Byr(p)

Then in a set of measure 5V 0l(B,) the following holds :

cR(Vol(B;) + Vol(B2r(p))) /
* dw < H
]:|Hess/;+|($ yw)dw < Vol(By) Bar(p) | 6885+|

Now we can repeat exactly the same argument for By x B, so in a subset of

B, x B, for y*,z* it is

Ff\Hessﬂ+\(x*7~)(y*, Z*) <

(Vol(Bz) + Vol(Bar(p)))(Vol(By) + Vol(B.)) / |Hessg, |
Vol(B,) - Vol(B,) - Vol(B.) Bur(p) o

C R?

So it suffices to complete the proof because we can use Volume comparison to

disapear dependence on x,y,z , so if me(p) |Hessg, | < ¥ we shows that
]:fIHmm\(w*w)(y*’Z*) <Cv¥

The idea is simple and says that if f is nonnegative and we have a control
for [ 4 [, then f cannot be arbitrarily large in A. For more applications of
the inequality above the reader can see [Petersenl|. One application of this is

Poincaré’s inequality .
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Cutoff functions

3.1 Gradient estimate

In this chapter, we continue by presenting the classic Cheng-Yau theorem for

the gradient.

Theorem 3.1.1 (Cheng-Yau estimates). Let Rican > (n — 1)H on Bg,(p) ,
K smooth and u : Bg,(p) — R which satisfies

u>0 and Au= K(u) .

Then on Bg,(p) (R1 < Ra) :

[Vul?

5 < max{2u"' K (u), c(n, Ry, Ro, H) + 2u™ ' K (u) — 2K’ (u)}.
u

Proof. First we set v := logu and then a simple calculation yields

\Y%
V| = [Vul
u

and

2
Av:_ﬂ+

K
KO e

where F(v) = e VK (e¥) = u" K (u).

The function Q = ¢|Vv|? is smooth and attains a maximum at some interior

point g of Bg,. We assume that ¢ ¢ Cut(g).
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Chapter 3 — Cutoff functions

Then at ¢ we have by product rule
VQ =0 V(¢|Vu]?) =0 & Vé|Vu| = —oV|Vu|?.
By the definition of @ we get
VIVol* = 7 $(VIVol?) = =47 Vo|Vul? = —97QVe .
We have AQ < 0 at g as well. Then by laplacian product rule
AQ = A|Vu+(Ve, VIVu*) +oA[Vof? = (67 Ap—2072|Vo[*) Q+pA [Vl .
We can use Bochner’s formula on the last term of right hand i.e we have
PA|V|? = 2¢|Hess, |* + 2¢0(VAv, Vo) + 2¢Ric(Vv, Vo).

We work with each term of the inequality above separately.

For the first one we have
20fHess, | > 22 (a0 = 2671 (- + 0P ()2
For the third, from the Ricci curvature lower bound we get
Ric(Vv, V) > H|Vv|? < 2¢Ric(Vv, V) > 2¢|Vo|? .
Finally for the second term we have
20(VAv, Vo) = 2F'Q — 2¢(V|Vv|?, Vu)Q = 2F'Q + 261 (V¢, Vo) Q .
Using Cauchy’s inequality we have for every a > 0,

1
(Vo Vo) 2 (=5 IVl = SolVoP)

SO
—1 1 -1 2 o 2
67IQV, Vo) 2 —— 67 Vo — S 6Q

so finally it is

267 Q(VH, Vo) > —— 9 |VHPQ — apQ?

> 2F'Q — 2071 |Vo||Vo|Q > 2F'Q — a9 |Vo|*Q — ag™ ' Q?
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Chapter 3 — Cutoff functions

and picking o = -, we have

20(VAv, Vo) > 2F'Q — 4n¢ 2|V |*Q — %WIQ? :

Adding all these above we finally get the following inequality (AQ < 0)

(~A6+ (2+4m)6 Vo~ 2n—1)HO-2F'9)Q > —(~Q+0F) ~ 1 Q* (31)

Now if

Q < 26F
then

Vo2 < 2F

because ¢ <1

If not , then Q@ > 2¢F so in that case

—Q—l—(bFS—%SO
and
2 2 1 L
S(-Q+0F) - 2072 1-Q

Now from (3.1) we get

dn(—A¢+ (2+4n)p V|2 —2(n — 1)Ho — 2F'¢) > Q .

Finally it is the time to define the wanted map ¢. We define as ¢ = f(r) ,

where f : [0, R2] — [0, 1] is a function satisfying the following :

flio,ry) =1, suppf C [0, Ra)
—cRyYfE< <0
|f"| < cRy?

Thus
b= f(re), Vol = |f'], Ag(ry) = f'Arg + "

For example a map like the following does the trick .

_ Y(Ry — )
1@ = S = o =)
e’%,x>0
P(x) =
0,z<0

23
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Chapter 3 — Cutoff functions

Rl R2

because from the construction of f and the facts of equation (3.2) It suffices
to bound the term —Ag¢p
More precisely it is

Ad(ry) > f'Agry, — cR™2

so because of the fact f’ < 0 we want a lower bound for the Ar, and that
completes the proof.
Note that

Arg = (n—1)vV—Hcoth(vV—Hr)

but on [Rh Rg] its
Ary < Arg < (n—1)vV—H coth(V—HRy) .

So finally we proved
_A¢ < c(n, R17 RQa H) .

Now for the case that ¢ € Cut(p), the inequality holds in the barrier sense.
We use the barrier (as defined in 2.2)r, (z) for r4(z) and let € — 0 gives the
same i.e from the previous equations
The following theorem is typically encountered in the following form. Au = A
on the ball of radius R and we can conclude that in a ball of a radius R, < R»
the following holds .

|Vu| < c¢(n, Ry, Re, H, \) supu
B,

O

In the next chapter we are going to use Yau’s gradient estimate to prove the

existence of cutoff functions.
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Chapter 3 — Cutoff functions

3.2 Cutoff functions

The maximum principle is of course known to hold for subharmonic functions
and elliptic operators. In this Chapter, we present and prove a quantitative
version of the principle .

Before proving the quantitative theorems we need to construct some comparison
functions.

We write the metric of the model space M7 as g = dr?+k*gsn—1 (where k = sny,
as previous defined).

For any n > 3, we construct the radial function :

1 * 1-n
&) = = ovole ) / k" (s)ds

which satisfies

AG=0, G0) =00, G' <0

(Note that G is the Green’s function with singularity at 0 and G(Z,p)) has

singularity at p € M%. The smooth function

Ulr) - /0 ) /O " (w) du) ds

Vol(B,
AU=1,U000)=0,U >0, |[VU(r)| = Vol(g&(gz))) ’

satisifies

Note for example that if H = 0 then M™ is R™ and by simple calculations we
can conclude that

r? 1 n
Ulr) = 5, and G(r) = 72— 2)V01(S”—1)T2

Given R > 0, put G = G — G(R) and U — U(R) and set ¢ = _LB)

G'(R)
We have

G" >0, lim G'(R) = —oco and U” >0, U'(0) =0

r—=0"
Finally, we define the function Ly = ¢ G + Uy which satisfies

éLR: 1 ) LIR SO on (O7R]a LR(R) =0.

Suppose f is a function satisfying Af > § > 0, which is stronger than simply
saying that f is subharmonic. According to Hopf’s principle f attains a mini-

mum at some boundary point of €.
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Chapter 3 — Cutoff functions

Since these special functions are available we can easily obtain a stronger bound

than the one in Hopf’s classical principle i.e

Theorem 3.2.1. Let Ricpn > —(n— 1)H and f : © — R be a continuous
function. If f satisfies
Af>6>0,
then for all x € (Q,
Fla) < max(f — 6 Ulp.)) (33)

Similarly, if Af < —6 <0, then for all z €

() = min(f +6 Ulp.))

Proof. Note that from the definition of U, U(0) = 0 holds, so we can apply the

maximum principle to f — 6 U(p,) because
A(f = 0AU(pz)) = Af —0Ap, = Af =6 >0,
which shows it’s subharmonic and then
f = 0AU(pz) < max(f — AU (pz))

f(@) < max(f — 6AU(p))

O

For example, if we take n = 3, then U(r) = % and a subharmonic function

f which satisfies Af > 1 we can take a much better bound i.e.

2

J(w) < max(f — 7)< max f

Note that for the Laplacian of U obviously Laplacian comparison used .

