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sian measures on separable Banach spaces. The Cameron-Martin Space, a Hilbert subspace of the
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Chapter 1

Preliminaries

1 Functional Analysis

Let X be a vector space. The most abstract spaces that we deal with in this thesis are the locally

convex spaces. First of all, recall that a set A ⊂ X is said to be convex if for every two points in A the

whole segment connecting them is contained in A. More precisely:

x, y ∈ A ⇒ tx + (1 − t)y ∈ A, ∀t ∈ [0, 1].

Generally, the definition of a locally convex space is based on the notion of seminorm.

A nonnegative function p on a real linear space X is called a seminorm if p(λx) = |λ|p(x) and

p(x + y) ≤ p(x) + p(y) for all λ ∈ R and all vectors x, y ∈ X. A family of seminorms P = (pi)i∈I on

X is said to be separating the points if for every nonzero element x ∈ X there exists an index i ∈ I

such that pi(x) > 0.

Definition 1.1. A real linear space X is called a locally convex space if it is equipped with a family of

seminorms P = (pi)i∈I on X separating the points. The open sets of this space are arbitrary unions of finite

intersections of sets of the form

{x : pi(x − y) < ε}, i ∈ I, y ∈ X, ε > 0}.

Observe that for any fixed y ∈ X (so locally) finite intersections of the above convex sets are also

convex, so the corresponding local base consists of convex sets. This property justifies the name lo-

cally convex space.
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Now, recall that a topological vector space is a vector space equipped with a topology, where the

addition and the scalar product of the vector space are continuous operations with respect to the

topology. In locally convex spaces, the notion of Fréchet space is very relevant and powerful.

Definition 1.2. A topological vector space X is called Fréchet space if it satisfies the following three proper-

ties:

• It is locally convex

• Its topology can be induced by a translation-invariant metric, that is, a metric d : X × X → R such that

d(x, y) = d(x + z, y + z) for all x, y, z ∈ X.

• Some (or equivalently, every) translation-invariant metric on X inducing the topology of X is complete.

Note that there is no natural notion of distance between two points of a Fréchet space: many

different translation-invariant metrics may induce the same topology.

If you are not familiar with these concepts it helps to have in mind a normed space instead of

locally convex space.

1.1 Normed Spaces

A normed space (X, ∥ · ∥) is a linear space X, equipped with a function ∥ · ∥ : X → R, called norm,

satisfying the following properties: for every x, y ∈ X and t ∈ R,

(i) ∥x∥ ≥ 0

(ii) ∥x∥ = 0 ⇐⇒ x = 0

(iii) ∥tx∥ = |t| · ∥x∥

(iv) ∥x + y∥ ≤ ∥x∥+ ∥y∥

A Banach space is a normed space which is complete under its induced metric function d :

X × X → R, d(x, y) = ∥x − y∥.

The main examples of Banach spaces that we will deal with here are the following: the Euclidean

spaces Rn, n ≥ 1, the space of Lebesgue integrable functions, the linear operators between two

Banach spaces and in particular the dual space of a normed space.

Recall that if (X, ∥ · ∥) has a countable dense subset, then it is called separable. Convergence

in (X, ∥ · ∥) means that if xn, x ∈ X then xn → x in X if and only if ∥xn − x∥ → 0. The most

important subsets in a normed space X are the balls. The open ball with center x and radius r is
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the set D(x, r) = {y ∈ X : ∥y − x∥ < r} and the closed ball with center x and radius r is the set

B(x, r) = {y ∈ X : ∥y − x∥ ≤ r}. Also we set BX = B(0, 1).

Proposition 1.1. In a normed space X the functions ∥ · ∥ and +, · are continuous functions.

A linear operator between two normed spaces X and Y is a function T : X → Y satisfying the

linearity property

T(λx1 + µx2) = λT(x1) + µT(x2)

for all x1, x2 ∈ X and λ, µ ∈ R. Sometimes we will write Tx instead of T(x).

A linear operator T : X → Y is called bounded if there exists a constant c > 0 such that ∥Tx∥Y ≤

c∥x∥X for all x ∈ X (we will usually denote the norms without the subscript). If T is bounded, we

define the norm of T, ∥T∥, as the smallest constant c for which the previous inequality holds for all

x ∈ X. So we have the useful inequality ∥Tx∥ ≤ ∥T∥ · ∥x∥, x ∈ X. Another useful property for the

norm of T is the following

∥T∥ = sup
x ̸=0

∥Tx∥
∥x∥ = sup

∥x∥≤1
∥Tx∥ = sup

∥x∥=1
∥Tx∥.

Theorem 1.1. Let (X, ∥ · ∥) and (Y, ∥ · ∥Y) be two normed spaces and T : X → Y be a linear operator. The

following are equivalent:

(i) T is continuous.

(ii) T is continuous at 0 ∈ X.

(iii) T is continuous at some point x0 ∈ X.

(iv) There exists M < ∞ such that ∥Tx∥Y ≤ M∥x∥ for all x ∈ X.

(v) The set {∥Tx∥Y : x ∈ X and ∥x∥ ≤ 1} is bounded.

(vi) T is uniformly continuous.

1.2 Dual Space

Let (X, ∥ · ∥) be a normed space. The dual space of X is the linear space X∗ of all continuous linear

functions (bounded linear functionals) f : X → R. We usually endow X∗ with a norm related with

the norm of X defined as:

∥ f ∥ = sup
∥x∥=1

| f (x)| = sup
∥x∥≤1

| f (x)|.
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Theorem 1.2. Hahn-Banach Theorem (analytic form)

Let X be a normed space, Y a subspace of X and f : Y → R a bounded linear functional f : Y → R. There

exists a linear extension f̃ : X → R of f , with ∥ f̃ ∥ = ∥ f ∥.

Proposition 1.2. Let X be a normed space and x ∈ X. Then

∥x∥ = sup
∥ f ∥=1

| f (x)| = max
∥ f ∥=1

| f (x)|

Theorem 1.3. Hahn-Banach Separation Theorem

Let X be a normed space, A, B nonempty disjoint closed and convex subsets of X. If B is compact then there

exists f ∈ X∗ and c1, c2 ∈ R such that f (a) < c1 < c2 < f (b) for all a ∈ A and b ∈ B.

1.3 Hilbert Spaces

A (Real) Hilbert space (H, ⟨·, ·⟩) is a linear space H, equipped with a function ⟨·, ·⟩ : H × H → R,

called inner product, satisfying the following properties: for every x, y, z ∈ H and t ∈ R,

(i) ⟨x, x⟩ ≥ 0

(ii) ⟨x, x⟩ = 0 ⇐⇒ x = 0

(iii) ⟨x, y⟩ = ⟨y, x⟩

(iv) ⟨tx, y⟩ = t⟨x, y⟩

(v) ⟨x + z, y⟩ = ⟨x, y⟩+ ⟨z, y⟩

and H is complete under the norm ∥x∥ =
√
⟨x, x⟩. First observe the most important equality:

∥x + y∥2 = ∥x∥2 + 2⟨x, y⟩+ ∥y∥2

for all x, y ∈ X.

We say that two elements x, y in X are perpendicular to each other if their inner product is zero i.e.

⟨x, y⟩ = 0 and we write x ⊥ y. A family {ei : i ∈ I} ⊂ X is called orthonormal if

⟨ei, ej⟩ = δij =


1, i = j

0, i ̸= j
So, if x, y are perpendicular one has the Pythagorean theorem:

∥x + y∥2 = ∥x∥2 + ∥y∥2.
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In a normed space X the parallelogram law is an equation relating norms:

2∥x∥2 + 2∥y∥2 = ∥x + y∥2 + ∥x − y∥2 ∀x, y ∈ X.

Remark 1.1. Every inner product space satisfies the parallelogram law.

Lemma 1.1. ( polarization identity) For any norm satisfying the parallelogram law, that norm can be induced

by a unique inner product satisfying the equality:

⟨x, y⟩ = 1
4
(
∥x + y∥2 − ∥x − y∥2)

for all x, y ∈ X.

Definition 1.3. Let X be a separable space with inner product. An orthonormal sequence {en : n ∈ N} is

called orthonormal basis of X, if

X = span{en : n ∈ N}.

Where spanA is the set of all linear combinations of elements in A.

Proposition 1.3. Every separable space X with inner product has orthonormal basis.

Proposition 1.4. Let X be an inner product space and {en : n ∈ N} orthonormal basis of X. Then, if x ∈ X

we have:

(i) x = ∑∞
n=1⟨x, en⟩en

(ii) ∥x∥2 = ∑∞
n=1 |⟨x, en⟩|2

Proposition 1.5. (Cauchy-Schwarz inequality)

Let
(
X, ⟨·, ·⟩

)
be an inner product space. For every x, y ∈ X,

|⟨x, y⟩| ≤
√
⟨x, x⟩ ·

√
⟨y, y⟩

and the equality holds if and only if x, y are linearly dependent.

Proposition 1.6. Let X be an inner product space. The inner product ⟨·, ·⟩ : X × X → R is a continuous

function. If xn → x and yn → y in X then ⟨xn, yn⟩ → ⟨x, y⟩.

Theorem 1.4. (Riesz representation theorem)

Let H be a Hilbert space and f ∈ H∗. There exists a unique h ∈ H such that f (x) = ⟨x, h⟩ for all x ∈ H.
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1.4 Dual Operator

Theorem 1.5. (Dual Operator) Given a linear bounded operator T : H1 → H2 between two Hilbert spaces

there exists a unique linear bounded operator T∗ : H2 → H1, called dual operator of T, which satisfies the

relation

⟨Tx, y⟩ = ⟨x, T∗y⟩

for all x ∈ H1 and y ∈ H2, with norm ∥T∗∥ = ∥T∥.

From the definition we have some useful properties:

(i) (T∗)∗ = T.

(ii) (T1T2)∗ = T∗
2 T∗

1 .

We say that a bounded linear operator T : H → H is:

(i) positive if ⟨Tx, x⟩ ≥ 0 for all x ∈ H.

(ii) self-adjoint if T∗ = T.

Notice that if H is a Hilbert space and A : H → H is a linear bounded operator then every linear

operator of the form A∗A or AA∗ is positive.

Theorem 1.6. (Square Root)

Let H be a Hilbert Space and T : H → H be a linear operator. The following statements are equivalent:

(i) T is positive.

(ii) There exists B : H → H positive such that T = B2.

(iii) There exists S : H → H such that T = S∗S.

Sometimes we put
√

T := S and we introduce the notation |T| :=
√

T∗T.

1.5 Weak Topology

Let (X, ∥ · ∥) be a normed space, (xn) be a sequence in X and x ∈ X. In this section, we would like to

introduce a new type of convergence, the weak convergence. So, to avoid confusion, we will say that

(xn) strongly converges to x if ∥xn − x∥ → 0 instead of converges. The weak convergence is defined

through linear functionals as below:
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Definition 1.4. Let (xn) be a sequence in a normed space X and x ∈ X. We say that (xn) converges weakly

to x and we write xn
w−→ x if for all f ∈ X∗ we have

lim
n→∞

f (xn) = f (x)

In that case, we say that (xn) is weakly convergent and x is weak limit of (xn).

The main properties of weakly convergence are in the following lemma.

Lemma 1.2. Let (xn) be a weakly convergent sequence in a normed space X and a x ∈ X such that xn
w−→ x.

Then:

(i) The weak limit of (xn) is unique.

(ii) Every subsequence of (xn) weakly converges to x.

(iii) The sequence (xn) is bounded.

The relation between the convergence in X and weakly convergence is the following :

Proposition 1.7. Let X be a normed space. If (xn) converges strongly to x ∈ X, then it converges also weakly

to the same element.