Finally we present the quantitative version. We state the case in which
Af <4. Put

AR, Rr,(p) = Br,(p)\Br, (p) -

Theorem 3.2.2. Let Ricpn > —(n — 1)H. Let f : Q — R, where Q C

AR, r,(p). If f satisfies
Af<6(6>0)
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Chapter 3 — Cutoff functions

then for allz € Q ,t >0
§(@) 2 (0L, +1 G, (R) + max(f — (L) + G, (00))
Proof. We apply the minimum principle to the function f—dLg, —tG g, , because
A(f —=0Lg, —1Gg,) = A(f —0Lg,) = Af = AdLp, <0

(that follows from the fact Af < ¢ and the definition of Lp,) O

Figure 3.1: © € Q C Ag, g, (p)

Lemma 3.2.3. Let Ricpn > —(n— 1) and let f : Ag, r,(p) = R satisfy

and

Then for allt > 0, either
i < (0Lp, +tGpr )(R1),
piin S (OLp, +tGR,)(R1)
or for all x in the interior of the Annulus Ar, r,(p) ,
f(z) = (0Lp, +tGR,)(R) , (T.p=R).
Proof. First note that the function f — (0Lg, +tGg,) satisfies

A(f=0Lp, —tGpr,) = Af—A(SLp, +1Gp,)(R) = Af —6ALp, = Af—5 <0,
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because by definition AL, =1 and AGp, = 0 inside the annulus. Assume also

that the first case doesn’t hold. This means that for every y € dBg, (p),

f(y) > (6Lg, +tGR,) (1)

and also by hypothesis f |EBR,, > 0 holds as well. Then using the minimum
principle for the superharmonic function f — (0Lg, +tGp,) (which is positive

on the boundary 0Ag, r,(p) ) we get
f(@) = 0Lg,(R) — tGg,(R) 2 0

ie

f(x) > (6Lg, +tGR,)(R) , € Ap, r,(P) -

O
Theorem 3.2.4. If Ric > —(n —1)H and f : Bg,(p) — R satisfies
Af <0 flBa, ) = 0o0n Ag, r,(p) and Lip(f) < ¢ on Bg, (p) -
If for some x € AR, Rr,(P),
f(x) < (0Lg, +1GR,)(R) , (R=Tp), (3-4)
then
f(p) < (0Lp, +tGg,)(R1) + cRy . (3.5)

Proof. Using lemma 3.2.3 we get mingp, () [ < (0Lg, +tGR,)(R1). We need
to prove that f(p) — cRy < mingp, () f - First note that by the Lipschitz
property of f, it is

[f(p) = f(@)| < Ry
for every x € OBg, (p), so

f(@) > f(p) — cka

Taking the minimum of f over 0B, (p),

i > —CR, .
aén;f(lp)f f(p) —cRy
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We will use the previous results and Yau-Cheng estimates for the gradient
to construct a very useful type of functions called cutoff functions. Generally,
cutoff functions are like bump functions known from differential geometry. The
difference is that for cutoff functions we also assume that gradient and Laplacian
are bounded by constant depending on n, R, Ro so the next theorem undoubt-
edly presents great interest on its own, but it is useful for the results that will
follow . The hypothesis Ric > —H (n — 1) has been replaced by Ric > —(n —1)

for simplicity.

Theorem 3.2.5 (Cutoft functions). Let Ric > —(n — 1) , and Ry , Re with
Ry < Ry. There exists a function ¢ : M™ — [0,1] such that

PlBy, (p) =1
supp¢ C B, (p)
V¢l < c(n, Ry, R)
|A¢| < C(n, Ry, Ry)

Proof. Let f : Br, — R such that

Af =1 and f|a(BR2\BR1) = LR2 .1

Set ¢ = ¥(f), where the smooth function ¢ will be specified below. We
extend ¢ to all of M™ by putting ¢(z) = 1 for € Bg,(p) and ¢(z) = 0 for z
outside the ball of radius Rs. Using the chain rule

Ag(x) = " (f(@)|VF (@) + ' (f (@) Af () -

Since our goal is to find a bound for A¢ , it is enough to show that " is bounded
for the values near the boundary 0Bg,(p), because for all points “away” from

the boundary Cheng-Yau gradient estimates ensure the bound
2G| < [0 (f(@))IVf(@) + ¢ (f(2)] -
We now turn to the quantitative maximum principle to get

f(z) < 851(155;1)@ —Ul(ps)) =L, (R1) —U(R— Ry) .

1f|aBR2 = 0 because Lr,(R2) =0, with L defined as below 3.2
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Take a, b such that
Lp,(Ri)>b>a>Lp,(R)—U(Ry — Ry) .
We define 1 just requiring that
P(s)=1,s>b and ¢(s) =0, s<a
By monotonicity we can choose 71,72 to satisfy
b= Lg,(R1+m)

and

a=Lp,(R1)—U(Ry —n2) ,

where

@(Rl) >b>a>@(R1)—Q(R2—R1).

First, by (3.4) we get
f(z) = L, (R) > 0.

Now, from the fact that Lp (r) is decreasing we can say
flz) > LRZ(R) > LRZ(R +m),
so for all Ry < R < Ry 4+,
fl@) = b
holds. In a similar way we can conclude that
flz) <o

holds for all Ry — 12 < R < Rs.
Analytically, because of (3.3) we have

flz) < max f-U(Z,p),
O(BR, (P)\BR, (P))
but the maximum occurs on the inner boundary dBg, (p) (because f —U < 0

and f(x) > 0), so
f(x) < Lp,(Rr) = U(R — 1)

Up, (r) is increasing, thus f(x) < . So for points in the annulus Ry — 12 < Ry

, ¥ vanishes and A¢(z) = 0. So to verify that ¢(z) = ¥(f(z)) is the desired
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one, we need to check that it vanishes outside of Bg, and is identically equal
to one inside Bp,. Inside the annulus we can use the Yau estimate to find the

bound for A¢, because we already saw that
|Ag < [ |IVFI*+ [ -

Clearly we can construct @ to be bounded so it suffices to bound the term
"|Vf|2. But this is also bounded by Yau’s estimate in a ball with radius
smaller that Rs.

Finally, to ensure the bound we have to select the map 1 to vanish in that

“problematic” region, as we already did above. O
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Gromov-Hausdorft

convergence

In this section we present some basic notions about convergence, We will provide
suitable notions to allow convergence between manifolds and more generally,
between metric spaces.

First we define the Hausdorff distance between two subsets A, B of a metric

space X :

Definition 4.0.1. Let (X,d) be a metric space and A,B C X. Then, the
Hausdorff distance of A and B is defined as:

dy (A, B) = inf{d(a,b) | a € A,b € B} .
Equivalently, we can define the Hausdorff distance of A and B as
dy(A,B)=inf{r >0| ACU,.(B),BCU(A)},

where with U,.(S) we denote the r-neighborhood of a set S i.e the set of points
x such that dist(z,S) <r orJ,cq Br(x).

This is a nice tool to measure distances of subsets on a metric space but
we need to modify this to obtain a distance sense between two arbitrary metric
spaces.

We need a distance notion such that, if two subsets of a metric space are close
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enough (in the Hausdorff sense), they must be close as arbitrary metric spaces
as well. We also need the distance between isometric spaces to be zero. The
Gromov-Hausdorff distance satisfies both of these requirements. We begin by

defining it.

Definition 4.0.2. Let (X,dx) , (Y,dy) be arbitrary metric spaces. The Hausdorf-
Gromov distance between X andY is defined as follows : We say that dap(X,Y) <
r for some r > 0 if and only if there exists a metric space Z and subspaces X'

and Y’ of Z, isometric to X and Y, respectively, such that dg(X',Y") <r.

Remarks. 1. Spaces X' and Y’ are regarded with the restriction of metric
of the space Z . If, for example X = S' is unit cycle of R%, we can’t
choose X = X' = S! and Z = R?, because X and X' are not isometric

(we can take a shortcut in X')

2. It’s trivial to verify that if deg(X,Y) = 0 then X is isometric to Y. The
inverse s not generally true. We need to add a compactness hypothesis on

Z and then, dgp is a metric in the class of compact metric spaces.

3. Actually the definition above deals with huge classes of metric spaces (all
spaces Z containing X andY isometrically), so it’s possible to reduce this

huge class to disjoint unions of X andY i.e
dep(X,Y) =inf{dy(X,Y) : dadmissible metricon X UY} .

It is evident from the definitions above that computing the Hausdorff-Gromov
distance may be difficult and painful, so we are going to need a more useful tool
to estimate the Gromov-Hausdorff distance between two metric spaces. The
tool we are going to use is called a correspondence between spaces X and Y
which roughly means that for every point of X exist at least one corresponding
point in Y, and vice versa. The simplest example of a correspondence is the
obvious one, any surjective map f : X — Y defines a correspondence between

X andY.