Proposition 1.8. (Mazur) Let X be a normed space and A be a convex subset of X. Then

Aw
= A∥·∥

.

1.6 Compact Operators

Definition 1.5. Let E, F be two Banach spaces. A linear function T : E → F is called compact if T(BE) is

compact subset of F.

Observe that every compact linear function is bounded linear operator since the subset T(BE) is

compact so it is also bounded.

In the next theorem we have some useful characterizations of compact linear operators.

Theorem 1.7. Let E, F be two Banach spaces, T : E → F linear function. The following are equivalent:

(i) T is compact.

(ii) For every bounded subset A ⊂ E, the set T(A) is relatively compact (i.e. T(A) is relatively compact).

(iii) For every bounded sequence (xn) of E, the sequence (Txn) has ∥ · ∥−covergent subsequence.
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A stronger characterization can be proved with the extra hypothesis that the domain is Hilbert

space.

Proposition 1.9. Let H be a Hilbert space, F be a Banach space and T : H → F a linear function. The function

T is compact if and only if for every weakly null sequence (xn) in H , i.e. xn
w−→ 0, we have ∥Txn∥ → 0.

1.7 Trace class operators

Definition 1.6. Let H be a separable Hilbert space. A bounded linear operator A is called trace class if |A|

has an orthonormal basis formed by its eigenvectors corresponding to the eigenvalues an such that

∞

∑
n=1

an < ∞

Here are some of the main results for trace class operators

Proposition 1.10. (i) For any trace class operator A, the sum of the series ∑∞
n=1⟨Aen, en⟩H does not depend

on the choice of the orthonormal basis (en).

(ii) A self-adjoint linear bounded operator A is trace class precisely when for every orthonormal basis (en)

in H the series
∞

∑
n=1

⟨Aen, en⟩H

converges.

(iii) A self-adjoint linear bounded operator A is trace class if and only if there exists an orthonormal basis

(en) in H consisting of the eigenvectors of A corresponding to the eigenvalues an such that

∞

∑
n=1

|an| < ∞

So we can define the trace of a such an operator with the formula

traceA :=
∞

∑
n=1

⟨Aen, en⟩H

(which is independent of the orthonormal basis (en) )
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2 Measure Theory

2.1 Basic Knowledge

Let X be a topological space, A be a σ−field (or σ−algebra) and µ be a measure on the measurable

space (X,A). We denote by B(X) the Borel σ−field which is generated by the open sets.

It is necessary for the following theory that linear functions are measurable. So the σ−field that

we will use often is the Cylindrical σ−field which makes all linear functions measurable.

Definition 1.7. We call cylidrical sets (or cylinders) the sets in a locally convex space X with the dual X∗,

which have the form

C = {x ∈ X : (ℓ1(x), ..., ℓn(x)) ∈ C0}, ℓi ∈ X∗, i = 1, . . . , n, n ∈ N

where C0 ∈ B(Rn) is called a base of C.

Some notations about cylindrical sets are the following.

Denote by E(X) the σ− field generated by all cylindrical subsets of X. In other words, E(X) is the

minimal σ−field , with respect to which all continuous linear functionals on X are measurable.

Let F be some family of functionals on a set X. Let us denote by E(X, F) the minimal σ−field of

subsets of X, with respect to which all functionals in F are measurable. In other words, E(X, F) is

generated by the sets of the form { f < c}, f ∈ F, c ∈ R. In particular, E(X) = E(X, X∗).

Lemma 1.3. A set E belongs to E(X) precisely when it has the form

E = {x ∈ X : (ℓ1(x), ..., ℓn(x), . . . ) ∈ B},

where ℓi ∈ X∗, i ∈ N, B ∈ B(R∞).

Let’s discuss a little about product spaces.

Let µn be probability measures defined on σ−fields Cn in spaces Xn. Put X = ∏∞
n=1 Xn. Let C =

⊗∞
n=1Cn be the σ−field generated by all sets of the form C = C1 × C2 × · · · × Cn × Xn+1 × Xn+2 × · · · ,

where Ci ∈ Ci. Recall that the countable product ⊗∞
n=1µn is a probability measure µ on C (called a

product-measure) defined by µ(C) = µ1(C1) · · · µn(Cn) for the sets C of the form above. It is readily

seen that this set function is well-defined. A well-known theorem in measure theorem states that µ

is countably additive (which is not obvious) on the algebra generated by such sets, hence it uniquely
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extends to a measure on C also denoted by ⊗∞
n=1µn and called the product of the µn’s. The construc-

tion of countable products enables one to define arbitrary products ⊗iµi of probability measures on

σ−fields Ci in spaces Xi. To this end, it suffices to note that the σ−field ⊗iCi, generated by the sets

∏i Ci, where Ci ∈ Ci and only finitely many of the Ci’s differ from Xi, consists of the sets of the form

E = C × Y, where C ∈ ⊗∞
n=1Cin and Y = ∏j ̸=in

Xj. Hence we may put ⊗iµi(E) = ⊗∞
n=1µin(C).

In this thesis, we will usually identify functions, in the Lebesgue integrals, which are almost

everywhere equal, i.e. f = g if f = g µ−almost everywhere.

Definition 1.8. The image of the measure (or the pushforward measure of) µ on a measurable space (X,MX)

under a measurable mapping f : X → Y to a measurable space (Y,MY) is denoted by f∗µ or µ ◦ f−1 and

defined by the equality

f∗µ(B) = µ ◦ f−1(B) = µ( f−1(B)), B ∈ MY.

A function ϕ on Y is integrable with respect to f∗µ precisely when the function ϕ ◦ f is µ−integrable

on X. In this case, the following identity called the change of variable formula holds true:

∫
Y

ϕ(y) f∗µ(dy) =
∫

X
ϕ( f (x))µ(dx).

If X is a locally convex space, Y = X and MX = E(X) or MX = B(X), then for any h ∈ X the

mapping x 7→ x + h is measurable. The image of the measure µ under this mapping is denoted by µh

and is called the shift of the measure to the vector h. By definition

µh(A) = µ(A − h).

It is clear that E(X) is contained in the Borel σ−field of B(X). However, for separable Banach

spaces the equality holds true.

Proposition 1.11. Let B be a separable Banach space and let µ and ν be two probability Borel measures on B.

If f∗µ = f∗ν for every f ∈ B∗, then µ = ν.

2.2 Fourier Transform

Definition 1.9. Let X be a locally convex space and let µ be a measure on E(X). The Fourier tranform (or

characteristic functional) µ̃ of the measure µ is defined by the formula

µ̃ : X∗ → C, µ̃( f ) =
∫

X
exp (i f (x)) µ(dx)
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Remark 1.2. When X is a Hilbert space, from Riez representation theorem we know that X∗ is isomorphic to

X so we usually use the corresponding element in X instead of f ∈ X∗ in the Fourier transform.

Proposition 1.12. Any two measures on E(X) with equal Fourier transforms coincide.

Since E(X) = B(X) when X is a separable Banach space we obdain the following result.

Corollary 1.1. Let µ and ν be any two probability measures on a separable Banach space B. If µ̃( f ) = ν̃( f )

for every f ∈ B∗, then µ = ν.

2.3 Bochner Intergral

In this section, we present a way of defining integrals in a Banach space, which will be essential for

the proofs of Cameron-Martin space.

Let (X,A, µ) be a measurable space and B be a Banach space. The Bochner integral of a function

f : X → B is defined in much the same way as the Lebesgue integral. The main idea is that we

"approach" f by simple functions.

A simple function is defined to be a finite sum of the form

sn(x) =
n

∑
k=1

χEk(x)bk,

where the Ek are disjoint members of the σ−field A, the bk are distinct elements of B, and χE is the

characteristic function of E. If µ(Ek) is finite whenever bk ̸= 0, then the simple function is integrable,

and the integral is then defined by

∫
X

[
n

∑
k=1

χEk(x)bk

]
µ(dx) =

n

∑
k=1

µ(Ek)bk

A measurable function f : X → B is Bochner integrable if there exists a sequence of integrable

simple functions sn such that

lim
n

∫
X
∥ f (x)− sn(x)∥Bµ(dx) = 0,

where the integral on the left-side is an ordinary Lebesgue integral.

In this case, the Bochner integral is defined by

∫
X

f (x)µ(dx) = lim
n

∫
X

sn(x)µ(dx).
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It can be shown that the sequence
(∫

X sn(x)µ(dx)
)

n is a Cauchy sequence in the Banach space

B, hence the limit on the right exists; furthermore, the limit is independent of the approximating

sequence of simple functions (sn).

A useful property connecting Bochner integrable functions and bounded linear operators is the

following:

Proposition 1.13. If T : B → D is a bounded linear operator between Banach spaces B and D, and f : X →

B is Bochner integrable, then T f : X → D Bochner integrable and

∫
A

T f (x)µ(dx) = T
∫

A
f (x)µ(dx)

for all measurable subsets A ∈ A.

2.4 Martingales

Let B be a Banach space and (Ω,F , P) be a probability space.

Theorem 1.8. Let X : Ω → B be a Bochner integrable function and F a Borel field of measurable Ω sets.

Then there exists a function E s{X|F}(·) : Ω → B which is Bochner integrable, strongly measurable relative

to F , unique a.e., and ∫
A

X(ω)dP =
∫

A
E s{X|F}(ω)dP for all A ∈ F .

We can now define a (discrete) Martingale.

Definition 1.10. Let Xn : Ω → B be integrable in the sense of Bochner for n ∈ N and F be a Borel field of

measurable subsets of Ω for n ∈ N. Let Fn ⊂ Fm if n < m. Suppose Xm is strongly measurable relative to

Fm or equal almost everywhere to such a function. If E s{Xm|Fn = Xn} with probability 1 when n < m then

{Xn,Fn, n ≥ 1} is a (strong) B−martingale.

The main result we will use about maritngales is Doob’s convergence theorem

Theorem 1.9. Let B be a reflexive Banach space and {Xn,Fn, n ≥ 1} be a B−martingale.

If supn E∥Xn∥ < ∞ , then there is a strongly measurable B−valued random variable X such that

∥Xn(ω)− X(ω)∥ → 0 as n → ∞ with probability 1.
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3 Gaussian Measures

3.1 Gaussian measures on real line

Definition 1.11. A Borel probability measure γ = γ1 on R1 is called Gaussian if it is either Dirac measure

δa at some point a or has density

p(·, a, σ2) : t 7→ 1
a
√

2π
exp

(
− (t − a)2

2σ2

)

with respect to Lebesgue measure with a ∈ R1 and σ > 0. In the latter case, the measure γ is called nondegen-

erate.

The parameters a and σ2 are called the mean variance of γ, respectively. The quantity σ is called

the mean-square deviation. For any Dirac measure (i.e., a probability measure at a point) we put

σ = 0. The mean and variance of a Gaussian measure γ admit the following representation:

a =
∫ ∞

−∞
t γ(dt), σ2 =

∫ ∞

−∞
(t − a)2 γ(dt).

The measure with density p(·, 0, 1) is called standard. A mean zero Gaussian measure is called cen-

tered or symmetric.

Definition 1.12. A Gaussian random variable is a variable with Gaussian distribution.

A Gaussian random variable with a centered distribution is called centered or symmetric. Clearly,

an arbitrary Gaussian random variable with mean a and variance σ2 can be represented as σξ + a,

where ξ is a random variable with the standard Gaussian distribution. Gaussian distributions are

often called normal.

The Fourier transform (the characteristic functional) of the Gaussian measure γ with parameters

(a, σ2) is

γ̃(y) :=
∫

R1
exp (iyx) γ(dx) = exp

(
iay − 1

2
σ2y2

)
.

3.2 Multivariate Gaussian distributions

About Rn we have the following theory.