Definition 4.0.3. Let X,Y be two metric spaces. A correspondence between X
and Y is a set R C X XY satisfying the following condition:

For every x € X exists at least oney € Y such that (z,y) € R and similarly
for every y €Y, there exists an x € X such that (z,y) € R
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Let R be a correspondence between metric spaces X and Y. The distorsion of

R is defined by
disR = sup{|dx(z,2') — dy (y,y')| : (v,9), («",y) € R},
where dx and dy are the obvious metrics.
Theorem 4.0.4. Let X,Y be metric spaces. Then
dea(X Y)—l' f dis(R)
GH y = 9 l% 1S .

Proof. Let X,Y be metric spaces such that dgp(X,Y) < r. We may assume
that X,Y are subspaces of some metric space Z (we can always do that because

X and Y are compact) and dig(X,Y) <rin Z . We define
R=A{(z,y):x € X,y €Y d(z,y) <r}

where d is the metric of Z, and observe that R is correspondence between X

and Y because dg(X,Y) < r. From the triangle inequality
|d(1"7 xl) - d(ya y/)| < d(l‘, y) + d(xlv y,) <2r ’
then taking the supremum over all pairs (z,y), (2’,y’) € R we get
disR < 2r .
For the opposite inequality
1.
dGH(X, Y) S §d1SR

for any correspondence R , let disR = 2r. It suffices to show that there is a semi-
metric d on the disjoint union X LY such that d|xxx = dx and d|yxy = dy
and dg(X,Y) <r (dx,dy are the metrics of X and Y respectively). To achieve

this we define the following metric
d(z,y) = inf{dx (2,2") +r +dy(y,9) : (2,y) € R} .
O

Definition 4.0.5. A map f: X — Y is called an e—isometry if dis(f) < € and
the set f(X) is an e- net on Y.
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Note that in the definition we don’t require the function be continuous.
We are now ready to refer and prove the following corollary which connects

the correspondence with the GH distance :

Corollary 4.0.6. Let X and Y be compact metric spaces. Then :
1. Ifdeu(X,Y) < e, then A 2e-isometry f : X = Y.
2. If de— isometry f : X =Y, then deu(X,Y) < 2¢.

Proof. 1. Let R be a correspondence between X and Y with disR < 2. For
every x € X, we choose a point f(x) € Y such that (z, f(x)) € R. This
defines a map f : X — Y which satisfies disf < 2¢ and it’s sufficient to
prove that f(X) is 2e- net in Y. For a y € Y, we consider an x € X such
that (x,y) € R. Note that both y and f(z) are in correspondence with z
, one has |d(z,z) — d(y, f(x)| < dis(R) which it means

d(y, f(z)) < d(z,z) +disR < 2¢
so d(y, f(z)) < 2e and hence d(y, f(X)) < 2e.

2. Let f be an e-isometry .
Define RC X xY by R ={(z,y) € X xY :d(y, f(z)) <&}
Then R is a correspondence because f(X) is an e- net in Y. If (z,y) € R
and (2/,y’) € R, one has

d(y,y') — d(x,2")| < [d(f(z), f(2)) — d(z,2")| + d(y, f(z)) +d(y', f(2"))
< disf +2e < 3e.

Then, from the previous theorem it’s dgp(X,Y) < %r < 2r and we are

done.

O

4.1 Precompactness

Gromov-Hausdorff convergence is similar to uniform convergence, in the sense
that it’s not necessary for a sequence of functions to converge uniformly in the

whole space, given that it converges uniformly on the compact subsets, since
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the sequence may not be bounded .
Similarly, Gromov-Hausdorff convergence may fail in the non-compact case,
even if every member of the sequence is compact. We can however extend this

notation and it’s still useful.
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As a motivation we can consider the classic sphere example. Consider a
sequence of spheres of radii increasing to infinity. There is no reason for this
sequence to converge in the Gromov-Hausdorff sense, but if we work locally on a
set of fixed diameter as the radii tend to infinity this sequence of subsets should

converge to the Euclidean plane as seen in the next picture .

Figure 4.1: Spheres with increasing radii

Using this observation, we will give an extended notion of convergence for

non compact sets.

Definition 4.1.1. A pointed metric space is a pair (X, p) consisting of a metric

space X and a point p € X.

A sequence of pointed metric spaces converges in the Hausdorff-Gromov
sense to a pointed metric space (X, p) if the following holds :
For every » > 0 and € > 0, there exists a ng € N such that for every n > ny,

there exists a map f : B,.(p) — X such that the following hold :

L f(pn)=p

2. disf < e

3. the e-neighborhood of the set f(B;(py)) contains the ball B,_.(p).
In that case we write (X,,pn) = (X,p).

Remarks. Note that many annoying or weird things may happen in this kind

of convergence.

1. A sequence of Riemannian manifolds may fail to converge to a Riemannian

manifold.
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—

GH

Figure 4.2: Example of GH limit of R.m not being a R.m

2. Let {X,}>2, be a sequence of length spaces , X a complete metric space ,

and X, SH X, Then X is a length space. (for the proof see Burago)

3. Consider S' x Sl(%) — S!. This is an example of a sequence of two
dimensional manifolds with the limit being a one dimensional Riemannian

manifold . This phenomenon is called “collapsing”.

4. Under the Hausdorff-Gromov convergence the topology may change. In
the previous example the first fundamental group of the sequence is :

m (M) =Z&Z , for every i. But the GH limit has w1 (S') = Z

5. Every compact length space can be obtained as a Gromov—Hausdorff limit

of finite graphs .

As we mentioned above if X and Y are isometric they have zero GH distance
but if dgy(X,Y) = 0 does not generally imply that X and Y are isometric.
To construct a metric space with the Gromov-Hausdorff topology we have to
ensure that this equivalence holds. In order to achieve that, we restrict ourselves
to compact metric spaces. Then the class of compact metric spaces modulo
isometries is a metric space. We denote it by M.

As a metric space, it’s very useful to look for precompact subsets of M in the
metric topology to ensure the existence of a convergent subsequence (in the GH
topology). Since GH is a weak topology we expect many compact sets. Indeed

many classes of metric spaces are precompact in the GH topology.
Theorem 4.1.2. Let X be a class of compact metric spaces which satisfies:

e There is a constant D such that diamX < D for all X € X.
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Chapter 4 — Gromov-Hausdorff convergence

e Ve >0, there exists a natural N = N () such that for every X € X, there

exists an e-net in X with no more than N points.
Then the class X is precompact in the Gromov - Hausdorff topology.

Proof. We will use a diagonal argument to construct the metric . Let {X;} be
the sequence. We know that for every e there exists a N(g) such that there is
an e- dense set with at most N(g) elements.

First note that in a every space X; for every j we can find an %—net I'; j, then
passing to a subsequence we can assume that every I'; ; has the same number
of points NN, (independent of 7).

Now set I'; = Uj '+, then I'; is a countable dense in each X; and we can write

it as {z%,... 735;} Now for every couple of natural numbers we can define
doo(Tg,21) = lim d(z}, 2}) .
71— 00

We can assume the existence of this limit passing to a subsequece since di(x};, xf)
is bounded by D for every i , by a diagonal argument.

Finally, doo can be easily proven to be a semi- metric. We consider the quotient
of X over the equivalence relation on X : xRgy if and only if d(z,y) = 0 (so
that % is well defined). The metric space we’re looking for is the completion of

X/Rg with respect to do. O

Usually a class of compact metric spaces satisfying these is called uniformly
totally bounded. The terminology comes from the fact that if for any ¢ > 0,
any e-net (actually any e- separated subset) on a metric space (X, d) is finite,
then X is totally bounded.

An alternative but similar proof can be found in Burago’s book [BBI| on metric
geometry .

As an application we get the next theorem (a precompact class of Riemannian
manifolds). This theorem is very useful in the theory of manifolds with Ricci
curvature lower bounds and is often called Gromov’s Compactness Theo-

rem .

Theorem 4.1.3.
Forn>2,keR and d > 0, the following classes are precompact in Gromouv-

Hausdorff topology.
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1. The class of closed Riemannian manifolds with Ric > (n — 1)H and

diam < d.

2. The class of pointed complete Riemannian n-manifolds with Ric > (n —

1)H.

Proof. For the proof we use Gromov’s idea of packing . We will use the theorem
above.

Consider a sequence of manifolds as above and let {z; };V:o be a maximal subset
of a manifold M7 with the property : {z;} being ¢ dense subset and the balls
Be (z;) are disjoint. Then, it suffices to prove that the number of these {z;}

are bounded by a constant independent of i. First note that
Vol(M) = Vol(By(x;)) > Vol(Bs (;)) ,

SO

Vol(M) > 3" Vol(Bg (x;)) ,

hence we have
Z VO](B% (953)) <1
- Vol(M)

Now we use the Bishop-Gromov inequality

Vol(B:s (z;)) - Vol(M)
Vol_#(Bz(0)) = Vol_z(Ba(0)) ’

where By(0) denotes the ball of radius d centered at 0 in the model space of con-
stant curvature —H and Vol_p is the volume respectively. The last inequality
is

£
2

Vol(M) = Vol_g(Bq(0))

Vol(Bs (x;)) _ Vol_s (B3 (0))

We sum over j,

In the previous inequality the quantity

Vol_p (B (0)
Vol_ 1 (Bq4(0)

is independent of 4, so if we denote it with ¢(n,d, ) we proved

1
N< ——.
~ ¢(n,d,e)
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Chapter 4 — Gromov-Hausdorff convergence

Remarks. 1. There are other examples of precompact classes of Riemannian
manifolds. For example, the class of manifolds with bounded volume and

injectivity radius and bounded diameter and (sectional) curvature.

2. The theorem above guarantees the existence of a tangent cone for manifolds
with a lower Ricci curvature bound. Tangent cones are very useful when
trying to understand the structure of the limit space and will be defined

and studied later.

3. As we have already seen , the limit space of the previous theorem need not

be a Riemannian manifold in general , but it is always a length space .
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Almost Splitting theorem

Definition 5.0.1. We denote with ¥ = ¥(eq, ey, ...,ep|c1, ..., Ck) Some nonneg-

atwe function such that for any fizved cq, ..., cx,

lim ¥=0

e1,..,en—0

and also denote with E' the map

E(@)=xz,q"+x,q" —q*,q .

The quantity F is sometimes called excess function .

In the classic splitting theorem we prove that the sum of Busemann functions
vanishes, here we do the analogous for the almost splitting which is to prove
by +b_ = E(z) — E(p). Note that ¥ may change from line to line in the

following proofs.

Theorem 5.0.2 (Abresch-Gromoll). If

Ric > —(n —1)¢
Pqx > L (>2R+1)

E(p) <e.
Then for W(5, L1 ¢|n, R),
E < ¥ on Bgr(p)

Proof. We will use theorem 3.2.4 and for every x in the Ball we take a bound .
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Chapter 5 — Almost Splitting theorem

By Laplacian comparison exist U; = ¥(§, L™!|n, R) such that AE < ¥; on
Br(p) because of the laplacian comparison for the map r,

Put 7,p fix 0 < n < R to be specified below . We can choose € to satisfy
e <WUiLgy(R) < WLg 4 (n)

and note

then by (3.5) (LipE < 2)

Figure 5.1: Applying previous theorem for the Annulus

In picture we can see that we use the theorem for 6 = ¥y , t = 0 the point

p "plays the role ” of x . In other words we proved that
E(z) < W1Lpiq(n) +2n
for x such that n < r < R but this inequality also holds for r <7 :
E(z) — E(p) <2r

and since E(p) < e < VL, ,(n) we get the wanted inequality . Now we chose
7 to satisfy :
\IleR+1(77) =27

then E < ¥ follows .
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Chapter 5 — Almost Splitting theorem

Geometrically the above theorem says that by applying these results to E |

Abresch-Gromoll obtained an estimate for thin triangles .

Br(p)

Let 74 denote minimal geodesics from g4+ to p and by is the Busemann
function. We find a harmonic function S+ which is equal to the Busemann
function on the boundary i.e. bil|sp,p) = B+lopnp)- The existence of the
harmonic function Sy is guaranteed by classic PDE theory as we can ensure the
boundary dB(p, R) is smooth. The boundary may not be smooth in general,
but a non smooth set can be approximated by smooth boundary, this follows
from Whitney’s approximation theorem.

Since our goal to generalize the splitting theorem in a quantitative way , our
assumptions will be weaker versions of theorem , The first assumption we will
make is that Ric > —(n — 1)é which is clear and the next assumptions are a

)

way to describe the notion of "almost a geodesic line ” whose are : There are
gT,q~ such that

pat = L,pg =L
and

E(p)<e

where

E(I):W_qu—‘r_'raq

As in the proof of classical splitting theorem , here an harmonic function is
needed , since this generalized busseman function is not harmonic we will show
that an harmonic 8, which coincide with b™ in the boundary of a Ball , is near

to b in some sense , It will be achieved using the next lemmas.
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Lemma 5.0.3. Let

Then
by — B4 < V.

Proof. We will use the Abresch-Gromoll theorem and maximum principles , so
these maps by and g4 are uniformly close .
First observe that A(by — 84) = Aby, (beacuse S5 is harmonic ) and because

of Laplacian comparison theorem we get in weak sense the following
Aby < U
that together with quantitative maximum principle implies that
by —Br =2 -V

Note also that

E(z) - E(p) =z,q" +2,q7 —p.q" —p.q~ =by(z) +b_(2)
combined with Abresch-Gromoll b (z) + b_(z) < . Thus,
by b <U

SO
Ba— B = (Bs —bs) (B —b_) 4 (bs —b_) < W
Now for the lower bound it is

by (@) +b_(x) = B(x) — E(p) > —=

but on the boundary dBg(p) two maps coincide ie by = 4 then by the maxi-
mum principle

B+ +p- > —¢€

Combining the above we get:
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U <by =By =(p+b-)—(By —B-) = (b-—B-) <2¥ +e

so finally
*\Ilgb_;,_*ﬂ_‘_ SQ\I/‘i’E

and the last implies that

by — B4 < W (5.1)

O

We now present the gradients of these map are L? - close using the theorem

above .

Lemma 5.0.4. Let as before

p,gt > 1L
E(p) <e
Then
][ |VBy —Vby|? <. (5.2)
Br

Proof. First by integration by part we get

][ Vb — VB[ = —][ (by — B+)Ab,
Br(p) Br(p)

because by = 4 on the boundary dBg(p) so obviously it is

][ Vby — VB, [? S][ b4 — B | |AbL|
Br(p) Br(p)

now we already proved that
by — B4 < W

so the last one gives

][ [Vby — VB, < ‘I’][ |Ab |
Br(p) Br(p)
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Now we use the following (more general lemma of [C] , lemma 1.8)
With the assumptions of the theorem for ¢ ¢ Br(p) and f : Ry — R for which
f' >0, then

Vol(9Bk(p))

]iR(p) |A(forg)| < Qg;ax A_5(forg(p)) + pmax, I'(rq(p)) Vol Br(p))

(p)
Now we present the proof of the above inequality .

for a function g we set

g+(p) = max{g(p),0} and g-_(p) = min{g(p),0}

9=9+—9- and/ g=/ g+—/ 9-
BR BR BR

/ |9|:_/ 9+2/ g+S’/ g’+2Vol(BR)maxg+

Br Br Br Br Br

We apply for A(f or,) so by Laplace comparison and Stoke’s theorem

[ aweri<| [ atror)
Br(p) Br(p)

[ wdiger)
OBRr(p)
< Vol(0Br(p)) arggé)(f' org) + 2Vol(Br(p)) max A_s(f org)

Br(p)

SO

Hence

+2 Vol(Bg(p)) hax A_s(forg)
R

+ 2Vol(Bgr(p)) max A_;(f orq)

Br(p)

Now we can use this in the specific case f = x and we get

/B 18] < VolOBx(p) + 2Vl Br(p) ¥

so it is

Vol(0Br(p)) , Vol(Br(p))
]{BR@) aby] = Vol(Br(p)) +V01(BR(p))q/

So we proved that

_ 2 Vol(aBR(p))>
]{BR@) [Vby — VB4 |* < <2\If + “NolBr(p)

Finally we use Volume comparison so then

Va2 VOI(@BR@»)
]{BR@)'%* VA2 < (2\I/+ VolBa(y)
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Remarks. There are many ways to get the above inequality . Since the cut
locus of ¢& has zero measure |Aby| is well defined in the this context. On the
one hand we can use for positive and negative part the fundamental inequality
a—b < |a+b|+2a or alternatively since in sense of distributions Ar is a singed
measure whose absolutely continuous part has density the smooth function, Ar
and the singular is a measure supported on Cy. In [C] there is presented that

for the total mass ||Ar|| the following holds .

|Ar|§2/ AT—Z/ (Vr,N)
Bf(p) 9B (p)

where B (p) € Br(p) \ (¢ U C,) is the set on which Ar > 0 and 0By C
O0BRr(p) \ (qU Cy) the set on which (Vr,N) < 0 and this implies the fact that

|Ar|] < Vol(0Br(p)) + 2¥Vol(Br(p))

and by the last one we can easily get

Vol(0Br(p))
]{BR@) |Aby| <20 + Vol (Ba(p))

Lemma 5.0.5. Let as usual

. Then,

][ |Hessg, > < 0.
B (p)

Proof. First we note that S is harmonic, thus by Bochner’s formula we have
SAIVE,[? = [Hessy. | + Rie(V,, V5,)
We note also that Ric > —(n — 1)d, which means
Ric(VB1,VBi) > —(n —1)8|VB|?