Definition 1.13. A Borel probability measure γ on Rn is called Gaussian if for every linear functional f on

Rn, the induced (image) measure γ ◦ f−1 is Gaussian.

Recall that the Fourier transform µ̃ of a finite Borel measure µ on Rn is defined by the formula
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µ̃ : Rn → C1, µ̃(y) =
∫

Rn
exp[i⟨y, x⟩]µ(dx)

and that measures on Rn are uniquely determined by their Fourier transforms.

Proposition 1.14. A measure γ on Rn is Gaussian if and only if its Fourier transforms has the form

γ̃(y) = exp
(

i⟨y, a⟩ − 1
2
⟨Ky, y⟩

)
(1.1)

where a is a vector in Rn and K is a nonnegative matrix. The measure γ has a density if and only if the matrix

K is invertible. In this case, the density of the measure γ is given by

x → 1√
(2π)ndetK

exp
{
−1

2
⟨K−1(x − a), x − a⟩

}
.

Proof. Let f be a linear function on Rn. Using the change of variables, one evaluates the Fourier

transform of the measure ν = γ ◦ f−1 as follows:

ν̃(t) =
∫

R1
exp(its)ν(ds) =

∫
Rn

exp(it f (x))γ(dx).

Let us denote the vector representing the functional f by the same symbol. From (1.1) we get

ν̃(t) =
∫

Rn
exp(i⟨t f , x⟩)γ(dx) = γ̃(t f ) = exp

(
it⟨a, f ⟩ − 1

2
t2⟨K f , f ⟩

)
,

which means that the measure ν is Gaussian.

Conversely, suppose that all such measures are Gaussian. Denote their means and variances by a( f )

and σ( f )2, respectively. Then the following equalities hold true:

a( f ) =
∫

R1
t γ ◦ f−1(dt) =

∫
Rn

f (x)γ(dx),

σ( f )2 =
∫

R1
(t − a( f ))2 γ ◦ f−1(dt) =

∫
Rn

(⟨ f , x⟩ − a( f ))2 γ(dx).

Hence the function f 7→ a( f ) is linear, and the function f 7→ σ( f )2 is a nonnegative quadratic form.

Therefore, there exist a vector a and a nonnegative self-adjoint operator K such that a( f ) = ⟨ f , a⟩ and

σ( f )2 = ⟨K f , f ⟩. This yields (1.1). The assertion about densities reduces to the one dimensional case,

since we can use the coordinates to the eigenvector of the matrix K.
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Corollary 1.2. Let γ be a Gaussian measure on Rn with the Fourier transform (1.1). Then

a =
∫

Rn
xγ(dx), (1.2)

⟨Ku, v⟩ =
∫

Rn
⟨u, x − a⟩⟨v, x − a⟩γ(dx), ∀u, v ∈ Rn. (1.3)

The vector a given by equality (1.2) is called the mean of the Gaussian measure γ, and the operator

K defined by means of (1.3) is called its covariance operator.

Clearly, Gaussian measures on Rn can be described as the images of the standard Gaussian measure

on Rn (i.e., the product of n copies of the standard Gaussian measure on R1 ) under affine mappings

x 7→
√

Kx + a.

On the linear subspace
√

K(Rn) we define the inner product

⟨u, v⟩γ := ⟨
√

K
−1

u,
√

K
−1

v⟩.

The unit ball with respect to this inner product (i.e., the ellipsoid
√

K(U), where U is the closed

unit ball in Rn) is called the ellispoid of concentration of the Gaussian measure γ. The ellipsoid of

concentration can be written as

√
K(U) =

{
h ∈ Rn : |h|γ ≤ 1

}
,

|h|γ = sup
{
⟨ℓ, h⟩ : ℓ ∈ Rn,

∫
Rn
⟨ℓ, x − a⟩2γ(dx) ≤ 1

}
.

3.3 Gaussian measures on locally convex spaces

Let us now discuss about some more abstract spaces. First, we define the Gaussian measure on a

locally convex space.

Definition 1.14. (i) Let E be a linear space and let F be some linear space of linear functions on E, sep-

arating the points in E. A probability measure γ on E(E, F) is called Gaussian if, for any f ∈ F, the

measure γ ◦ f−1 is Gaussian.

(ii) Let X be a locally convex space. A probability measure γ defined on the σ−field E(X), generated by X∗,

is called Gaussian if, for any f ∈ X∗, the induced measure γ ◦ f−1 on R1 is Gaussian. The measure γ

is called centered ( or symmetric) if all the measures γ ◦ f−1, f ∈ X∗, are centered.

(iii) A random vector is called Gaussian if it induces a Gaussian measure.
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Lemma 1.4. Let γ be a Gaussian measure on locally convex space X and let T : X → Y be a linear mapping

to a locally convex space such that ℓ ◦ T ∈ X∗ for any ℓ ∈ Y∗. Then the measure γ ◦ T−1 is Gaussian on Y.

The same is true for the affine mapping x 7→ Tx + a, where a ∈ Y.

Proof. The proof is immediate from the definition.

Recall that the Fourier transform ( the characteristic functional) of a measure µ defined on the

σ−field E(X) in a locally convex space X is given by the formula

µ̃ : X∗ → C1, µ̃( f ) =
∫

X
exp (i f (x))µ(dx).

Example 1.1. Let X be a locally convex space. For every measure µ on E(X) and every h ∈ X, we have

µ̃h( f ) = ei f (h)µ̃( f ), ∀ f ∈ X∗

Proof. Use the change of variables formula and then the linearity of f .

This example shows that µh and µ have a close relation since a measure is determined by its

Fourier transform. So many results concerning a measure are the same as its centered measure.

Theorem 1.10. A measure γ on a locally convex space X is Gaussian if and only if its Fourier transform has

the form

γ̃( f ) = exp
(

iL( f )− 1
2

B( f , f )
)

, (1.4)

where L is a linear function on X∗ and B is a symmetric bilinear function on X∗ such that the quadratic form

f 7→ B( f , f ) is nonnegative.

Proof. Let γ be a Gaussian measure. It follows from the definition that f ∈ L2(X, γ) for any f ∈ X∗.

Hence one can put

L( f ) =
∫

f (x)γ(dx), f ∈ X∗

B( f , g) =
∫
[ f (x)− L( f )][g(x)− L(g)]γ(dx), f , g ∈ X∗.

It is clear that L is a linear function and B is a bilinear symmetric function. In addition, the quadratic

form f 7→ B( f , f ) is nonnegative. Now equality (1.4) follows by the elementary properties of the one

dimensional Gaussian distributions.

Conversely, let γ be a measure on E(X) with the Fourier transform given by (1.4). By the change of
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variables formula, we get

∫
exp(iyt)γ ◦ f−1(dt) =

∫
exp (iy f (x)) γ(dx) = γ̃( f (y·)) = exp

[
iyL( f )− 1

2
y2B( f , f )

]
,

where it follows that γ is Gaussian.

Corollary 1.3. A Gaussian measure γ on a locally convex space X is centered precisely when γ(A) = γ(−A)

for any A ∈ E(X). This is equivalent to the relation L = 0 in 1.4.

Proof. It suffices to note that the Fourier transform to the measure A → γ(−A) is the function which

is complex conjugate to γ̃ and that measures on E(X) with equal Fourier transforms coincide.

Corollary 1.4. The product γ1 ⊗ γ2 of the Gaussian measures γ1 and γ2 on locally convex spaces X1 and X2

is Gaussian measure on X1 × X2. In the case where X1 = X2 = X, the convolution γ1 ∗ γ2 of the measures

γ1 and γ2, defined as the image of the measure γ1 ⊗ γ2 under the mapping X × X → X, (x, y) → x + y is

Gaussian as well.

Proposition 1.15. Let γ be a Gausssian measure on a Banach space B and, for every ϕ ∈ R define the

"rotation" Rϕ : B2 → B2 by

Rϕ(x, y) = (x sin ϕ + y cos ϕ, a cos ϕ − y sin ϕ).

Then one has (γ ⊗ γ) ◦ Rϕ = γ ⊗ γ, i.e. γ ⊗ γ is invariant under rotations.

Proof. Since a measure is characterised by its Fourier transform, it suffices to check that γ̃ ⊗ γ ◦ Rϕ =

γ̃ ⊗ γ.

The following theorem is useful to show that the function x 7→ ∥x∥2 is s integrable for any Gaus-

sian measure. Actually, we are going to show much more, namely that there always exists a constant

a > 0 such that exp(a∥x∥2) is integrable.

In other words, the norm of any Banach-space valued Gaussian random variable has Gaussian tails,

just like in the finite-dimensional case. Amazingly, this result uses the Gaussianity of the measure

only indirectly through the rotation invariance shown before and even this property is only used for

rotations by the angle ϕ = π
4 .

Theorem 1.11. (Fernique) Let γ be a Gaussian measure on a separable Banach space B. Then, there exists

a > 0 such that
∫
B exp(a∥x∥2)γ(dx) < ∞.
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Proof. Note first that, from the previous proposition, one has for any two positive numbers t and s

the bound

γ(∥x∥ ≤ s)γ(∥x∥ ≤ t) =
∫
∥x∥≤s

∫
∥y∥>t

γ(dx)γ(dy)

=
∫
∥ x−y√

2
∥≤s

∫
∥ x+y√

2
∥>t

γ(dx)γ(dy)

=
∫
∥x∥> t−s√

2

∫
∥y∥> t+s√

2

γ(dx)γ(dy)

= γ
(
∥x∥ >

t − s√
2

)2
.

In order to go from the first to the second line, we have used the fact that the triangle inequality

implies

min{∥x∥, ∥y∥} ≥ 1
2
(∥x + y∥ − ∥x − y∥)

so that ∥x + y∥ >
√

2t and ∥x − y∥ ≤
√

2s do indeed imply that both ∥x∥ and ∥y∥ are greater than
t−s√

2
. Since ∥x∥ is γ−almost surely finite, there exists some s > 0 such that γ(∥x∥ ≤ s) ≥ 3

4 . Set now

t0 = s and define sn for n > 0 recursively by the relation tn = tn+1−s√
2

. It follows from the above

inequality that

γ(∥x∥ > tn+1) ≤ γ

(
∥x∥ >

tn+1 − s√
2

)2

/γ(∥x∥ ≤ s) ≤ 4
3

γ(∥x∥ > tn)
2.

Setting yn = 4
3 γ(∥x∥ > tn+1), this yields the recursion yn+1 ≤ y2

n with y0 ≤ 1
3 . Applying this

inequality repeatedly, we obtain

γ(∥x∥ > tn) =
3
4

yn ≤ 3
4

y2n

0 ≤ 1
4

3−1−2n ≤ 3−2n

On the other hand, one can check explicitly that tn =
√

2
n+1−1√
2−1

s ≤ 2n/2 · (2+
√

2)s, so that in particular

tn+1 ≤ 2n/2 · 5s. This shows that one has the bound

γ(∥x∥ > tn) ≤ 3−
t2n+1
25s2

implying that there exists a universal constant a > 0 such that the bound γ(∥x∥ > t) ≤ exp(−2at2/s2)

holds for every t > s. Integrating by parts, we finally obtain

∫
B

exp
( a∥x∥2

s2 )γ(dx) ≤ ea +
2a
s2

∫ ∞

s
tea t2

s2 γ(∥x∥ > t)dt

≤ ea + 2a
∫ ∞

1
te−at2

dt < ∞
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which is the desired result.

For Hilbert spaces, we have a nice and useful representation for the Fourier transform.

Theorem 1.12. Let γ be a Gaussian measure on a separable Hilbert space X and let X∗ be identified with

X through Riesz representation. Then there exist a vector a ∈ X and a self-adjoint nonnegative trace class

operator K such that the Fourier transform of the measure γ equals

x 7→ exp
(

i⟨a, x⟩ − 1
2
⟨Kx, x⟩

)
. (1.5)

Conversely, for every pair (A, k) of the type mentioned above, the function (1.5) is the Fourier transform of a

Gaussian measure on the space X. In addition, a is the mean of the measure γ and K is its covariance operator.

Proof. Suppose that γ is a Gaussian measure. Then its Fourier transform is given by equality (1.4),

where x 7→ L(x) is a linear function and x 7→ B(x, x) is a quadratic form. By Lebesgue’s theorem,

the function γ̃ is continuous. This implies the continuity of both functions L and B. Therefore, there

exists a vector a and a bounded self-adjoint nonnegative operator K such that

L(x) = ⟨a, x⟩, B(x, x) = ⟨Kx, x⟩.

It is clear that the operator K is compact. Indeed, if xn → 0 in the weak topology, then γ̃(xn) → 1 by

Lebesgue’s theorem. Hence ∥
√

Kxn∥ → 0. Now we will see that K is a trace class operator.

By Fernique’s theorem about the exponential integrability we have that

∫
X
⟨x, x⟩γ(dx) < ∞.

Assuming that a = 0 (which simplifies the formulas), for any orthonormal basis {en} in X, we get

∞

∑
n=1

⟨Ken, en⟩ =
∞

∑
n=1

∫
X
⟨x, en⟩2γ(dx) =

∫
X
⟨x, x⟩γ(dx) < ∞.

It is readily seen that a is the mean of γ and K is its covariance operator.

Conversely, let a be a vector in X and let K be a self-adjoint nonnegative trace class operator on

X. Denote by en the eigenvectors of K corresponding to the eigenvalues kn. Let {ξn} be a sequence of

independent standard Gaussian random variables. Note that the series

ξ(ω) = a +
∞

∑
n=1

√
knξn(ω)en
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converges in X for almost all ω. Indeed, by the monotone convergence theorem, ∑∞
n=1 knξn(ω)2 < ∞

a.s., since ∑∞
n=1 kn < ∞. Denote by γ the distribution of the random vector ξ in X. It is easy to see

that γ is a Gaussian measure and its Fourier transform is given by (1.5).

Corollary 1.5. If dimX = ∞, then the function ϕ(x) = exp
(
− 1

2∥x∥2) cannot be the Fourier transform of

any countably additive measure on X.

Corollary 1.6. A Gaussian measure γ on a locally convex space X is centered precisely when γ(A) = γ(−A)

for any A ∈ E(X). This is equivalent to the relation L = 0 in (1.4).

Corollary 1.7. The product γ1 ⊗ γ2 of two Gaussian measures γ1 and γ2 on locally convex spaces X1 and X2

is a Gaussian measures on X1 × X2. In the case where X1 = X2 = X, the convolution γ1 ∗ γ2 of the measures

γ1 and γ2, defined as the image of the measure γ1 ⊗ γ2 under the mapping X × X → X, (x, y) 7→ x + y is

Gaussian as well.

The next theorem of Hajek and Feldman is one of the central results in the theory of Gaussian

measures.

Theorem 1.13. Any two Gaussian measures on one and the same locally convex space are either equivalent or

mutually singular.

Theorem 1.14. (Hellinger’s Theorem). Let µ and ν be two probability measures on a measurable space (Ω,B)

, and let λ be a measure on B such that µ ≪ λ, and ν ≪ λ. Then the number

H(µ, ν) :=
∫ √dµ

dλ

√
dν

dλ
dλ

is independent of λ and the following inequalities hold true:

2(1 − H(µ, ν)) ≤ ∥µ − ν∥ ≤ 2
√

1 − H(µ, ν)2

where ∥µ − ν∥ = ∥ dµ
dλ − dν

dλ∥L1(λ) is the variation distance.

Proof. Let p = dµ
dλ and q = dν

dλ . Then ∥µ − ν∥ = ∥p − q∥L1(λ). Note that

(
√

p −√
q)2 ≤ |p − q| = |√p −√

q||√p +
√

q|.

Integrating this inequality with respect to λ we have

∫
(
√

p−√
q)2dλ ≤

∫
|p− q|dλ =

∫
|√p−√

q||√p+
√

q|dλ ≤
√∫

|√p −√
q|2dλ ·

√∫
|√p +

√
q|2dλ
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By expanding the sqares we get the desired result.

Lemma 1.5. µ ⊥ ν if and only if H(µ, ν) = 0, if and only if ∥µ − ν∥ = 2, for µ, ν probability measures.

3.4 Hermite polynomials

Definition 1.15. For any k = 0, 1, . . . , the Hermite (or Chebyshev-Hermite polynomials Hk on the real

line are defined by the formula

Hk(x) =
(−1)k
√

k!
exp(

x2

2
)

dk

dxk exp(
−x2

2
).

For any multiindex α = (k1, . . . , kn) with nonnegative integer entries, the Hermite poynomials Hα on R is

defined by

Hα(x1, . . . , xn) = Hk1(x1) · · · Hkn(xn),

where Hki are the one dimensional Hermite polynomials.

Hermite polynomials on the real line are obtained by orthogonalized the sequence of the powers

of x in L2(B, γ) with respect to the Gaussian measure. These polynomials can be introduced in several

different ways, e.g., by means of the expansion

exp
(

λx − 1
2

λ2
)
=

∞

∑
k=0

λk
√

k!
Hk(x).

To see this, note that exp
(
λx − 1

2 λ2) can be written as

exp
(

1
2

x2 − 1
2
(x − λ)2

)
= exp

(
1
2

x2
) ∞

∑
k=0

λk

k!
dk

dλk exp
(
−1

2
(x − λ)2

)∣∣∣∣∣
λ=0

Lemma 1.6. Hermite polynomials on R1 have the following properties:

(i) {Hk} is an orthonormal basis in the space L2(B, γ1), where γ1 is the standard Gaussian measure on R1.

(ii) H′
k(x) =

√
kHk−1(x) = xHk(x)−

√
k + 1Hk+1(x), k ≥ 1.

(iii) for any numbers λ1, . . . , λn, one has

n

∏
i=1

√
ki!Hki(λi) =

∂k1+···+kn

∂tk1
1 · · · ∂tkn

n
exp

(
n

∑
i=1

tiλi −
1
2

n

∑
i=1

t2
i

)∣∣∣∣∣
t1=···=tn=0
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Proposition 1.16. The system of the Hermite polynomials

Hk1,...,kn , ki = 0, 1, . . .

on Rn is an orthonormal basis in L2(B, γn), where γ is the standard Gaussian measure on Rn.

Proof. This follows from the fact that, given measures µi, i = 1, . . . , n, on spaces Xi are orthonormal

bases {ϕi
j} in L2(Xi, µi), the system of functions

ϕk1,...,kn(x1, . . . , xn) = ϕk1(x1) · · · ϕkn(xn)

forms an orthonormal basis in L2(
⊗n

i=1 Xi,⊗n
i=1µi).



29

Chapter 2

Cameron Martin Space

1 Motivation

Given a centered Gaussian measure γ on a separable Banach space B, it is possible to associate to it

in a canonical way a Hilbert space Hγ ⊂ B, called the Cameron–Martin space of γ. The main im-

portance of the Cameron–Martin space is that it characterizes precisely those directions in B in which

translations leave the measure μ “quasi-invariant” in the sense that the translated measure has the

same null sets as the original measure. In general, the space Hγ will turn out to be strictly smaller

than B. Actually, this is always the case as soon as dimHγ = ∞ and, even worse, we will see that

in this case one necessarily has γ(Hγ) = 0! Contrast this to the case of finite dimensional Lebesgue

measure which is invariant under translations in any direction! This is a striking illustration of the

fact that measures in infinite-dimensional spaces have a strong tendency of being mutually singular.

In the next chapters it is assumed (when not mentioned) that we are in a Borel measure space

(B, γ) where B is a separable Banach space and γ is a centered Gaussian measure.

2 Definitions

Let γ be a centered Gaussian measure on a separable Banach space B.

We define the Covariance operator of γ by the map Cγ : B∗ ×B∗ → R

Cγ(ℓ1, ℓ2) =
∫
B
ℓ1(x)ℓ2(x)γ(dx). (2.1)

We will give some various ways of defining Cameron-Martin space. First we present our main

definition and then we give the others which are equivalent as propotions.
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Definition 2.1. The Cameron-Martin space Hγ of γ is the completion of the linear subspace H̊γ ⊂ B defined

by

H̊γ = {h ∈ B : ∃h∗ ∈ B∗ with Cγ(h∗, ℓ) = ℓ(h) ∀ℓ ∈ B∗}

under the inner product ⟨h, k⟩γ = Cγ(h∗, k∗).

Let’s see some remarks concerning the definition.

(i) H̊γ is indeed a linear subspace of B since

Cγ(h∗1 + h∗2 , ℓ) = Cγ(h∗1 , ℓ) + Cγ(h∗2 , ℓ) = ℓ(h1) + ℓ(h2) = ℓ(h1 + h2)

Cγ(ah∗, ℓ) = aCγ(h∗, ℓ) = aℓ(h) = ℓ(ah)

using the linearity of Cγ and ℓ.

(ii) Even though the map ι : h 7→ h∗ from the definition of H̊γ may not be one to one, the norm

∥h∥γ =
√
Cγ(h∗, h∗) = ∥h∗∥L2 is well-defined.

To see this, assume that for a given h ∈ H̊γ , there are two corresponding elements h∗1 and h∗2 in

B∗. Then, defining k = h∗1 + h∗2 , one has

Cγ(h∗1 , h∗1)− Cγ(h∗2 , h∗2) = Cγ(h∗1 , k)− Cγ(h∗2 , k) = k(h)− k(h) = 0

showing that ∥h∥γ does indeed not depend on the choice of h∗.

Now using the identity

Cγ(h∗, k∗) =
1
4
{∥h + k∥2

γ − ∥h − k∥2
γ}

we can conlude that also the inner product ⟨h, k⟩γ = Cγ(h∗, k∗) is also well defined.

(iii) If we view B∗ as a subset of L2(B, γ) (by identifying linear functionals that agree γ-almost

surely), then the correspondence ι : h 7→ h∗ is injective and linear using the equalities of the

first remark.

To see this, if h∗1 , h∗2 are two elements in B∗ associated to the same element h ∈ B, then

∫
B

h∗1(x)ℓ(x) γ(dx) = ℓ(h) =
∫
B

h∗2(x)ℓ(x) γ(dx) ∀ℓ ∈ B∗ ⇒

h∗1 = h∗2 γ − almost everywhere ⇒ h∗1 = h∗2 in L2(B, γ)

Also if h∗ = ι(h) we have ∥h∗∥L2 = ∥h∥γ so ι is isometry.
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(iv) The initial space H̊γ can be embedded linearly and isometrically as a dense subspace to Hγ.

Also is "unique" in a sense that if (K, ⟨·, ·⟩γ) is a Hilbert space and U : H̊γ → K a linear isometry

with dense image, then U can be extended to a surjective linear isometry from Hγ to K.

We can consider Hγ as a dense subset of the Banach space B and define addition, scalar multi-

plication and inner product as follows:

If h, k ∈ Hγ and a ∈ R, there exists sequences (hn), (kn) in H̊γ converging to h, k with the ∥ · ∥γ

norm we have:

h + k = lim
n
(hn + kn),

ah = lim
n
(ahn),

⟨h, k⟩γ = lim
n
⟨hn, kn⟩γ.

(v) Using the above remark one can show that for every h ∈ Hγ there exists h∗ ∈ B∗ with

Cγ(h∗, ℓ) = ℓ(h) ℓ ∈ B∗.