We multiply both sides by a cutoff function ¢ we already constructed satisfying
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O Brup) =1 (5.1.2)and |A| < c¢(n, R, H) and we integrate over the ball Br(p)
1
f o oltesss, P <f  SoA(TELE - 1) +o(n - 1ITAP
Br(p) Br(p)
1
<f  GAG(VEE -1+ 8- 1IVELF
Br(p)
<cnf (198 = 1)+ 60 - 1)V,
Br(p)
<cnf (198 = V5. Pl) + 0 — DT8P
Br(p)
< U,

For the first term we use the lemma above and the fact that in the boundary
OBrR(p) it is B+ = bs. Finally, for the last term we used Green’s identity and
the previous proposition with the fact that § — 0 O

Since tha function ¢ is identically equal to 1 on the Bz (p) we conclude

][ [Hessg, |* < ¥
Br(p)

2

5.1 Pythagorean Theorem

Finally we are going to prove a key result which is known as the quantitative
version of the Pythagorean Theorem , then from that we can derive the final

Almost Splitting Theorem .

Theorem 5.1.1 (Pyhthagorean theorem ). Assume

Ric > —(n —1)¢

p.qt > L
E(p)<e

Let x,z,w € B%(p) , with * € b'(a) and z a point on by'(a) closest to w

,then

|7, 2% + 5w —Twe | < 0. (5.3)

Proof. Thanks to segment inequality we can find z*, z*, w* such that

T, x*, z, 25w, wr < ¥
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for which exist segment connecting z* with w* and if o : [0,e] — M" is
minimizing from z*, w* then there is U C [0,e] (a.e equal ) such that for all
s € U , the minimal geodesic 75 : [0,1(s)] = M™ joining z* to o(s) is unique

and the following holds
1(s)
/ / [Hess, (7.(t))|dtds < W
uJo

B7H0)

First using the Hessian estimate V ¢ € [0,1(s)] we have

1(s)
(VB (m(£)), 72(1) ) (VB4 (7 (1(5))), 7e(U(s)))] < /0 |Hessg, (75(u))| du < ¥
(5.4)

Particularly,

d

i(s)
| (VB1(7:(£)), 7L(8)) = (VB4(7:)(U(5))), i(1(5))) | = /t 70 (VB (7 (u), 7 (w))du

i(s)
< /t Hessp, (75(u), 7(u))

I(s)
< / Hessg, (7s(u))du| < ¥
0
Now note that we can apply the segment inequality for the function
| IVB4(c(s))|> — 1] i.e especially we can conclude that
[ 198~ 1lds < w (55)
0

Also it is
Bi(w) = Be(=) = [ (VAL(o(5). o' (s))ds
and for «y : [0,s] — M™ geodesic connecting a point w to a point z on level set

ﬁj_l(a) closest to w then

1B+ (v(s)) = B+ (7(0)) —w,z| < W
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but the last equation is

Br(v(s)) = B+ (7(0)) =w, 2 £ ¥

and we can write the last as

| / (VB4 (0(s)),0"(s)) — 1)ds| < W (5.7)

By (5.5) and (5.7) we get

/ (VB4 (0(s)) — o' () ds = / VB (0(8))? = 2V (0(s)), o' (s)) + 1 ds
0 0
- / VB4 (()2 — 1 - 2(VBy(0(s)), 0" (s)) — 1) ds < ¥ .

Now we are finally ready to complete the proof

/ By (o (o(0))ds = v

_ /U/3+ 7(U(5))) = B (o(0))ds + ¥
:/ - (VB4 (1s(1)), T2(t))dtds £ @
@ T8 (1)), 7 U +
= [ 16)VBe s it s + @
S RCLORAOITES

By the classic variation formula of arc length it isV s € U :
U'(s) = (o' (s), TL(Us)))

and then we get :

%ZWQ = /Ul(s)l’(s)ds + U= 312(6) —1?0)+ T =

o1
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It’s just an application of the lemma above that B%R(p) is —Gromov-Hausdorff
close to a subset Bg (p) CR x B;l (0), where 371(0) is equipped with the subset

metric

Theorem 5.1.2 (Almost splitting theorem).

Assume

Ric > —(n—1)¢

Then there is a length space X and a ball Br(0,2) C R x X such that
dGH(B% (p)a B% (va)) <V = \11(5,L7175|n7 R) :

Proof. The proof is an application of the quantitative version of the Pythagorean
Theorem. We have to define a function f that is ¥ - GH approximation between
the ball and a subset of the product .

Without loss of generality we may assume that 84 (p) = 0 and let X = 8;'(0).
Now consider the Hausdorff Gromov approximation f : B(0, %) — R x X by

frw— (0, By (w))

with w’ being closest point to w in X .

We have to prove that

F@), f(w) = 7w + O

Denote o = B4 (z) and b = B (w) also with 2’ closest point to  in 571(0)
and with w’ closest point to w in S71(0)

So we have to show
2 2 4 T2
€T, w _|B+($)_B+(w)| +aw ==\

i.e the map f does not distorts too much.
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First we denote with w closest point to w on ﬁ;l () We use pythagoras theorem

5.3 for the triangle {z,w,w} then we get

2 —
Tw=z,0 +w,wtV

so by (5.6) this is

0% =3, + By (w) - By (@) £ @

8

Since 4 (W) = B+ () the last one is

Wl = x,@Q + 8+ (w) — B+(x)|2 + U

8

To complete the proof we need to show that

—2 2
z,w =z, w £

Apply pythagorean theorem theorem (5.3) for the triangle {z,z’, w'} and we
get

x,w’z :x’7w’2+x7:r’2:|:\11
And also for the triangle {z, w’,y} so it is
x,w’2+fy2+y7w’2:|:\11

So combing these we get

because by 5.6
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Then now its enough to show that points y and w are close . We prove
that using the point w’”, which is the point that geodesic connecting w and w’

intersects ﬂ;l(a). We use again Pythagorean theorem, for triangles {w,w, w"}

and {y,w’,w"”} then we can conclude the wanted equation .

(V)

and also using the same equation

yw =w,w'=a+¥

then using these and the fact that

2 2 2
w i w" =y, w’ +y,w £V

and the equation 5.3 for the {w,w”, w}

2 — —
w,w" =w,w+w w+W¥

suffices to complete the proof .

O

Remarks. Note that we assumed that the geodesic connecting points w,w’ in-
tersects the level set 5_7_1(01), if points & and w lie in opposite sides of the level

set B71(0) we can similarly prove the theorem using same ideas .

So we proved that Br (p) is GH close to the whole ball of product R x 81! (0)
By Gromov’s compactness and the fact that GH limit of length spaces is length
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space the space X can be taken to be length space. The fact above follows from
the observation that for a fixed R > 0 the sequence of balls Bg(p) with lower
Ricci curvature bound Ric > —(n—1)4 satisfies Gromov’s theorem conditions so
it has to converge up to a subsequence. But since these balls are length spaces
the limit has to be length space as well, so we can take X as a length space .
Before the applications of the theorem above , some useful remarks are that
X may not be smooth , and although dgu(Bz(p), Ba(0,2)) < ¥, the ball
B B (p) may not have the topology of the product , we give a sketch of the

classic Anderson’s counterexample in the appendix.

5.2 Applications of Almost Splitting

The next presented theorem is one of the most useful because it says that

splitting theorem holds in a more general case .

Theorem 5.2.1 (Splitting Theorem for limit spaces ). Let M7 don, y satisfy
Ricpmr > —(n—1)d; (6; — 0). We also assume that Y contains a line. Then Y

splits isometricaly as a product , Y =R x X for some length space X .