First of all, we show that it is a subspace of B despite the completion procedure and that all

non-zero elements of Hγ have strictly positive norm:

Proposition 2.1. There exists a constant ∥Cγ∥ < ∞ such that for all h, k ∈ B we have:

⟨h, h⟩γ ≥ ∥Cγ∥−1 · ∥h∥2.

Proof. One has the chain of inequalities

∥h∥2 = sup
ℓ∈B∗−{0}

ℓ(h)2

∥ℓ∥2 = sup
ℓ∈B∗−{0}

Cγ(h∗, ℓ)2

∥ℓ∥2 ≤ sup
ℓ∈B∗−{0}

Cγ(h∗, h∗) · Cγ(ℓ, ℓ)
∥ℓ∥2 ≤ ∥Cγ∥⟨h, h⟩γ,

which yields the bound on the norms

This inequality shows that a Cauchy sequence in (B, ∥ · ∥γ) is also Cauchy in (B, ∥ · ∥). Since

(B, ∥ · ∥) is complete, we can conclude that also (B, ∥ · ∥γ) is complete. So Hγ lives in B.

Proposition 2.2. There is a canonical isomorphism ι : h 7→ h∗ between Hγ and the closure B∗
γ of B∗ in

L2(B, γ). In particular, B∗
γ is separable.

Proof. We have already shown that ι : Hγ → L2(B, γ) is an isomorphism onto its image.

We need to show that all of B∗ belongs to the image of ι.
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For h ∈ B∗, define h∗ ∈ B by

h∗ =
∫
B

h(x)xγ(dx).

This integral converges since ∥x∥2 is integrable by Fernique’s theorem. Since one has the identity

ℓ(h∗) =
∫
B ℓ(h(x)x)γ(dx) =

∫
B h(x)ℓ(x)γ(dx) = Cγ(h, ℓ) for all ℓ ∈ B∗, it follows that h∗ ∈ H̊γ and

h = ι(h∗). To show that is onto B∗
γ, take z ∈ B∗

γ and by definiton there exists fn ∈ B∗ with fn −→ z in

L2(B, γ) and by the previous incusion there exists hn ∈ Hγ such that h∗n := ι(hn) = fn −→ z.

Since (h∗n) is Cauchy and ∥hn − hm∥γ = ∥h∗n − h∗m∥L2 (because ι is isometry),we have that (hn) is also

Cauchy and converges to some h ∈ Hγ by the completness of Hγ.

By continuity of ι we have h∗n = ι(hn) −→ ι(h) , so ι(h) = z.

The separability of Hγ then follows immediately from the fact that L2(B, γ) is separable whenever B

is separable since its Borel σ−field is countably generated.

Remark 2.1. The space B∗
γ is called the reproducing kernel Hilbert space for γ (or just reproducing kernel for

short).

We now give a second way one can represent Cameron-Martin space.

Proposition 2.3. If we put |h|γ = sup{ℓ(h) : ℓ ∈ B∗, Cγ(ℓ, ℓ) ≤ 1} then we have

∥h∥γ = |h|γ ∀h ∈ Hγ and

Hγ = {h ∈ B : |h|γ < ∞}.

Proof. We first prove the fist equality.

Using Cauchy-Swartz inequality for every ℓ ∈ B∗ and Cγ(ℓ, ℓ) ≤ 1 we have

ℓ(h) = Cγ(h∗, ℓ) ≤
√
Cγ(h∗, h∗)

√
Cγ(ℓ, ℓ) ≤ ∥h∥γ.

So ∥h∥γ ≥ sup{ℓ(h) : ℓ ∈ B∗, Cγ(ℓ, ℓ) ≤ 1}

For the inverse inequality first observe that for h ∈ Hγ one has h∗(h) = Cγ(h∗, h∗) = ∥h∥2
γ where h∗

is the corresponding element of h in B∗.

For h = 0 it is trivial. Otherwise take ℓ = 1
∥h∥γ

h∗ and see that ℓ(h) = ∥h∥γ and Cγ(ℓ, ℓ) = 1.

So ∥h∥γ ≤ sup{ℓ(h) : ℓ ∈ B∗, Cγ(ℓ, ℓ) ≤ 1}. Notice that we proved that the sup is actually max.

We now prove the second equality. The inclusion Hγ ⊂ {h ∈ B : |h|γ < ∞} is obvius by the previous

equality of the norms. For the other inclusion suppose that there exist h ∈ {h ∈ B : |h|γ < ∞} but

h /∈ Hγ. Apply separation theorem for Hγ which is closed and convex as a Hilbert space and the
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compact set {h} and take f ∈ B∗ and c ∈ R such that f (x) < c < f (h) ∀x ∈ Hγ.

Now define the linear map T : (B∗
γ, Cγ(·, ·)) → R ℓ 7→ ℓ(h).

We have that |T(ℓ)| = |ℓ(h)| is bounded for all ℓ in the unit ball of (B∗
γ, Cγ(·, ·)). Indeed, h ∈ {h ∈ B :

|h|γ < ∞} ,therefore sup{|ℓ(h)| : ℓ ∈ B∗, Cγ(ℓ, ℓ) ≤ 1} = sup{ℓ(h) : ℓ ∈ B∗, Cγ(ℓ, ℓ) ≤ 1} = |h|γ <

∞.

From the Riez represention theorem there exists g ∈ B∗
γ such that ℓ(h) = Cγ(g, ℓ) ∀ℓ ∈ B∗.

B∗ is dense in B∗
γ and from proposition 2.2 there exists gn ∈ Hγ such that g∗n ∈ B∗ and g∗n −→ g.

So f (h) = Cγ(g, f ) = lim Cγ(g∗n, f ) = lim f (gn) ≤ c < f (h) which leads to contradiction.

A useful remark to have in mind is the following.

The above way of defining Cameron Martin space is the most popular. More precisely, they start

by defining the covariance operator Rγ exactly as Cγ was defined. More precisely, the operator

Rγ : B∗ → B∗∗, defined by the formula

Rγ f (g) :=
∫
B

f (x)g(x)γ(dx).

Then, make a remark that Rγ can also be considered as function Rγ : B∗
γ → B as a Bochner integral

through the formula

Rγ f =
∫
B

f (x)xγ(dx)

as exactly in the proof of proposition 2.2. The reason why
∫
B f (x)xγ(dx) can represent Rγ f is because

of the identity

Rγ f (g) = g
(∫

B
f (x)xγ(dx)

)
, ∀g ∈ B∗

The key point here is that γ is on a parable Banach space and more generally is a Radon Gaussian

measure. Generally, this cannot happen in locally convex spaces, so that is the main reason for taking

the assumption that the initial space is separable Banach. So, for now on Rγ is just the inverse of ι in

proposition 2.2 and Rγ is a function from B∗
γ to Hγ.

Theorem 2.1. Let B a separable Banach space and γ be a Gaussian measure with the covariance operator

having the representation

Rγ = SS∗

where S : H → B is a continuous linear operator from some Hilbert space H and S∗ : B∗ → H is its adjoint.

The following equality holds:

Hγ = S(H)
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Proof. From the equality ⟨S∗ f , S∗ f ⟩H = Cγ( f , f ), the operator S∗ extends to a continuous operator

from B∗
γ to H, hence Rγ(B∗

γ) ⊂ S(H) from the representation of Rγ. The inverse inclusion follows

from the Hahn-Banach theorem, since the set SS∗(U) = Rγ, where U is the closed unit ball in B∗
γ, is

compact in B. If we had a unit vector v ∈ H with S(v) /∈ Rγ(U), then we could find a functional

f ∈ B∗ such that f (S(H)) > 1, f (SS∗(g)) ≤ 1 for all g ∈ U. Then ⟨S∗ f , v⟩H = f (S(v)) > 1, whence

∥S∗ f ∥H > 1. On the other hand, ⟨S∗ f , S∗g⟩H ≤ 1 for all g ∈ U, whence ∥S∗ f ∥H ≤ 1, which is a

contradiction.

Observe that we can always find such a factorization of Rγ. Indeed, one can put H = B∗
γ and

S f = Rγ f . Then S∗ is the identical embedding g of B∗ into B∗
γ.

Theorem 2.2. Let H be a Hilbert Space and let γ be a Gaussian measure with covariance operator Kγ. Let

J : H → H be an injective linear mapping such that factorization

Kγ = J J∗

holds.

Then the Cameron-Martin space can be expressed as Hγ = J(H) , while the scalar product and norm in Hγ

admit representations

⟨h1, h2⟩γ = ⟨J−1h1, J−1h2⟩H

∥h∥γ = ∥J−1h∥H.

3 Main Results

Proposition 2.4. If µ and ν are two Gaussian measures on B such that Hµ = Hν and such that ∥h∥µ = ∥h∥ν

for every h ∈ Hµ, then the measures are identical.

Proof. It is easily derived by Theorem 1.4 and the equality of the norms in the Cameron-Martin spaces

implies equality of the quadratic forms in their Fourier transform.

For this reason, a Gaussian measure on B is sometimes given by specifying the Hilbert space

structure (Hµ, ∥ · ∥µ).

Lemma 2.1. If B̃ ⊂ B is a continuously embedded Banach space with full measure, i.e. γ(B̃) = 1 then the

embedding B∗ ↪→ B∗
γ extends to an embedding B̃∗ ↪→ B∗

γ. And deduce from this that the restriction of γ to B̃

is again a Gaussian measure.
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Proposition 2.5. The law of any element h∗ = ι(h) ∈ B∗
γ is a centred Gaussian with variance ∥h∥2

γ.

Furthermore, any two elements h∗, k∗ have covariance ⟨h, k⟩γ.

Proof. We already know from the definition of a Gaussian measure that the law of any element of B∗

is a centred Gaussian. Let now h∗ be any element of B∗
γ and let hn be a sequence in B∗

γ ∩ B∗ such that

hn → h∗ in B∗
γ. We can furthermore choose this approximating sequence such that

∥hn∥L2 = ∥h∗∥L2 = ∥h∥γ, so that the law of each of the hn is equal to N (0, ∥h∥2
γ).

Since L2−convergence implies convergence in law, we conclude that the law of h∗ is also given by

N (0, ∥h∥2
γ). The statement about the covariance then follows by polarization, since

E(h∗k∗) =
1
2
(E(h∗ + k∗)2 − E(h∗)2 − E(k∗)2) =

1
2
(∥h + k∥2

γ − ∥h∥2
γ − ∥k∥2

γ) = ⟨h, k⟩γ

by the previous statement.

Proposition 2.6. Let γ be a centered Gaussian measure on a Banach space B and let g ∈ B∗
γ. Then the

measure ν on B given by the density

ρ(x) = exp(g(x)− 1
2

σ(g)2)

with respect to the measure γ is a Gaussian measure with the Fourier transform

ν̃( f ) = exp
(

i⟨g, f ⟩γ − 1
2

σ( f )2
)

. (2.2)

Proof. Since g is Gaussian, the function exp |g| is integrable with respect to the measure γ. Hence the

function ρ defines a finite measure ν. Let f ∈ B∗. Put

k = exp[−1
2

σ(g)2].

Let us consider the following function of real argument z:

ϕ(z) = k
∫

X
exp[i( f (x)− zg(x))]γ(dx).

By virtue of the inclusion f − zg ∈ B∗
γ one has

ϕ(z) = k exp
(
−1

2

∫
( f − zg)2dγ

)
= k exp[−1

2
σ( f )2 − 1

2
z2σ(g)2 + z⟨g, f ⟩γ].
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It remains to note that ϕ admits a holomorphic extension to the complex plane. By Lebesgue’s the-

orem, ϕ(z) → ν̃( f ) as z → i. On the other hand, the limit on the right-hand side of the foregoing

equality coincides with the right-hand side of the equality (2.2).

Now let X be a separable Hilbert Space. Note that if the measure γ is centered, then the operator

K in representation (1.5) is determined by the identity

⟨Ku, v⟩X =
∫

X
⟨u, x⟩X · ⟨v, x⟩Xγ(dx). (2.3)

Therefore, the closure of X = X∗ in L2(X, γ) coincides with the completion of X with respect

to the norm ∥
√

Kx∥X. Hence, if {en} is the orthonormal basis in X formed by the eigenvectors of K,

corresponding to the eigenvalues kn, then this completion can be identified with the weighted Hilbert

space of sequences {
(xn) :

∞

∑
n=1

knx2
n < ∞

}
.

The operator K has the natural extension to the completion X∗
γ and one has Hγ = K(X∗

γ). How-

ever, if K is considered only on the initial space X, then

Hγ =
√

K(X).

For arbitrary a, in the natural coordinates associated with {en}, formula (1.5) reads as follows:

γ̃(y) = exp
(

i
∞

∑
n=1

anyn −
1
2

∞

∑
n=1

kny2
n

)
.

Let a = 0. Then for a cylindrical set C = P−1
n (B), where Pn is the orthogonal projection onto the linear

span Hn of the first n vectors ei (identified with Rn) and B ∈ B(Hn), one has

γ(C) =
∫

B

n

∏
j=1

1√
2πk j

exp(− 1
2k j

x2
j )dx1 · · · dxn.

Let γ be a centered Gaussian measure on a separable Hilbert space X and K be defined by (2.3).

When we identify X∗ with X, the operator K coincides with Rγ, but in order to avoid confusion we do

not denote K by Rγ (in addition, Rγ is defined on the larger space X∗
γ). If X is infinite-dimensional,

then the domain of the operator
√

K has measure zero. However, for every v ∈ X, one can define
√

Kv as the element v∗ ∈ X∗
γ corresponding to the vector

√
Kv ∈ Hγ. This notation is consistent, i.e.,

if v =
√

Ku, where u ∈ X, then v∗ coincides an element of X∗
γ with the continuous linear functional
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on X generated by u. Indeed, for any y ∈ X, one has

∫
X

v∗(x) · ⟨y, x⟩Xγ(dx) = ⟨
√

Kv, y⟩X = ⟨Ku, y⟩X =
∫

X
⟨u, x⟩X · ⟨y, x⟩Xγ(dx).

Note also that ⟨v∗, w∗⟩L2(γ) = ⟨
√

Kv,
√

Kw⟩Hγ
= ⟨v, w⟩X.

The following is known as Cameron Martin theorem and is the central theorem about the Cameron

Martin space.

Theorem 2.3. (Cameron Martin theorem)

For h ∈ B, define the shift measure γh(A) = γ(A − h).

Then, the measure γh is absolutely continuous with respect to γ if and only if h ∈ Hγ.

In this case the Radon-Nikodym density is given by the expression

dγh

dγ
(x) = Dh(x) = exp(h∗(x)− 1

2
∥h∥2

γ)

where h∗ is the corresponding element of h in the reproducing kernel.

Proof. Fix h ∈ Hγ and let h∗ ∈ L2(B, γ) be the corresponding element of the reproducing kernel.

Since the law of h∗ is Gaussian the map x 7→ exp(h∗(x)) is integrable. Since furthermore the variance

of h∗ is given by ∥h∥2
γ, the function

Dh(x) = exp(h∗(x)− 1
2
∥h∥2

γ)

is strictly positive, belongs to L1(B, γ), and integrates to 1. It is therefore the Radon-Nikodym deriva-

tive of a measure γ′
h that is absolutely continuous with respect to γ. To check that one has indeed

γ′
h = γh, it suffices to show that their Fourier transforms coincide.

From proposition 2.2 we get

γ̃′
h(ℓ) = exp(i⟨ℓ, h∗⟩γ − 1

2
σ2(ℓ)) = exp(iCγ(ℓ, h∗)− 1

2
∥h∥2

γ) = exp(iℓ(h)− 1
2
Cγ(ℓ, ℓ))
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On the other hand, we have

γ̃h(ℓ) =
∫
B

exp(iℓ(x))γh(dx)

=
∫
B

exp(iℓ(x + h)γ(dx)

= eiℓ(h)
∫
B

exp(iℓ(x))γ(dx)

= exp(iℓ(h)− 1
2
Cγ(ℓ, ℓ)).

Showing that γ′
h = γh. To show the converse, note first that one can check by an explicit calculation

that ∥N (0, 1) − N (h, 1)∥TV ≥ 2 − 2 exp(− h2

8 ). Indeed, we will use the bound from below of the

theorem 1.14. Calculating Hellinger’s quantity we have:

H(N (0, 1),N (h, 1)) =
∫

R

1√
2π

exp(− x2

4
) exp(− (x − h)2

4
)λ(dx)

=
∫

R

1√
2π

exp(− x2

4
) exp(

h
2

x) exp(−h2

4
)λ(dx)

= exp(−h2

4
)
∫

R
exp(

h
2

x)γ1(dx)

= exp(−h2

4
)MZ(

h
2
) = exp (−h2

8
).

Fix now some arbitrary n > 0. If h /∈ Hγ, then from 2.3, there exists ℓ ∈ B∗ with Cγ(ℓ, ℓ) = 1 such that

ℓ(h) ≥ n. Since the image ℓ∗γ of γ under ℓ is N (0, 1) and the image ℓ∗γh of γh under ℓ is N (−ℓ(h), 1),

this shows that

∥γ − γh∥TV ≥ ∥ℓ∗γ − ℓ∗γh∥TV = ∥N (0, 1)−N (−ℓ(h), 1)∥TV ≥ 2 − 2 exp(−n2

8
).

Since this is true for every n, we conclude that ∥γ − γh∥TV = 2, thus showing that they are mutually

singular.

In summary, we have the following results:

For h ∈ B we have

(i) If h /∈ Hγ then the measures γh and γ are mutually singular.

(ii) If h ∈ Hγ then the measures γh and γ are equivalent.

In particular

Hγ = {h ∈ B : γh ∼ γ}
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As a consequence, we have the following characterization of the Cameron–Martin space

Proposition 2.7. The Cameron Martin space Hγ ⊂ B is the intersection of all (measurable) linear subspaces

of full measure. However, if Hγ is infinite-dimensional, then one has γ(Hγ) = 0.

Proof. Let V be a subspace of B with full measure i.e. γ(V) = 1 and fix h ∈ Hγ. It follows from the

theorem 2.3 that the affine space V − h also has full measure. Since (V − h) ∩ V = ∅ unless h ∈ V,

one must have h ∈ V, so that Hγ ⊂ ⋂{V ⊂ B : γ(V) = 1}.

Conversly, take an arbitrary x /∈ Hγ and let us construct a linear space V ⊂ B of full measure,

but not containing x. Since x /∈ Hγ, one has ∥h∥γ = ∞ with ∥ · ∥γ extended to B as in 2.3. Therefore,

we can find a sequence ℓn ∈ B∗ such that Cγ(ℓn, ℓn) ≤ 1 and ℓn(x) ≥ n. Defining the norm |y|2 =

∑n n−2(ℓn(y))2, we see that

∫
B
|y|2γ(dy) =

∞

∑
n=1

1
n2

∫
B
(ℓn(y))2γ(dy) ≤ π2

6

so that the linear space V = {y : |y| < ∞} has full measure. However, |x| = ∞ by construction, so

that x /∈ V.

To show that γ(Hγ) = 0 if dimHγ = ∞, consider an orthonormal sequence en ∈ B∗
γ so that the

random variables {en(x)} are i.i.d. N (0, 1) distributed. By 2.3 and the second Borel-Cantelli lemma,

it follows that ∥x∥γ ≥ supn |en(x)| = ∞ for γ−almost every x, so that the claim follows.

Proposition 2.8. Let µ and ν be two centered Gaussian measures

(i) If µ ∼ ν, then Hµ = Hν as sets.

(ii) If µ ⊥ ν then µa ⊥ νb for all a, b ∈ B.

(iii) If µ ∼ ν then B∗
µ = B∗

ν

Proof. (i) We will use this alternative definition: Hγ = {h ∈ B : γh ∼ γ}. Let h ∈ Hµ. We have

µh ∼ µ and µ ∼ ν. So µh ∼ ν. It can be easily seen that µ ∼ ν−h and we conclude that ν ∼ ν−h.

Finally −h ∈ Hν which means h ∈ Hν. By symmetry, we have the equality.

(ii) It is sufficient to show the case b = 0. If a ∈ Hµ then µa ∼ µ ⊥ ν thus µa ⊥ ν.

If a /∈ Hµ, then, by proposition 2.7 there exists a linear space L ∈ E(B) such that µ(L) = 1 and

a /∈ L. Then µa(L + a) = 1. On the other hand νa(L + a) = 0 according to Corollary 2.4 below.

(iii) Clearly, equivalent measures have equal collections of measurable functions and sequences of

measurable functions convergent in measure. If a sequence { fn} from B∗ converges in L2(B, µ),
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then it converges in measure µ, hence also in measure ν, whence the convergence in L2(B, ν)

follows by the Gaussian property. Interchanging µ and ν, we get the claim.

Proposition 2.9. For any p ∈ (1, ∞), r > p and any function f ∈ Lr(B, γ), the mapping

(
Hγ, ∥ · ∥γ

)
→ Lp(B, γ), h 7→ f (·+ h)

is continuous. If p = 1, then the same is true for all functions f ∈ L∞(B, γ).

Proof. We will use a part of the theorem 2.3 as follows. For every cylindrical function f of the form

f (x) = ϕ(l1(x), . . . , ln(x)), where ϕ ∈ Cb(R
n) and li ∈ X∗, the mapping above is continuous by

Lebesgue’s theorem. Let f ∈ Lr(B, γ), where r > p. There exists a sequence { f j} of cylindrical

functions of the indicated type that converges to f in Lr(B, γ). There exist numbers t and s such that

t > 1, tp = r, t−1 + s−1 = 1. Recall that the element h∗ = ι(h) ∈ X∗
γ corresponding to the vector h is a

centered Gaussian random variable on (B, γ). Hence,

∫
exp(sh∗)dγ = exp

( s2

2
∥h∥2

γ

)
.

According to Cameron Martin’s theorem and Hölder’s inequality, we get

∫
| f (x + h)− f j(x + h)|pγ(dx) =

∫
| f (z)− f j(z)|p exp(h∗(z)− 1

2
∥h∥2

γ)γ(dx)

≤
{∫

| f (z)− f j(z)|pγ(dx)
}1/t

·
{ ∫

exp(sh∗(z)− s
2
∥h∥2

γ)γ(dx)
}1/s

≤
{∫

| f (z)− f j(z)|pγ(dx)
}1/t

· exp(
s − 1

2
∥h∥2

γ)

which tends to zero, as j → ∞, uniformly in h ∈ Hγ, with ∥h∥γ ≤ R, for every fixed R > 0. Therefore,

the mapping h 7→ f (· + h) is continuous. In the case when p = 1 and f ∈ L∞(B, γ), the proof is

analogous with the only difference that the sequence { f j} should be taken to be convergent to f in

measure with sup | f j| ≤ ∥ f ∥∞, and instead of Hölder’s inequality one has to use the Lebesgue-Vitali

theorem on uniformly integrable sequences.

Corollary 2.1. Let A be a set of positive γ−measure. Then there exists c > 0 such that cBγ[0, 1] ⊂ A − A,

where Bγ[0, 1] is the unit closed ball of Hγ.
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Proof. The function h 7→ γ
(
(A + h)∩ A

)
is positive at zero and continuous by the previous proposi-

tion applied to the indicator function of A, since

γ
(
(A + h) ∩ A

)
=
∫

χA(x − h)χA(x)γ(dx)

Therefore, there exists c > 0 such that γ
(
(A + h) ∩ A

)
> 0 for all h ∈ cBγ[0, 1]. Clearly, h ∈ A − A

for such h.