Proof. To prove this we wil show that for every R > 0 there exist a ball Bg(0, x)
(for a length space X) , that is isometric to a subspace of Y. So let R > 0 and
let p € Y , from the line existance we can chose ¢t to satisfy E(p) = 0 and
p,qF can be chosen howmuch large we want. Also from the definition of the

convergence exist ¢; - isometries f; : M — Y and h; : Y — M so from the

fact that h; is an ;- isometry it is

|dar, (hi(p), hi(q™)) — d(p, ¢F)| < &

SO

dMi (hl(p)v hl(qi)) 2 D, qi — &

so from the last inequality we can take L > 2R + 1 with dyz, (hi(p), hi(¢™)) > L
(for all i sufficiently large) and now by the fact that §; — 0 we can apply almost

splitting theorem in a ball centered at h;(p). So it is

dGH(B% (hl(p))7B% (0793)) < \Ili((sla Lila 35i|n’ R)
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Then if g; is the ¥;- GH approximation from almost splitting theorem, taking
the composition f; o g; shows that there is a (¥; + ;) - approximation between
the ball B%(O,x) and fi(gi(Bg(O,x))), a subset of Y. Finally we can take the
limits ¢ — oo and L — oo so there is a length space X as we wanted and since it
holds for every R, it suffices to complete the proofs The above proof is detailed
presented in [MJ]

O

Corollary 5.2.2. The last Theorem is very usefull when we have to study tan-
gent cone . Note that a tangent cone of a manifold with bounded Ricci curvature
is such space because rescaling the metric gives the Ric > —(n —1)d; , 6; = 0,

so it is a way to apply splitting theorem in tangent cones too.

Corollary 5.2.3. Let x; be the standard coordinate functions on R™. Let
B, (0) CR™. Using the previous theorem we get the following.

Let
Ric> —(n—1)¢
deu(Br(p), Br(0)) <6
. Then there exist harmonic functions 37, ..., B such that

£ STITAE 1+ YA V) + 3 Hess,g P < WO R
Br(p) i#j i

Proof. Since dgp(Br(0), BL(p)) < ¢ we have a § - GH approximation denoted

with f so if x; is the coordinate basis in R™ then we define points ¢; as follows
f(Lay) = qf

and the maps b;" as
b () ="q —p.af
for every i, like the proof of the almost splitting theorem we can construct an

harmonic 3;" which coincide with b} on the boundary of the ball , So in a ball

of radius R (R « L ) we have bounds for |[Hess g+ 2 and ||VB;]2 - 1]
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LSL'Q +

L£C1

So we had already proved that for every i , terms

][ [[VB;F12 — 1| and ][ \Hessﬁ+|2
Br(p) Br(p) '

are bounded by ¥(9),

so is suffices to show same for JCBR(p) (VB Vﬁ;r)| for (i # j) Now since
(VB VB]) = (Vb = VB, Vb) + (VB Vb = VB]) + (VB,VB])
but using Green’s identity and lemma 2.9 of [C] we get :

][ |<vm+,wj+>|s][ (Vb V)| < W(dln, R)
Br(p)

Br(p)
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Chapter 6

Structure of Limit Spaces

We could say that theorems presented here are obviously other applications of
the Almost rigidity, but it is worth dedicating a separate chapter. The splitting
theorem, as we have already seen, holds for singular spaces and not only for
Riemannian manifolds. Using this, we will derive results about the structure of
these spaces.

We consider a sequence of manifolds M;* with lower Ricci curvature bounds
RiC]WI;n Z —(n — 1)

Then by Gromov’s compactness theorem this sequence has a subsequence which

converges with the pointed sense . so

7

One of the important issues of our theory is to understand how limit space
Y looks like, ie how irregular it could be. Of course its known that its not
in general a Riemannian manifold , also its known that it should be a length
space ,as limit of length spaces . To study these spaces we need to study their
infinitesimal behavior , so intuitively to zoom in around a point. To achieve
this consider a sequence 1, — 0. Then the limit (Y,r, 'd) exist (passing to a
subsequence) and its called tangents cone of Y at point y. We denote these

spaces with Y,

Remarks. 1) The tangent space Yy, in a point y € Y has not to be unique it

depends on the choice of sequence r;
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2) The existance of the tangent cone is guaranteed again by the Gromov’s com-
pactness theorem . Especially we can view (Y, r;ld, y) as a limit space (always
we mean by passing to a subsequence) of (M}L,ri_zgj,pj) as j — oo

n

So for every i we can find a subsequence k(j) such that (Mk(j), ri_ng(j),pk ()

converges , then finally we can view the (Yy, Yoo, doo) as the following limit
(M]?(])v T;ldk(j)apk(j)) — (Yy7 dooa yoo)
where the sequence of manifolds satisfies

liminf Ricps

>0
k() =00 b

4@
3) An example of how limit space may look is the following, if the limit space
Y is a Riemannian manifold then tangent cones at every point are isometric to
R™ where n is the dimension of manfiold .Due to the above, we say that tangent
cones are a generalization of tangent spaces

4)An other evample is a cone (R% dr? + ar?df?) which shows that in every
point except the vertex the tangent cone are R% and at the vertex of the cone the
tangent cone is the cone itself .

5) Let Yy be a tangent cone at a point y of the limit space Y , then if z € Y, we
can consider the tangent cone of Yy, over z and we denote with (Yy), . Since it is
a cone over the space Y it can be realized as limit of a sequence {(Y, T;ld, yj)}and

hence as we already seen as a limit of a sequence {(M[,q;)}

After we defined the limit spaces and explained what infinitesimal behavior
is, a question arises: what can we say about their dimension? We can not be
sure what the Hausdorff dimension is, it may collapse (i.e., the dimension of
the limit is less than the dimension of the sequence elements). For instance,
take the limit space of cylinders with decreasing radius , the dimension may be
less than the dimension of manifolds (cylinders), despite the fact that curvature

remains bounded.

We will limit our study to the case where this does not happen. Then, the
collapsing phenomenon can be avoided by adding the following condition, called

the 'non-collapsing condition. So from now we will Assume

Vol(Bi(p;)) > v >0
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but we will repeat it wherever necessary to emphasize it.
After this introduction , we give some notions that help us understand these

spaces.

Definition 6.0.1. A point y € Y , is called k- regular , if for some k every
tangent cone at 1y is isometric to R¥. We denote the set of k-regular points with

R
An easy example to check regular points with different k is a rectifiable set .

Definition 6.0.2. We denote the union of these sets Ry with R and we call
reqular set R = J;, Rx

Definition 6.0.3. A point y € Y, is called singular , if it is not reqular. We

denote the set of singular points with S

Definition 6.0.4. A point , y € Y is called k-weakly Fuclidean, if some tangent
cone at y splits off a factor , R, isometrically . We denote the set above with

WE},

Definition 6.0.5. A point , y € Y is called k-degenerate if it is not (k+ 1)-
weakly Fuclidean We denote the set above with Dy,

Let D), as above then note that
DocDycCc..CcD,=Y

Put Dy \ R =S8 C S then
S=Jsk
k
And it is
Y"=WEyDWE D . WE, =R,

We turn our attention to the singular set of Y. It is evident that the cone
of dimension 2 is an example of a non collapsed limit space with a singularity.
Using that we can construct an example of a limit space with much bigger set
of singularities. For example from sphere we can remove a collection (which
may be countable) of caps and replace them with tops of cones so that the
new constructed surface be C! and ensure the curvature remains bounded to
construct a limit space with infinitesingular points, as you can see in the picture

below
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Spherical cups glued cones

Although singular set may be dense as above, always has zero measure . The
notion of the measure here is as follows: if there is no collapsing, then the
limit space Y™ inherits a measure from the sequence, which is a multiple of
the Hausdorff measure. In the case of collapsing, this measure is not unique,
and by choosing different sequences, we can define different measures. This
construction is done in details in the first chapter of [ChCo2|, using volume
comparison , Arzela-Ascoli theorem the construction of an outer measure.

Finally the following is one more example of a limit space, this time the surface
of the cube. It is clear that edges of the cube are regular and remaining points

are singular

6.1 Hausdorff Measure

Before we state and prove two central results, we will provide some definitions

related to the Hausdorff measure. For more details see [EG]

Let (X,d) be a metric space and A C X
Denote with w,, the volume of m dimensional ball with radius 1 , in R” i.e

m
2

™

W = —————
I(%+1)

where I' is the usual Gamma function . For each § > 0 we define the size §
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approximation to H™ as follows
HP(A) = wy,,27™ 1nf{z diam(C;)™ : A C UC diam(C;) < 0}
7=0
for A C X , and H}"(0) = 0 sometimes the quantity above is called Hausdorff
content . It is obvious that it is a decreasing function of ¢ so this guarantees

the existence of the limit ¢ | 0 (although it may be infinity ) , then

151&17'[5 (A) = supsHj' (A)

so finally this limit is an outer measure so we define for every m > 0 the

Hausdorff (outer) measure as

H™(A) = lm H5' (A)

Note that HJ* is also an outer measure ,but we prefer to work with H™
because generally H}* allows many sets to not be measurable , for instance the
closed interval [0, 1] is not measureable respectively to unlimited content
Also given an outer measure, it is entirely straightforward to gain a measure
using the well-known Carathéodory method , and the limit in the definition is
always finite if the space is seperable .

Hausdorff dimension
Its clear that there is a unique value a , with 0 < a < oo such that H!(A) =0
for I < a and H'(A) = oo for | > a , so we define the Hausdorff dimension of a
subset A C X with exactly that value and we denote with dim(A) . Hausdorft
dimension need not be an integer (for example fractals has not integer Hausdorff
dimension.)

We call a point x of A as an [- density point of A if

l
27! < limsup Hoo(AN Br(7)) (4n lBr(m))
r—0 wir

Density points If D;(A) is the set of density points of A then H!- every point
of A is density point i.e
H'(A\ Di(A)) =0
We present a proof of [EG]

Consider the following set

B(HE t,e) = {z € A: HE(ANS) < twi2 *diam(S),for all S : = € S, diam(S) < €}
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so obviously if S is any set in A |, with diamS < ¢ we have
HE(S N B(HE), t,e) < twp2 Fdiam(S)"
If we take a cover with sets like these we get :

HE(B(HE, 1,0) < tw2* S (diam(S;))*

by taking infinimum it is :
HE(B(HS t.¢)) < tHE(B(H, t,¢))
Particularly for 6 < 1 we can write the last inequality as
HEB(HE, 1 —6,8) < (1 - 8)HE(B(HY, 1 -6,0))

which actually tells us that

HEB(HE, 1 -6,6)=0
Hence it is H} = 0 then H* =0 so

HF(B(HE,1-6,8))=0
Now consider

. HE(ANS) , 1
so if x € C, there some n such that

HE (AN S)
wr2~*diam(S)*k

1

. 1
sup{ cx € S, diam(S) < E} <1- -

To finish the proof we just note that the set

k
D ={x € A:limsup HOO(AOE("T’T)) <27M
WgTr
is contained in C so,
Hi(D) =0

and the lemma is proved To see this (D C C') we just need to check

HE(ANS) _ HE (AN B(z,p))
e, S S A > o.S] ) .
on2—kdiam(S)F x € S,diamS < §} > sup{ p<d}

2—k
Sup{ (,Ukpk

and the last one is true because, if S has diam(S) < d and x € S then

HE(ANS) < ok HE (AN B(z,7))
w2~k diam(S)* — widF
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6.2 dim S <k

Theorem 6.2.1. Let Y be a limit space of a sequence of pointed n-manifolds

satisfying:
Ricpmr > —(n—1)
and
Vol(By(m;)) >v>0.
Then

Before the proof of the theorem above we present the following :

Theorem 6.2.2. Let (Y,y) be the limit space of a sequence {(MZP, p;)} with the
property

RiCM;L >—(n—-1)

and

VOI(Bl(pZ)) Z v>0

Then for all y € Y, every tangent cone at y is a metric cone , C(X), on a

length (and obviously a metric ) space , with diam(X) <

The proof of the Theorem 6.2.2 could be found in [ChCol] and by notion of
metric cone we mean the completion of the metric space Z x (0, 4+00) with the

metric

2, .2 S —
ri + 13 — 2rirecos(z1, 22), if 71,23 < 7w
d((z1,71), (22,72)) =

rL+re, Z1,22 > T

Now, we move on to the proof of the main theorem:.

Proof. We will prove using the theory of density points above and by contra-
diction with blowup arguments. We already proved that if #*(A) > 0 then k -
almost every point of A is a k— density point.

First note that the set Sy is the set of points of the limit space for which there

is no tangent cone with R¥*! factor ie

Rk-‘,—l

Sk = {y € Y : no tangent cone Y, has as isometric factor }
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so clearly by definitions Sy, is the following union .

Sp = U Sk,i

where

I =3

Ski={y €Y :dan(Br(y), Br(0,2%) > = :Vre (0,i" ")}

Where 0 denotes the origin of (k+1) euclidean space and z* the vertex of C(X),
for some metric space X .

Assume that dim(Sg) > k so there is a k' such that dim(Sx) > k(> k), then
H¥ (S)) > 0 then ’Hk'(Ui Sk,i) > 0 and that means there exist an i such that

HY (ki) > 0

because of the positive measure we proved that almost every point of Sy ; has
to be k' density point . So H* almost everywhere it is y € Dy (Sk,i), then by
definition of k’ density points there is a sequence r; | 0 with

Q—k/ < lim Hﬁo(skvl rWB"’l (y))
Tl wk/rlk/

Also its clear that

(Sk,i N Br, (1), d) = (Ski(Yy) N B1(Yoo), doo)

As a consequence , the compact set Sy ;(Yy) N Bi(yso) has positive k' -

dimensional measure. If not, we cover Sy ;(Yy) N Bi(yso) by open sets (finite by

compactness) , { B, (wj,o0)} with

> )k <2 WDt
J
for sufficiently large [, its contradiction with the definition of ; more details for
this could be found in [ChCo2|. It is because on the one hand by the choice of

sequence 7 it is
Hk/ B S )
11 OO( 'I;C/(y) kﬂ)

— kK
>2
l—o0 T W

but on the other hand again for enough large I we can cover B, (y) N Sk
with the same number of balls with slightly larger radius. For instance take
{B(wj,,7; + €)} and since Zj(rj)k' < 2=+ k" for large | we get a

contradiction. (Since we have a cover with balls B(wj,r;) we can easy see
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that for enough big [ we have that the Gromov-Hausdorff approximation does
not distors much , so we can take a union of bit larger radius balls to cover
By, (y) N Sk,i)-

We can repeat this argument so there exist a infinite sequence of tangent
cones , Y, , with base points ;. such that S ;(Yy) N m has positive
k" dimensional Hausdorff measure for all j and such that y;4+1 is an arbitrarily
chosen point of destiny of Y, (of the intersection Sy, ;(Yy) N Bi(yj.00) )

Now note that Y,, = R* x C(X;) then k' > k; (otherwise Sy(Y;,) would
be empty), also we can choose a y;11 ¢ RF x {a}}. because of the fact
HF (Sk.i(Yy,) N B1(yYos,j)) > 0 (note that HM (RFs x {z7}) = 0 because k' > k;)

In particular the ray from (0,z},) through y;;1 is not contained in R*i %
{mj} then by spitting theorem we get k; 1 > k; + 1. For example chose j such
that j > k and there is a contradiction with the fact that k; <k
so we proved that for the limit space the dimSy < k holds .

O

Remarks. 1) Let X be a complete length space . We say x € X is a pole , if for
all x # x = there is a ray v : [0,00) = X with ¥(0) = z and v(t) = x for some
t>0. As usual , v is called a ray if each finite segment of v is minimal .

2) In [ChCo2] the above theorem is proven without the assumption of non col-
lapsing we can replace that by more general fact space Y™ beeing polar , ie if

for ally € Y™ the base point of every iterated tangent cone is a pole .

Now we will give a sketch of the proof for dim S <n — 2

6.3 dmS<n-2

Theorem 6.3.1. Let Y be a limit space of a sequence of pointed n-manifolds
satisfying:
Ricpyn > —(n—1)

and

Vol(By(m;)) >v >0
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Then for the singular set of Y the following Hausdorff dimension bound holds
dimS <n-2

Proof. In [ChCo2] authors proved this argument by contradiction by construct-
ing a map with degree 0 and 1 at the same time.
It is obvious that

Sn72 g Snfl

we will show that actually S,,—1\S,—2 = ) and this suffices for the proof because

if § = §,,_2 by previous theorem it is
dim S =dim Sy, <n-—2

We argue by contradiction , assume there is a y € Y such that Y, =
R~ x C(Z), for some tangent cone . Since Y, is not isometric with R" (

then it should be S,,_1 \ S,—2 # 0), so it follows that Y, is isometric with H".