Proposition 2.10. The unit closed ball of Hγ, Bγ[0, 1], is relatively compact in B and hence the embedding

Hγ ↪→ B is compact.

Proof. By inequality in proposition 2.1, the ball Bγ[0, 1] is bounded in B. Let us prove that it is weakly

closed. To this aim, consider a net (ha) in Bγ[0, 1] weakly converging to h ∈ B. For every f ∈ B∗ with

∥ f ∥L2 the inequality | f (h)| ≤ 1 holds because f (h) = lima f (ha) and ∥ f ∥B∗ ≤ ∥ f ∥L2 . Hence Bγ[0, 1]

is weakly closed, then it is closed in B since it is convex from the Mazur theorem 1.8. To prove that

the embedding of Hγ in B is compact, it is sufficient to prove that Bγ[0, r] is compact in B for some

r > 0. Fix any compact set K ⊂ B with γ(K) > 0, by corollary 2.1 there exists r > 0 such that Bγ[0, r]

is contained in the compact K − K. So Bγ[0, r] is compact.

4 Zero-one laws

Lemma 2.2. The collection of the functions of the form Hk1(l1) · · · · · Hkn(ln), where the Hki ’s are Hermite

polynomials and li ∈ B∗, is dense in L2(B, γ).

Proof. The functions of the form ϕ(l1, . . . , ln), where ϕ is a bounded Borel function on Rn, are dense

in L2(γ). Hence the claim follows from the corresponding finite dimensional result.

Theorem 2.4. Suppose that a set A ∈ E(B)γ satisfies the condition

γ(A + h) = γ(A), ∀h ∈ Rγ(B∗).

Then either γ(A) = 1 or γ(A) = 0. In addition, if f is a γ−measurable function such that for every

h ∈ Rγ(B∗) one has

f (x + h) = f (x) γ − a.e.

then f coincides a.e. with a constant.
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Proof. Let h1 = Rγ(l1), . . . , hn = Rγ(ln), where li ∈ B∗ and the vectors hi are orthonormal on Hγ. By

condition and the Cameron-Martin theorem, the function

F(t1, . . . , tn) = γ(A − t1h1 − · · · − tnhn) =
∫

A
exp

( n

∑
i=1

tili(x)− 1
2

∥∥∥ n

∑
i=1

tihi

∥∥∥2

γ

)
γ(dx)

is constant. Therefore, for any collection m1, . . . , mn of nonnegative integers not vanishing simulta-

neously, we have
∂m1+···+mn F
∂tm1

1 . . . ∂tmn
n

(0, . . . , 0) = 0.

Since the vectors hi are orthonormal (Lemma Hermite pol) yields

∫
X

Hm1(l1(x)) · · · · · Hmn(ln(x))χA(x)γ(dx) = 0

where Hk is the k-th Hermite polynomial. Thus, the function χA is orthogonal to all the polynomials

Hm1(l1) . . . Hmn(ln), where mi are not zero simultaneously and li ∈ B∗ are mutually orthogonal in B∗
γ.

This means that χA is a constant. This constant can be only 0 or 1. Considering the sets { f < c}, we

get the claim for functions.

Corollary 2.2. Let A be a γ−measurable ste such that

γ(A \ (A + h)) = 0, ∀h ∈ Rγ(B∗).

Then either γ(A) = 1 or γ(A) = 0.

Proof. Let h ∈ Rγ(B∗). Then −h ∈ Rγ(B∗). By the hypothesis, we have the equality γ(A \ (A −

h)) = 0. Since γ−h ∼ γ, we get γ(A + h \ A) = 0 , which together with the hypothesis assumption

yileds γ(A + h) = γ(A).

Note that in both claims the measurability of A + h follows immediately from A, since the mea-

sures γ−h and γ are equivalent. The following more general fact can be seen from the proof of the

previous theorem.

Corollary 2.3. Let {en} an orthonormal basis and a set A measurable with respect to the measure γ has the

property that

A + ren = A up to a set of γ−measure zero

for all rational r and all n ∈ N. Then either γ(A) = 1 or γ(A) = 0.
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Proof. The proof is easily seen from the proof of the previous theorem.

Theorem 2.5. Let V ⊂ B be a measurable linear subspace. Then, one has either γ(V) = 0 or γ(V) = 1.

Proof. Let us first consider the case where Hγ ̸⊂ V. In this case, just as in the proof of 2.7, we

conclude that γ(V) = 0, for otherwise we could construct an uncountable collection of disjoint sets

with positive measure.

If Hγ ⊂ V, then we have V + Bγ[0, ϵ] = V for every ϵ > 0, so that if γ(V) > 0, one must have

γ(V) = 1 by Borell–Sudakov–Cirel’son theorem 2.10.

Corollary 2.4. Let L be a linear subspace in B. Then for any a /∈ L one has

γ∗(L + a) = 0

where γ∗ is the inner measure.

Proof. Let C ⊂ L + a, C ∈ E(B). The linear span L0 of the set C − a ⊂ L is measurable with respect

to γ. So its measure is either 0 or 1. The latter, however, is impossible, since γ(L0 − a) = γ(L0 + a)

(due to the symmetry of γ), but (L0) ∩ (L0 + a) = ∅. It remains to note that C ⊂ L0 + a.

5 Measurable linear functionals

Recall that a function f on a linear space is said to be affine if f = l + c, where l is linear and c ∈ R1.

By analogy one defines affine mappings with values in linear spaces.

Definition 2.2. Let γ be a Gaussian measure on a Banach space B. A function f on B is called a measur-

able linear functional (or, more precisely, γ−measureable linear functional) on (B, γ) if there exists a linear

subspace L of full γ−measure and a γ−measurable and linear, in the usual sense, function f0 on L such that

f = f0 γ−a.e. . The notion of a γ−measurable affine function is defined by analogy.

Note that one can redefine a γ−measurable linear functional f : B → R1 in such a way that f0

will be linear on all of B (such a version will be called proper linear). Indeed, using any Hamel basis in

B, we can extend f0 to a linear function on B. Clearly, all such extensions are γ−equivalent functions.

Proposition 2.11. Let f be a γ−measurable properly linear functional on B. Then the restriction of f to the

space Hγ with the norm ∥ · ∥γ is continuous.
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Proof. The set Vn = {x : f (x) ≤ n} has positive measure for some n ∈ N. According to 2.1, there

exists r > 0 such that rBγ[0, 1] ⊂ Vn − Vn. Hence f is bounded on the unit ball Bγ[0, 1] which is

equivalent to the continuity of f .

Theorem 2.6. Let f and g two γ−measurable linear functionals. Then they are either distinct almost every-

where or equal almost everywhere. If they are proper linear, then the second of the two possibilities above takes

place precisely when f = g on Hγ.

Proof. We assume that f and g are proper linear. Then L := { f = g}, is a measurable linear space.

According to the zero-one law 2.5, either γ(L) = 0 or γ(L) = 1. In the latter case Hγ ⊂ L because Hγ

is the intersection of all measurable linear subspaces of full measure.

Corollary 2.5. Suppose that f is a γ−measurable linear functional (or a γ−measurable proper linear func-

tional) such that it vanishes on some dense subset of the space Hγ (equipped with the norm ∥ · ∥γ ). Then

f = 0 γ−almost everywhere.

6 Images of Gaussian measures

It follows immediately from the definition of a Gaussian measure and the expression for its Fourier

transform that if γ is a Gaussian measure on some Banach space B and A : B → B̂ is a bounded

linear map where B̂ is an other Banach space, then ν = (At)∗γ is a Gaussian measure on B̂ with

covariance

Cν(ℓ, ℓ′) = Cγ(Atℓ, Atℓ′)

where At : B̂∗ → B∗ is the transpose operator of A, that is the operator such that (Atℓ)(x) = ℓ(Ax)

for every x ∈ B and every ℓ ∈ B̂∗.

Lemma 2.3. For every ℓ ∈ B∗
γ there exists a measurable linear subspace Vℓ of B such that γ(Vℓ) = 1 and a

linear map ℓ̂ : Vℓ → R such that ℓ = ℓ̂ in Vℓ.

Proof. Fix ℓ ∈ B∗
γ. By definition of B∗

γ and Borel-Cantelli, we can find a sequence ℓn ∈ B∗ such that

limn ℓn(x) = ℓ(x) for γ−almost every x ∈ B. (Take for example ℓn such that ∥ℓn − ℓ∥2
γ ≤ 1

n2 .) It then

suffices to define

Vℓ = {x ∈ B : lim
n

ℓn(x) exists },

and to set ℓ̂(x) = limn ℓn(x) on Vℓ.

Recall now that Hγ is the intersection over all linear subspaces of B that have full measure under

γ. This suggests that in order to determine the image of γ under a linear map, it is sufficient to know

how that map acts on elements of Hγ. This intuition is made precise by the following theorem:
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Theorem 2.7. Let γ be a centred Gaussian probability measure on a separable Banach space B. Let furthermore

H be a separable Hilbert space and let A : Hγ → H be a Hilber Schmidt operator. (That is AA∗ : H → H is

trace class.) Then, there exists a measurable map Â : B → H such that ν = Â∗γ is Gaussian with covariance

Cν(h, k) = ⟨A∗h, A∗k⟩γ. Furthermore, there exists a measurable linear subspace V ⊂ B of full μ-measure

such that Â restricted to V is linear and Â restricted to Hγ ⊂ V agrees with A.

Proof. Let {en} be an orthonormal basis for Hγ and denote by e∗n the corresponding elements in

B∗
γ ⊂ L2(B, γ) and define SN(x) = ∑N

n=0 e∗n(x)Aen. Recall from lemma 2.3 that we can find spaces Ven

of full measure such that e∗n is linear on Ven . Define now a linear subspace V ⊂ B by

V =
{

x ∈
⋂

Ven : the sequence {SN(x)} converges in H
}

(the fact that V is linear follows from the linearity of each of the e∗n) and set

Â(x) =


limN SN(x) for x ∈ V

0 otherwise

Since the random variables {e∗n} are i.i.d. N (0, 1)−distributed under γ, the sequence {SN} forms an

H−valued martingale and one has

sup
N

Eγ∥SN(x)∥2 =
∞

∑
n=0

∥Aen∥2 ≤ tr(A∗A) < ∞

where the last inequality is a consequence of A being Hilbert-Schmidt. It follows that γ(V) = 1 by

Doob’s martingale convergence theorem 1.9.

To see that ν = Â∗γ has the stated property, fix an arbitrary h ∈ H and note that the series

∑ e∗n⟨Aen, h⟩ converges in B∗
γ to an element with covariance ∥A∗h∥2. The statement then follows

from 2.3 and the fact that Cν(h, h) determines Cν by polarisation. To check that ν is Gaussian, we can

compute its Fourier transform in a similar way.

The proof of the previous theorem can be extended to the case where the image space is a Banach

space rather than a Hilbert space. However, in this case, we cannot give a straightforward charac-

terization of those maps A that are ‘admissible’, since we have no good complete characterization of

covariance operators for Gaussian measures on Banach spaces. However, we can take the pragmatic

approach and simply assume that the new covariance determines a Gaussian measure on the target

Banach space. With this approach, we can formulate the following version for Banach spaces:
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Theorem 2.8. Let B1 and B2 be two separable Banach spaces and let γ be a centred Gaussian probability

measure on B1. Let A : Hγ → B2 be a bounded linear operator such that there exists a centered Gaussian

measure ν on B2 with covariance Cν(h, k) = ⟨A∗h, A∗k⟩γ. Then, there exists a measurable map Â : B1 → B2

such that ν = Â∗γ and such that there exists a measurable linear subspace V ⊂ B of full γ−measure such

that Â restricted to V is linear and Â restricted to Hγ ⊂ V agrees with A.