The fact Y, ~ H", ensures by GH pointed convergence that there is a
sequence of rescaled balls {B1(p;)} such

Then there are f; GH- approximations with dis(f;) =¢&; — 0.

Now having this sequence we start sketching the proof by several steps.
The first step is proving that these map can be considered to be continuous if
we ensure that i is sufficiently large.

Step 1 For sufficient large i, there is a continuous ¢ -GH approximation
f : Bl(pi) — Bl<0) NH"

where Bi(p;) € M and B;(0) C R". That follows from a more general
proposition which could be found in [SI].

Since H" is locally contractible , then we can construct a sequence of -
GH approximations i : X — X , with all 75 continuous . (Here of course
X = Bi(pr) and X = B1(0) NH") For every k there is a €;- net Sy,

We define the maps iy : X — R" as follows :

> yes, Ik(d(@, ) fe(y)
ZyESk 9k (d(xv y))

ip(z) =
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where g : [0,00) — R is defined as :

gr(r) = —sx+ 1, 0<x <2

0 , x> 26

Clearly these iy are continuous, now we have to prove they are close to fx
and from that we can conclude the wanted and the fact that dis(ix) — 0
Let € X, arbitrary and y € Sy, with d(z,y) < 2¢j, , (otherwise if d(x,y) >

2¢y, it should be ik (y) = 0, by definition of g , so it must be

[fe(@) = fie(y))] < 3ex

it because

[fr(z) = fr(y)] — d(z,y) < S;L}lf{ld(% y) = [fu(x) = fu@)II}
then
| fr(2) = fru(y)| < dis(fi) + 2¢x

from the fact above we get

lik(2) = fr(@)] < sup{ly’ — fu(@)| 1y € U(fr(2),3er)}

where with U(fx(x), 3e) we denote the the 3ej neighborhood of fi(x).

that is because

2yes, 9x(d(@, ) fr(y) 2yes, 9rld(@,v) (@) — fr(y)l

lig (z)— fr(z)] =

> yes, 9k(d(z,y)) —fr(2)] <

Now the fact £, — 0 implies

> yes, gre(d(@,y))

) k
sup [ig(z) — fr(z)] == 0
r€X}
so we just need to verify that
dZS(Zk) —0

which holds by the triangle inequality.

In particular

ik () =i (2") | —d(z, 2")| = llir(x) =ik (") =| fu (@)= fi (&) [+ fi(2) = i ()| = d(, 2}
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So we get

ik (2) = ix ()| — d(z,2")| < dis(fi) + |lix(x) = ix(2")] = |fr(2) = fu(@)]
< dis(fi) + lin(x) = fr(@)] + lin(2") = fu(2")]

which goes to zero as k — oo

Step 2
We can without loss of generality assume that 1 is a regular value of the dis-
tance function, so the boundary 9B (p;) is smooth. This can be achived using
the Whitney’s approximation lemma . Since f is an - GH approximation
f(0B1(pi)) is contained in an e neighborhood of 0B;(0) N H"™ , using radial

projections we can assume without loss of generality , that

f(8B1 (pl)) Q (9B1 (O) n Hn

€ netghborhood

It is ¢ € 9By (p;) then p;; g = 1 so from the fact that f is an e GH- approxi-

mation, it follows that

(i), [(q) <e+Dirg

then indeed by that and the inequality with —e, f(9B1(p;)) is contained in an
¢ neighborhood of 9B (0) N H"

Step 3 From compactness of 0B 1 (pi) there exist a point ¢ € OB 1 (pi) such that
f(q) has the maximal distance form R"~! x {0} Using again radial projection

on a bigger ball we can assume that :

and

Step 4
We want to construct an inverse map with properties similar with them of f, we

need a map h which is continuous and an e-GH approximation . The existence of
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this function is guaranteed whenever the space is locally contractible because of
[Petersen2]|, also see [SI], but the local contractiblity follows from 7 and [ChCo2]
Appendix by Reifengerg’s method . So there is a map with the properties as

below
h: Bi(f(q)) — B%(Q)

and again using radial projection on B 2 (f(q)) we can assume without loss of

generality

and

(9)

11
874

so for z € Bi(s(,)) and ¥(e|n) as above it is
foh(z),z < W(eln)
but according to (6.2) of [ChCo2| this is enough to get that the map of pairs

foh:(Bi(f(9), A1 1(f(q) = (B:(f(q)), AL 1(f(q)))

1 11 11
1 874 874

has mod 2 degree , deg(f o h) = 1, so if we let f the map induced from f by

restriction, we have deg(f) = 1 where

Step 5

The last step will give the contradiction. First recall the notion of doubling.
Let M be a smooth manifold with boundary. The double of M is the manifold
M J,; M, where id is the identity map of 9M, where by that we mean the space
we obtain from M UM by identifying each boundary point in one copy of M with
the same boundary point in the other. Now with doubling the ball By (p;) along
the boundary we get a closed manifold N™, similarly by doubling B;(0) N H"
along 0B1(0)NH" we get a manifold with boundary D™, the manifold D™ is a ball
topologically. Finally since we have a continuous map f : By (p;) — B1(0) NH",
then there is the induced map f : N™ — D™ So it is a classical algebraic
topology result that this map has to be zero degree i.e. deg(f) = 0 but also
in the previous step we proved that taking a point in a small neighborhood of
f(q), for example z € B% (f(q)) that fact that mod 2 degree is also equal to 1,

gives the contradiction.
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0By (0) NH™

Remarks
Note that the bound n — 2 in the inequality dim(S) < n — 2 is optimal,
for instance in the example of ice cream cone we already presented there is a

singular point and the dimension of the space is 2
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Appendix

The next theorem we present proved by Tobias Colding in [C].

Theorem 7.0.1. Let
Ricpyn > —(n—1)d

dau(Br(p), Br(0)) <9

then for U(d|n)
Vol(Br(p)) = (1 — ¥)Vol(Bg(0))

Proof. The proof also could be found in [Ch]. It uses again mod 2 degree theory
and the key point is showing for a splitting map the mod 2 degree is 1 O

We now present Anderson’s counterexample, it is the theorem 0.3 of [An]
which shows that almost splitting does not necessarily imply a topological split.
First Consider the manifold M = S*(§) x T® where T° is the flat 3-torus.
The § is a small parameter, § = %
The first step in construction is to remove the domain S(J) x B where B is a
geodesic ball of radius 1 in 773.

Consider the product (R? x 52, g,) where g is the Schwarzchild metric i.e the

metric on the product R? x 52

9=1—, dr? + 4(1 — 7)d6* + 2 go

where gq is the canonical metric of curvature 1, on 52
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Next we denote with Qz be the domain in R? x S? given by r~'[0, 1 R].
Similarly, let Fr = r~![1 R, $ R] and we also define the metric gr = R~2g, Note
that for R sufficiently large the metric gg is a small perturbation of the flat

product metric on S'(%) x A(%, 3) , where the A( is the usual annulus of

47 2 4?2)

R3,to verify this we calculate, cons1der I<r< R it is

1
IR = FE1C d +4(1 — r)db? 4 12 go
so if we write = s, for s € [i, 1] it becomes
1 4(1—r)
gr = 1—r*1d82+ B d6? + s%g

also the flat metric of the Sl( ) x A(3, %) is

g= ﬁde2 +ds® + s%gq

So we can obviously see that these metrics are near for sufficiently large R.
Finally now we can define a smooth metric on S*(%) x A(3,1) which agrees
with gr on Fp and its the usual flat in S*(%) x A(2,1). Further this metric
s (C*) e-close to the flat metric on S*(%) x A(4,1). So this actually can

guarantee that in the manifold which is obtained with surgery
My, = S* x (T?\ B*) U (S? x R?)

has a smooth family of metric with Ricci curvature satisfying |Ric, | < e
As ¢ — 0 the diameter of surgery S? x R? attached to torus decreases, and

the radius S*(§) as well. Then as ¢ — 0

(Mla gs) — (TS’ gcucl)

Suppose the neighborhood S2? x R? converges to the point py € T2 as e — 0
Take a family of normal mimimizing geodesics 75 : [—1,1] — T which do not

intersect pg and also

inf dist(7s(t), po) = dist(v5(0),p0) =

Where, p is an arbitary constant. For predescribed small € the geodesics v, are
e— close , in the GH topology to normal minimizing geodesics 7¢ in (M, g.).
Thus we can take normal neighborhoods Ny, (7s) for ' > p about the centers
of s do not split topologically because geodesics {7} are within distance 2u
to the neighborhood S? x R? For more details of this counterexample you can

check [An]
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