Proof. As a first step, we construct a Hilbert space H2 such that B2 ⊂ H2 as a Borel subset. Denote

by Hν ⊂ B2 the Cameron–Martin space of ν and let {en} ⊂ Hν be an orthonormal basis of elements

such that e∗n ∈ B∗
2 for every n. (Such an orthonormal basis can always be found by using the Grahm-

Schmidt procedure.) We then define a norm on B2 by

∥x∥2
2 = ∑

n≥1

e∗n(x)2

n2∥e∗n∥2

where ∥e∗n∥ is the norm of e∗n in B∗
2 . It is immediate that ∥x∥2 < ∞ for every x ∈ B2, so that this turns

B2 into a pre-Hilbert space. We finally define H2 as the completion of B2 under ∥ · ∥2.

Denote by ν′ the image of the measure ν under the inclusion map ι : B2 → H2. It follows

that the map A′ = ι ◦ A satisfies the assumptions of the previous theorem so that there exists a

map Â : B1 → H2 which is linear on a subset of full γ−measure and such that ν′ = Â∗γ. On

the other hand, we know by construction that ν′(B2) = 1, so that the set {x : Âx ∈ B2) is of full

measure. Modifying Â outside of this set by for example setting it to 0 and by 2.1 yields the required

statement.

In fact we will show in the next theorem that the extension Â above is unique up to sets of

γ−measure 0.

Theorem 2.9. Let γ be a Gaussian measure on a separable Banach space B1 with Cameron–Martin space Hγ

and let A : Hγ → B2 be a linear map satisfying the assumptions of the previous theorem. Then the linear

measurable extension Â of A is unique, up to sets of measure 0.

As a consequence of the inverse, the precise Banach spaces B1 and B2 are completely irrelevant

when one considers the image of a Gaussian measure under a linear transformation. The only thing

that matters is the Cameron–Martin space for the starting measure and the way in which the linear

transformation acts on this space.

This is probably one of the most remarkable results in Gaussian measure theory. At first sight,

it appears completely counterintuitive: the Cameron–Martin space Hγ has measure 0, so how can

the specification of a measurable map on a set of measure 0 be sufficient to determine it on a set

of measure 1? Part of the answer lies of course in the requirement that the extension Â should be
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linear on a set of full measure. However, even this requirement would not be sufficient by itself to

determine Â since the Hahn–Banach theorem provides a huge number of different extensions of A

that do not coincide anywhere except on Hγ. The missing ingredient that solves this mystery is the

requirement that Â be not just any linear map, but a measurable linear map. This additional con-

straint rules out all of the non-constructive extensions of A provided by the Hahn–Banach theorem

and leaves only one (constructive) extension of A. The main ingredient in the proof of the uniqueness

is the Borell–Sudakov–Cirel’son inequality, a general form of isoperimetric inequality for Gaussian

measures which is very interesting and useful in its own right. In order to state this result, we first

introduce the notation Bγ[0, ϵ] for the Hγ-ball of radius ϵ centered at the origin. We also denote by

A + B the sum of two sets defined by

A + B = {a + b : a ∈ A, b ∈ B}

and we denote by Φ the cumulative distribution function of the normal Gaussian. With these nota-

tions at hand, we have the following:

Theorem 2.10. (Borell–Sudakov–Cirel’son). Let γ be a Gaussian measure on a separable Banach space B with

Cameron–Martin space Hγ and let A ⊂ B be a measurable subset with measure γ(A) = Φ(a) for some

a ∈ R. Then, for every ϵ > 0, one has the bound γ(A + Bγ[0, ϵ]) ≥ Φ(a + ϵ).

This theorem is remarkable since it implies that even though Hγ itself has measure 0, whenever

A is a set of positive measure, no matter how small, the set A +Hγ has full measure!

Corollary 2.6. Let V ⊂ B be a measurable linear subspace. Then, one has either γ(V) = 0 or γ(V) = 1.

Proof. Let us first consider the case where Hγ ̸⊂ V. In this case, just as in the proof of 2.7, we

conclude that γ(V) = 0, for otherwise we could construct an uncountable collection of disjoint sets

with positive measure.

If Hγ ⊂ V, then we have V + Bγ[0, ϵ] = V for every ϵ > 0, so that if γ(V) > 0, one must have

γ(V) = 1 by Borell–Sudakov–Cirel’son theorem.

We have now all the necessary ingredients in place to be able to give a proof of theorme 2.9

Proof. (of theorem 2.9). Assume by contradiction that there exist two measurable extensions Â1 and

Â2 of A. In other words, we have Âix = Ax for x ∈ Hγ and there exist measurable subspaces Vi

with full measure, γ(Vi) = 1, such that the restriction of Âi to Vi is linear. Denote V = V1 ∩ V2 and

∆ = Â2 − Â1, so that ∆ is linear on V and ∆|Hγ ( the restriction of ∆ in Hγ is 0).
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Let ℓ ∈ B∗
2 be arbitrary and consider the events Vc

ℓ = {x : ℓ(∆x) ≤ c}. By the linearity of

∆, each of these events is invariant under translations in Hγ, so that by Borell–Sudakov–Cirel’son

theorem we have γ(Vc
ℓ ) ∈ {0, 1} for every choice of ℓ and c. Furthermore, for fixed ℓ, the map

c 7→ γ(Vc
ℓ ) is increasing and it follows from the σ−additivity of γ that we have limc→−∞ Vc

ℓ = 0 and

limc→∞ Vc
ℓ = 1. Therefore, there exists a unique cℓ ∈ R such that γ(Vc

ℓ ) jumps from 0 to 1 at c = cℓ. In

particular, this implies that ℓ(∆x) = cℓ γ-almost surely. However, the measure γ is invariant under

the map x 7→ −x, so that we must have cℓ = −cℓ, implying that cℓ = 0. Since this is true for every

ℓ ∈ B∗
2 , we conclude that the law of ∆x is given by the Dirac measure at 0, so that ∆x = 0 γ−almost

surely, which is precisely what we wanted.

7 Examples

Example 2.1. Let B = Rn and γ = N (0, Σ). We assume that Σ is invertible. Then from theorem 2.2 we

have that J =
√

Σ is injective and the factorisation Σ = J J∗ holds. So the Cameron-Martin space is

Rγ =
√

Σ(Rn) = Rn,

⟨h1, h2⟩γ = ⟨
√

Σ
−1

h1,
√

Σ
−1

h2⟩Rn .

Example 2.2. Let γ be a centered Gaussian measure on a Hilbert space H with covariance K. We have

H̊γ = {h ∈ H : ∃h∗ ∈ H∗ with
∫

h∗(x)ℓ(x)γ(dx) = ℓ(h) ∀ℓ ∈ H∗}

= {h ∈ H : ∃h∗ ∈ H with
∫
⟨x, h∗⟩⟨x, ℓ⟩γ(dx) = ⟨h, ℓ⟩ ∀ℓ ∈ H}

= {h ∈ H : ∃h∗ ∈ H with ⟨Kh∗, ℓ⟩ = ⟨h, ℓ⟩ ∀ℓ ∈ H}

= {h ∈ H : ∃h∗ ∈ H with Kh∗ = h} = K(H).

So the correspondence h → h∗ is given by h∗ = K−1h. Now consider the spectral decomposition of K:

Ken = λnen with ∑n λn < ∞ and {en} an orthonormal basis of eigenvectors. Such a decomposition exists

since we already know that K is trace class operator. Assume that λn > 0 (i.e. K is invertible).

We have

Hγ = {h ∈ H : ∑
n

λ−1
n ⟨h, en⟩2 < ∞}

and that ⟨h, k⟩γ = ⟨K−1/2h, K−1/2k⟩H.
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Example 2.3. Let γn be the standard Gaussian measure on R1. then the measure

γ =
∞⊗

n=1

γn

is centered Gaussian on R∞. In addition, X∗
γ
∼= l2, Hγ = l2.

Proof. Note that the measure γ is defined on the σ−field generated by the coordinate functions

x = (xn) 7→ xn, which coincides with the Borel σ−field of the space R∞. It is known that ev-

ery continuous linear functional f on R∞ is a finite linear combination of the coordinate functions.

Therefore, for some n, the induced measure γ ◦ f−1 coincides with the measure (
⊗n

i=1 γi) ◦ F−1
n ,

where Fn(x1, . . . , xn) = f (x1, . . . , xn, 0, 0, . . . ). For any elements f = ( fn) and g = (gn) form (R∞)∗

one has

Cγ( f , g) =
∫ ( ∞

∑
n=1

fnxn

)( ∞

∑
n=1

gnxn

)
γ(dx) =

∞

∑
n=1

fngn.

This means that the closure of (R∞)∗ in L2(γ) can be identified with l2, since it is the set of all

functions of the form ∑∞
n=1 cnxn, where (cn) ∈ l2 and the series converges in L2(γ). It is clear that

Hγ = l2

Example 2.4. Let γ be the countable product of centered Gaussian measures γn on R1 with variables σ2
n > 0.

Then γ is a centered Gaussian measure on R∞. In addition, γ is a centered Gaussian measure on every

weighted Hilbert space

Ea =
{

x ∈ R∞ : ∥x∥2
a =

∞

∑
n=1

a2
nx2

n < ∞
}

,

where ∑∞
n=1 a2

nσ2
n < ∞

Proof. It suffices to note that γ(Ea) = 1, which follows from convergence of the series

∞

∑
n=1

∫
a2

nx2
nγ(dx)

and the monotone convergence theorem. In addition, the coordinate functions generate E(Ea) =

B(Ea).

Example 2.5. Let γa, a ∈ A, be a family of Gaussian measures on locally convex spaces Xa. Then the product-

measure γ =
⊗

a∈A γa is a Gaussian measure on X = ∏a Xa. The Cameron-Martin space of γ is the Hilbert

direct sum of the spaces Hγa , i.e.,

Hγ =
(

h = (ha) ∈ X : ha ∈ Hγa , ∥h∥2
Hγ

= ∑
a
∥ha∥2

Hγa
< ∞

)
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, the space X∗
γ is the collection of all functions of the form

x 7→
∞

∑
n=1

fan(xan), an ∈ A, fan ∈ X2
γan

,
∞

∑
n=1

σ( fan)
2 < ∞.

Proof. The first claim follows from the fact that the product of finitely many Gaussian measures is

also Gaussian and the fact that the dual of X is the direct sum of the spaces (Xa)∗, i.e. the general

form of a continuous linear functional on X is f (x) = ∑a fa(xa), where x = (xa) and finitely many

fa ∈ (Xa)∗ are nonzero. By the definition of a product measure-measure, this yields the announced

description of X∗
γ. Further, for any f of the foregoing form, one has Rγ( f ) = (Rγa( fa)), whence the

claim about Hγ.

Example 2.6. Let γ be a Gaussian measure on a locally convex space X and let T = X∗. Define an embedding

X → RT by the formula x 7→ x(·), x(t) := t(x), t ∈ T. Then the image of the measure γ under the

embedding is a Gaussian measure γ′ on RT and

γ′
(

y ∈ RT : (y(t1), . . . , y(tn), . . . ) ∈ B
)
= γ

(
x ∈ X : (t1(x), . . . , tn(x), . . . ) ∈ B

)
, ti ∈ X∗, B ∈ B(R∞).

Proof. Every continuous linear functional on RT has the following form: x 7→ c1x(t1)+ · · ·+ cnx(tn), ci ∈

R1, ti ∈ T. The composition of such a functional with the embedding X → RT is continuous on X.

Hence this composition has Gaussian distribution with respect to the measure γ′. The last claim is

true by construction.
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